Journal of the Nigerian Association of Mathematical Physics
Volume 10(November 2006)35 - -40
© J of NAMP

On temperature control of buildings by adobe wall design: Duffin andKnowles’
exponential transmission line model revisited

E. E. lheonu
Building Physics Unit
Nigerian Building and Road Research Institute
Ota, Ogun State, Nigeria.

Abstract

Duffin and Knowles (Solar Energy, Vol. 27(3), 1981)developed an
equation for attenuation factor of an Adobe wall malelled as 4-terminal electrical
transmission line network. The modelled electricabystem and the derived formula
for the real attenuation factor of the wall have ben critically examined and then
modified by taking into cognisance the true concepilisation of a physical filter
network as analogue of the thermal wall. By comparig results from the two
versions of the exponential transmission line netwk models, it is shown that the
effect of the correction on the attenuation factois significant.

1.0 Introduction

The absence of building codes and standards fom#dedesign of buildings adaptable to the harskrasi
climates of Nigeria and other tropical locationsdnaften led to the design of buildings totally itfir comfortable
habitation.

The Adobe (mud) house developed for the hot aiidate by the Indians of the American Southweshis a
example of the practical utilisation of design t&gges to achieve natural air conditioning effe€oifklin, 1958;
Bahadori, 1978; Duffin and Knowles, 1981).

In recent times, the principles and design strategised in the construction of the Adobe buildingge
attracted worldwide attention. In Nigeria, the Nige Building and Road Research Institute has hieethe
forefront of projecting and promoting the use aflbsised laterite bricks for the construction ofvlcost houses
mainly for the rural populace. Amongst the richatsity of Chinese vernacular buildings, adobe lngsg have
been classified as a special kind of buildings giseimmed earth for its external walls (Yan et 2005). Adobe
walls have good properties of thermal insulatioreproof and a certain load bearing capacity.

Nomenclature

27/ 24 angular frequency (daily)
time, hr

wall width

distance to the outside of the wall

T (x)e't temperature i n the wall

y(x)e'“ current density in the wall

thermal resistivity in the wall

heat capacitivity in the wall

outside skin resistance of the wall per unit area

o

inside skin resistance of the wall per unit area
complex attenuation factor

real attenuation factor
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characteristic impedance of a uniform layer
M +iv forward solution exponent

&+ (1 +1V reverse solution exponent
characterising exponent of exponential wall

o

m D QN

In the analysis of the exponential transmissioe limodel of the Adobe wall (see Duffin and Knowles,
1981; section 4), the authors derived the chariatiteimpedance of the wall model with referencette interior
parameters and the “load,” represented by the ibgijlohterior — a resistance in series with a capace and other
input parameters without the “actual and real repméative parameters of the building material matn other
words, the “thermal wall” was taken inevitably athtack box” but made references only to coeffi¢geassociated
with the major wall parameters.

In this work, modification of the modelled exponahtthermal wall (adobe) has been carried out. The
correction is expected to introduce remarkable gharnn the expressions representing the charaaangpedance
and attenuation factor of the wall component. Thiding models to be discussed assume that heedrismitted
into the interior only through walls and that akilg are of the same construction.

2.0 Four-terminal electrical network as a thermal analogue of an adobeall

A four-terminal network is a network having a paifrinput terminals and another pair of output tevahs.
The thermal wall may be modelled as a two-port-terfinal network by assuming a symmetrical striectin this
case, the electrical properties of the networkwaraffected by interchanging the input and outpuinibeals. The
ratio of the input and output current densitiesase equal.

The symmetrical network is normally defined by adamental electrical property called the charastieri
impedance. The characteristic impedance is ofteoried in terms of the iterative impedance ofribwvork. This
impedance may be taken as the value of the resestarasured at a pair of terminals of the netwdr&mthe other
pair of terminals is closed with an impedance efstame value. Iterative impedances are thus eqsghimetrical
networks and their common value is also callecctisracteristic impedance.

