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Abstract

We examine the existence and uniqueness result ofiet steady-state
solutions for the exothermic chemical reactions takg the diffusion of the reactants
in a slab into account and assuming Arrhenius depetence with variable pre-
exponential factor. We establish the criteria’s ad conditions for existence
and uniqueness of solution for the newly formulatecoroblem. It is shown that if
>0, 0sx <1 0<x,<band-c<x,<C, where b, candCpositive constants

are then the newly formulated model will have onlyone solution. We further
discovered that there are certain values for n, my and B that the problem can
accommodate for solution to be stable. Similarly, Fank-Kamenetskii parameters ;,
&, must not exceed some values for the solution toisixand at the same time stable.
Finally, the Frank-Kamenetskii parameter must not exceed the critical value for the
solution to have physical implication or applicatim and r must not be large for
convergence of the solution (i.e< 1).

Keywords: Exothermic chemical reaction, variable pre-expoiaéfactor,
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1.0 Introduction

The present discipline of combustion draws on fibll of chemical kinetics, thermodynamics, fluid
mechanics, and transport processes. In nature partttularly in industry, rapid exothermic reactipnocesses
which take place with the evolution of large amoahheat are considerably important. Such procelsaes long
been called combustion processes. The classicai&a of combustion are those related to oxidatiborganic
substances or carbon with atmospheric oxygene.edmbustion of wood, coal, and petroleum.

Olajuwon (2000) investigated the existence and ugrigss of a power law fluid flowing in a cylinder
vessel. They examined the appropriate conditiomsafsimilarity. Of particular interest are the dtigss of
existence and uniqueness of solution.

Adegbie and Ayeni (2003) examined the existenceusigleness of two-step Arrhenius combustion. They
showed that a two-step Arrhenius combustion witiidiactivation energy has a unique solution. Téreddions for
the unigueness of solution was stated and proved.

Olanrewaju and Ayeni (2003) investigated effectthef geometry of vessel on detonations. It is shihah
in a non-uniform vessel, maximum temperature ocetithe centre. Also maximum temperature for diveygr
converging channel is greater than that of a umifeessel.

Okoya (2004) examined reactive-diffusive equatiati wariable pre-exponential factor. He considettesl
steady-state solutions for the exothermic chenmizattion, taking the diffusion of the reactant islab into account
and assuming an Arrhenius temperature dependerbevaiiable pre-exponential factor. He solved tbsulting
nonlinear boundary value problem using both nuraéaad analytical method. This new analytical solufor the
Frank-Kamenetskii parameted, as it is in term of Bernoulli’'s numbers, is incacdance with the numerical
integration provided the activation energy parameig<1) is very small and foe - 0 it goes to the well- known
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Frank-Kamenetskii case. They determined numeri¢hbytransitional values @, € and the dimensionless central
temperaturé®,,.

2.0 Mathematical formulation

The equation for the temperatufé) of a one — dimensional slab, with boundariesgyimthe coordinate
planesx = +a, may be written in terms of physical variables

deT KT ) kT ) E, ) _
Age tP QlA[Vhpj exp (- E,/RT)+ pQZB[Vhpj exp( RTj 0 (2.1)
where all the variables and parameters are cléafiped in the nomenclature. We take as the bayramditions:
T=T, onx=%a ,
whereT, is the initial temperature.
In this model, we neglect the consumption of thenloostible material. 11Q, = 0, it has been shown
experimentally that the model is able to prediet ¢hitical ignition temperature for variety of consttible material
(see for example, the data reviewed by Bowes, 1B8ihton, 1966). By using the non dimensional \adalefined

by
X=X/, 6= _T°)(7RT02)' B = RET:) , r:% 2.2)

on equations (2.1) and (2.2) the governing equatioa (bar dropped)
d*e

o+ 00+ B6) exp(9/1+ 56)+ 5,(1+ BO) explrg/1+ 56) = 0 (2.3)
=0 on x=+1 (2.9)
where 9§, = ¥Qk A(k-%hp)n ex;(_ %To) o = ¥Qrk B(k-%hp)m exp{_r%o)
' ART? P ART?

In (2.3) 8, and &, are the Frank-Kamenetskii parameters which arenteasures of the exothermicity of the
reactions.

We noted that the factors that control the therigaltion of combustion materials consisting of the
mathematical equations (2.3) and (2.4) is the fomelgal importance in many industrial processes, (f&e
example, Bowes, 1984 for some special cases).

Infact, the greatest temperature for which a lemgerature steady distribution is possible is knaithe
critical ignition temperature or criteria storagenperature (see, for example, Kenneth, 2005). Apézature higher
than the critical ignition temperature, thermaliigm will occur (see, for example, Olanrewaju, 80®uckmaster
and Ludford, 1982).

It has been shown for this problem when=Q0 in the limit of large activation energfy & 0) by Frank-
Kamenetskii (1969) that equation (2.3) possessaglsiclosed — form solution in the form

=6, + Insedv’ (Dt,/é'l expiHm/in), (2.5)

whereB,, is the dimensionless temperature at the centtieeo$lab and is a constant of integration. On employing
the boundary condition (2.4), we have

5, =2exp(-6,) {cosh‘l(exp[g—;n} (2.6)

In connection with equation (2.3) whé€p = 0,n = 0, it in well known that the reactive — diffusiequation admits
perturbation solutions under physically reasonalslumptions (Bowes, 1980; Ward and Van De Veldg2)jland
numerical solutions are available for some realistinditions; for example, see Burnell et al. (989 Billingham
(2000) a new set of asymptotic and numerical smhgtiwere constructed for some Biot numbers. Withia
admissible parameters range, asymptotic solutindsyamerical solutions agree with each other.