The exponential electrical transmission line moafean adobe wall gives almost optimum performance.
From the perspective of characteristic impedand&enwork of Duffin and Knowles (1981), an expressior the
attenuation factor is derived. Details may be foimdhe cited reference but briefly summarised heFégure 1
shows the thermal wall (adobe) modelled as an ridatttransmission line system. The equations guwer the
transmission lineS are expressed in the form:

a_T = —I'Y, 6_Y = —Ca_T
0X ax at
It is assumed in the network of Duffin and Know({@981), that the capacitivity and the resistivifytioe
wall vary as continuous exponential functions & thrm:
c(x) = c,exp(¢t)
r(x) =r,expt)

2.1)

2.2)

wherec,, r, and & are real constants.
Let T(x,t) =T(x)e“ (2.3)
Y (x,t) = y(x)e“

Then, the heat equation (2.1) becomes:
dT d

o Vi T Ted (2.4)
T _ 9
dx? y dx
By making appropriate substitutions in equation (2t43, shown that the temperatuie, satisfies the equation,
2
d—T—,sd—T—irocowT =0 (2.5)

dx? dt
The general solution of (2.5) has the foorh+ £a -ir,c, w= 0 so that
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W+2Auy —vi+e u+iev-irc,w=0 (2.6)

Separating real and imaginary components yiglis;V* +& =0

g[ﬂ] 2.7)
7
2 2
Again, 2iuv +iev -irc,w=0. Hence, rc,w= Wy (2.8)
7,

Suppose we seek solutions of the form; T=Ae™ (2.9)
and recalling from (2.4), thaﬂ = -ry , then, we havey = —ld—T, y= _1dT _ Age

dx r dx r dx r,e”

AT gox (2.10)

rO
where ¢ +a = . Simulating the interior of the building as a resigorin series with a capacitar as shown, the

circuit output impedancg, is: Z = R+& :%1 (2.11
1 Ae*
where U, and Y, denote voltage and currents& L. Hence,Z, = R+R = (Aae‘“} ’
I'-0
Z, =gt [ =gt T, . (2.12)
a a a

Duffin and Knowles (1981) termed equation (2.12 the chaiatteimpedance of the transmission linexat L .
Assuming the transmission line is uniform, which indesetthe case in practice, then when terminated in an

impedance equal to its characteristic impedance, there is no refhegted/ave and the impedance at any point of

the line (including the input terminals) is also equahi line’s characteristic impedance. The load impedance thus

cL
matches the characteristic impedance. Therelare% = r°+_ . Equating real and imaginary parts, yields,
I U+iv
L
R= % (2.133)
L

Lorev (2.13b)
wC  +v
WCR = % (2.13)

Ordinarily, the fact that the characteristic impecka matches the load impedance>at L simply imply (in
electrical circuit principles) that the maximum pawtransfer theory should hold. The concept of idamee
matching is a way to increase the inside wave dug@i Impedance matching is extensi vely used eatetal
engineering to maximise power transfer from soutweload. The relationship given by equation (2.18)
particularly elegant, not because of the simplieiiyh which it is derived, but its major contribomi towards the
formulation of the attenuation factor of the walhe beauty of this relationship will become clearedue course.
Let v, be the voltage at the output across the capaCtor

V, = _UiwC) 1 (2.14)
U, (R+1/iwC) |1+i(ulv)
The complex attenuation fact¢¥ is defined as the ratio of input voltage to thépativoltage. Thus,

7] :%: fe'® (215)

2
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But[//:%
2

=(U,IV,)U,1IV,), y=¢ @”[ﬂ%}. The final expression for the real attenuaticctda f of the

adobe wall as represented by the electrical tressami line analogue is:

1/2

f=¥ =eﬂ{1+[£ﬂ . (2.16)

e v
The adobe wall has the unique property of acting sat wave or temperature filter (Duffin and Kiesy 1981,
Yan et al., 2005). In electrical parlance, a filtestwork may be defined fundamentally as a 4-teaimiretwork
designed to attenuate certain ranges of frequemdytapass others without loss. The range of istarethis study

is the range subject to attenuation and is cahedattenuation band. The daily angular frequencpeoiodic heat
transfer is assumed to meet this criterion.

One major problem identified in the analysis carrait in the preceding section is that the actuairal
resistance of the wall layer(= rd) and the thermal capacitancg= cd) per unit area (wheré is the thickness of
the wall layer) were made insignificant. The anglogrried out involved a situation in which the Wedpacitivity
C decreases exponentially with the thickness ofwhd, while the wall resistivity,I increases with the wall
thickness.

Secondly, since the thermal wall analogue of tl@smission line system is modelled as a filteis it

appropriate to represent the wall as a true, phySiter if the concept of the transmission linetwork model is to
be considered flawless.

2.0 Modification of the transmission line network

In Figure 2, the true representation of a simpkerfis shown, consisting of pure reactive compdsien
namely the inductancel. and the capacitancé;. Let the filter be closed or terminated in itsacicteristic

impedance,Z,. By definition, Z,, =Z,. Generally, the characteristic impedanég may be defined for 4-
terminal network systems by the circuit elements as

52
Z,=(Z"+2272)" (3.1)
Let 7 =@l andz, :%. The total impedancg,, of the network becomes:
o2 iw
7, {(ij +2[iw¢g 1 J}
2 2wl
Zy = {L_ wZLZ} (32)
c 4
22 \Y2
Z,=R1- “)204 R ] (3.3)

where R(= 4/L/C) may be taken as the design impedance or nominmédance of wall section. From equation

(2.13), i.e.,0CR = (Aj , it is observed that,
v

7 = R[l_Mr (3.4)
4
2
Put (’U/4V) < 1, compulsorily. Hence, Z,.=R (3.5)

Equation (3.5) indicates again that the total ingmee of the entire system equals the design impedahthe
network. If the filter is appropriately terminateshd works in such a manner thdj; becomes resistive as in
equation (3.5), then all the power (heat wave anfmperature) delivered to the input (source) roestransferred

to the output (i.e., the interior of the building), accordance with the maximum power transfer tyteand there
will be no attenuation. In practice, however, ategion in an adobe wall must have some finite value
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4.0 Derivation

Attenuation commences only if in equation (3.2),

212
%:w; (4.1)
2~2p2
wC°R _1
4
Since a)CRzg (= 2, from above), substituting this value in edqpa(2.16) gives:
f =efir 7] = 224" (4.2)

The new attenuation factof is now expressed as a function of oglyand L . It would be appropriate here to
introduce some modifications in Duffin and Knowlesork in line with the procedure above. As a first
approximation, let(¢//V) <1. The expression fof given by equation (2.16) reduces to:

f =e“t (4.3)
Following similar deduction, putu/v) =1. The attenuation factor becomes:

f =141" (4.4)

5.0 Results and discussion

Any section of a uniform transmission line is a {part network. More specifically, all uniform
transmission line sections are reciprocal symmadtma-port (4-terminal) networks. In the work of fiio and
Knowles (1981), the characteristic impedance walicied primarily from parameters associated with‘thading
interior” components and the modelled transmisdina network contributing to the derived attenuatifactor
through the coefficients - resistivity and capadiyi of the wall layers. It was concluded then ttia characteristic
impedance matches the load impedance=at. (by equation (2.12)).

With the introduction of a physical filter netwotd replace the original model network, it was agdiown
that the total impedance of the network also eqtiharacteristic impedance of the 4-terminalvagt (equation
(3.5)). The two equations simply satisfy the caondis of maximum power (heat wave / temperature)stier from
the input terminals (source) to the output (loadjich for an adobe wall negates the unique propsrtiie building
component, that it acts as a heat wave or temperfitier.In furtherance of the analysis and asadten of notation,
let 4= 2. The plots of f versusL using equations 4.1, 4.2 and 4.3 shown in Figyrgi& indications of

remarkable differences in the results due to tfectfd modifications / corrections carried outhe present study
(results from equation 4.2) compared to that oaliyn proposed by Duffin and Knowles (1981), assugnin
(ulv) <1(results from equations 4.3 and 4.5). Another ificant observation from the plots is that attemmat
generally increases with the width of the wall.

The exponential wall model according to Duffin afidowles (1981), gives optimum performance, but is
not practically possible with available building texaals. However, the corrections and / or the ffications done
in this study, tend to erase that impression. Sipadly, if 4/ is assumed to represent thermal diffusivity of the

building material, it is then possible to show tf@mtadobe (earth bricks, rammed earth or puddlad)rbricks, the
determination of the attenuation factor is feasipi®vided the property values of the building mate, such as
thermal conductivity, density and specific heatazaty are known.

6.0 Conclusion

The network model and the equation for the reanaiition factor proposed by Duffin and Knowles (9@ the
form: f =e“L[l+ (,u/l/)z]ﬂ2 has been critically examined in this study. Byisgtt(&/V) <1 and(t/V)* =1, it is

shown that the expression reduce$ ts " andf = 141e*, respectively.
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Modification carried out on the model by introdugia physical filter network as analogue of the rifedr

screen has led to the modification of the formoladttenuation factor ag:= 224e#* . Defining {4 as the thermal

diffusivity with a specific value and comparing ués from the two versions of the network, it issebved that the
correction made on the original network through theorporation of a simple low-pass filter netwohias
significantly impacted on the value of the attemaratactor as a function of the thickness of thdlvilehis is crucial
to studies on the control of thermal fluxes entgadobe buildings in composite climates.
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Figure 1: Transmission line with load (After Duffin and Knowles, 1981)s
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Figure 2: Modified transmission line system (incorprating a physical filter network)
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Figure 3: Variation of attenuation with width of wall
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