Obviously a realistic mathematical description tbérmal explosion needs to include the effects of
Arrhenius temperature dependence with variableegpmsnential factor (see, for example, Ayeni, 198Rpya,
2002).
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Here the principal aim of this paper is to ext¢inel work of Okoya (2004) to a two-step reaction &nd
establish that the new problem has a unique solutieenn, m =-2 corresponding to the sensitized reaction. @koy
(2004) becomes a special case of equation.(2.3)adéedetermine numerically the transitional valagg; , d,, 3,

m, nand r.

3.0 Method of Solution

Equation (2.3) and (2.4) posses no closed formtisoluWe employ numerical method called shooting
method so as to transform the boundary value pnolbdean initial value problem. We let

X, X
X, |=|8 (3.1)
x,) \&

By differentiating equation (3.1), we have

x| (1

X =] %, (3.2)

X ) (=1l6 0+ Bx) explx,/1+ Bx)|+ &, (14 ) explrx,/1+ X,
Satisfying the initial conditions

x(-1) (-1
x,(-1)|=|0 3.3)
x(-1)) (r

wherel” =8'(-1), the guess values for shooting method.

4.0 Existence and uniqueness of solution
Theorem4.1 (see, for example, Williams et al. 1978)

Let D denote the regiom((n + 1)) dimensional space, one dimensiontfandn dimensions for vectoix]
[t-tol <@, [k - Xol| <b, if

1

X = (0 e xnt) L % () = %
X; = fz (Xl’XZ "'"’Xn’t) ’ Xz (to) = Xzo (4'1)
X = 1,00 % e xnit) L %, (1) = %,
Then, the system of equations (4.1) has a unigiuico of :i , 1,J=12,..,n are continuous id. (H1):I >0,
Xj
0<x; <1, 0<x<b, andc<x3<C, whereb, c andC are positive constants.
Theorem4.2
If (H1) holds then problem (2.1) has a unique sotusatisfying (2.2).
Proof
We let
) (9:06%,%)
y'=[% =] g, (%%, %) 4.2)
X ) (906 %.%)

where gi=1,g,=xand g, = -[J L+ Bx,) exp(x,/1+ Bx, )} 6, (L+ Bx,)" exp(x,/1+ Bx,)|
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of,
Clearly —- is bounded for = 1, 2, 3. Thusg;, i = 1, 2, 3 are Lipschitz continuous. Hence theiistexa unique

6xj

solutions of equations. (2.1) and (2.2).

5.0 Discussion of numerically generated result.

The results of the numerical analysis generate@ wsed to plot the curses below.

Figure 1 shows the curve of temperature againsitipo x ford; = 0.3064,6, = 0.5721,3 =0.001, r = 0.5
and the shooting guess vallle= 1.18124 for equations (2.3) and (2.4). It iseyleed that the solution is symmetry
and®,,occur at the centre i, = 0.6341 for prescribE.

Figure 2 shows the graph of temperafi(pg against positiox for 3,=0.3064,6,=0.57213 =0.001, r = 0.8
and the shooting guess value for the solution tortigue isl'= 1.3945. The solution is symmetry as well asGhe
0.7751 for prescribE.

Figure 3 shows the graph of temperatbfe) against positiorx for the same values & = 0.3064,5, =
0.5721,8 = 0.001 and various values of r. It was shown &ta = 0.8, we have the highest temperat@rg for
prescribd’. The temperature gradient increase as r increases.

Figure 4 gives the graph of temperature againsitipa x for the same value 6f=0.3064,5,= 0.5721, r =
0.5 and various values @f It is shown that the solution is symmetry and veee the highest temperature. We
observed that both have the same turning pointil&im for 30 we have the highest value of temperature
gradient
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Figure 1: Graph of temperature against position x for 81 = 0.3064 , 82 = 0.5721 ,
B=0.001,r=0.5
0.9 -
0.8
0.7
0.5 -
0.4 -
0.3
0.2 -

0.1 4

<+ © T g

-1.5 -1 -0.5 o 0.5 1 Position x1.5
Figure 2: Graph of temperature against position x for 31 = 0.3064, 32 = 0.5721,
B=0.001,r=0.8
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Figure 3: Graph of temperature against position x for the same values of 81 = 0.3064 ,
52 = 0.5721 ,8 = 0.001 and various values of r
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Figure 4: Graph of temperature against position x for the same value of
51 =0.3064 , 82 = 0.5721 ,r = 0.5 and varicus values of B

4.0 Conclusions

Reactive — dfiusive equation with variable -exponential factor for twstep Arrhenius reactions w
examined in this present work. The investigatiomserconducted numerically by using shooting tealidrhe
method was used to convert the boundary value gnokd an initial value problem.

We further established that the solution exists @ndnique (when the derivative is prescribed)dome
values ofdy, ,, m, n, r andg3. For sensitized reaction where m-2, we established that for some r, the solutic
not stable..

The results of this study will serve as baselinforimation to combustion engineering in design
combustion equipments or manufacturing of chenticaid complete combustion reactions and to bueh finore
efficiently to avoid knocking oéngines

Nomenclature

A= thermal conductivity of the mater
Q1= the heat of reaction in step ¢
Q.= the heat of reaction in step t
A= the rate constant in step one
B= the rate constant in step two

m,n = the exponent
E;; i =1, 2 = the activation energies
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q
1

the ratio of the activation energies

V= the vibration frequency
h= the Plank’s constant
p= the density
R= the universal gas constant
a= characteristic length
0, i =1,2 = the Frank-Kamenetskii parameter
B= activation energy parameter
Onh=  temperature maximum
r= shooting guess value
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