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Abstract

The objective of this paper is to study the effectof the dispersion
coefficients and the reaction parameter on the hydrdynamic dispersion of a
reactive solute in electro-osmotic flow through themethod of finite elements using
guadratic Lagrange polynomials.

1.0 Introduction

The flow and spread of fluids through porous meslieh as soils, bead packings, ceramics and congiate
an important role in a wide variety of environméraad technological processes. Examples includespineading
and clean up of underground hazardous wastesgeodvery separation processes such as chromatogeamhy
catalysis, and the degradation of building matsrial

For example chromatographic separation using étedields to drive electro-osmotic flow are usually
performed in packed columns. The role of the pagkinto provide a large surface area for solut@gud®n and
thereby to improve column performance. Howeveremeéadvances in manufacturing methods now enalge th
fabrication of electrochromatographic columns hgvitharacteristics transverse dimensions in the anidio
submicron range.

Axial dispersion is important in chromatographiogess because it tends to spread the solute paaks.
result, closely packed peaks cannot be resolvechwdigpersion is excessive. Estimating the magnitoidéhe
dispersion and identifying the conditions leadimmg ninimum dispersion are thus important to optimigithe
process.

As a solute is converted in an open column, trars®s variations in the velocity field produce trarse
variations in the solute concentration. At the sdime, transverse diffusion tends to reduce indum@ttentration
gradients. At sufficiently late times transportthe axial direction is just balanced by diffusivansport in the
transverse direction. This is the phenomenon ofrdgghamic dispersion. Such dispersion yields a mepeal
profile of the solute concentration that is coresistwith diffusive transport alone, although th@aent diffusivity
is larger than the actual value.

While the study of miscible flow in porous medisstiseen of considerable research, it is difficulblbdain
exact solutions of the Navier — stokes and hydradyin dispersion equations for the case of flowanops media.
However advances in computer have made it numbripalssible to simulate fluid flow in complex geatmes.
Many factors which control the invasion of fluidsch as viscosity, surface tension forces, the stracof the
porous medium, and the external driving force whitibplaces the fluids can be directly incorporateth
computation of fluid dynamics.

2.0 Governing Equation
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In this research work we consider the flow of @ mensional planar transport of a reactive saoluten
electro-osmotic flow. The flow is assumed to beomeressible and transport properties are assumestartd.
Under this restriction the time dependent concéntrdield is governed by

ac d’c d% ac

P opxll4pylluLie (2.1)

ot 0Xx ay 0X
Where C is the local solute concentratidn is tmeetiand U is the local fluid velocityDx, Dy are the
coefficients of hydrodynamic dispersion in theand y direction respectively, andl is the rate of chemical

reaction.
Further assuming that flow is steady and thattigeeffects are small, the momentum equation may b

0°u N 0°u_ ( dg
x> 9y’  p ox
Where [ is the viscosity,/ is the net local charge density, agdis the local electric potential.

Finally, for a dielectric constarit] that does not vary with position the poison equmatjoverning the

written as (2.2

2 2
electric field is: a—w + 6_(p = _—K (2.3)
x> ay* O
We shall consider the following boundary and initianditions
t<0;x=20;c=0
t=20;x=0;c=c,
X=0;c=0
y<0,c=0 (2.4)
and '
y>0;c=c,
ou

a—y(x,o): ou(0,y)=0
u(x, b): 0,u(|,y): u,

Z—f(x,0)=o,¢(o, y)=0

and the local charge density may be related tebbetric field potential through the Boltzmann distition given

by: ( = —2FZCeSinh(ZF ¢/RT)

where F is the Faraday constanZ, is the ion charge numbeGe is the bulk fluid ion concentratioR is the
universal gas constant afd is the temperature. Various forms of (2.1) have been sblyedrious researchers for
various boundary conditions. For example Gardner et a4(1Bried (1975) solved the one dimensional case for
Zero reaction using the method of characteristics Bear (19®jdps some analytical solutions for the one
dimensional problem using the Laplace transform. Batu (1}9&8jdes a generalized analytical solution for the two
dimensional case using Laplace transform. Also Celia (198%dthe one dimensional case with Biodegradation.
Dillon (1989) also consider an analytical model of contemi transport from diffuse sources in saturated porous
Media analytically, Robert et al (1989) provided an approximatatisn for one-dimensional absorption in
unsaturated a finite element model for the diffusion convectquation with applications to air pollution.
(Hromadka Il and Guymon 1982) use Nodal domain integratiodel of one dimensional advection-diffusion
problem. Barker and Soliman (1982) also solve the case atfeswhnsport in fissured aquifer using method of
Laplace transform. Tim and Mostaghimi (1989) used thitefielement method to solve the one dimensional form of
the transport of pesticides and their metabolites in thatursged zone, to mention but a few. But the problem of
flow of a solute in an electro-osmotic flow has only beéeyated sparingly only few literatures exist to the
knowledge of the author. For example Griffiths and Rob@@83) have treated the problem of the case of a non-
reactive neutral solute using the method of asymptotic sewiaon and they only considered the steady state one
dimensional problem.

Journal of the Nigerian Association of Mathematic&hysics Volume 1(November 2006249 - 256
Dispersion of a reactive solute O.T.Gideon and Y. M. Aiyesimi J. of NAMP



The difference between the above literature amd @uthat we are considering a two dimensionablem
of the flow of a reactive solute in electro osmdt@m~ which involves solving three partial differtéad equations
simultaneously.

3.0 Solution of the two dimensional problems using the quadratic
Lagranges interpolation functions

We shall proceed to approximate the contaminanpedson problem by the quadratic LaGrange
polynomial as follows for triangular elements.

L =%[a+b.><+c.y]
1
L :z[ai +biX+ij]

1
. =£[ak +hx+c.Y]
such that:
N, =2L2-L, N, =4LL,
N, =22-L, N,=4LL,
N, =2sz - L., Nn :4LkL|

so that:

CY=NC+NC +NC +NC +NC, +N_C,

which can be written as C =N¢ct (3.1)
2 2

Giventhat  9-px9C.ipydC % _ e (3.2)

ox’ ay? ox
Putting (3.1) in to (3.2) we have
9 [N©Oc©] = py 0 [N O © 0° [\ @@ 0 [y C) ) G @ 33
—|IN®EcE] = px—|N¢C Dy — [N ®c®|-un—[N©c©|- A|N©C .
3 nic]= ox-Lo e ] oy 2 [noc]-un L [n o] afn ] @3
Using the Galerkin criterion we have

2 2
[N %[N(Q)C(e’]dxdy = Dx|[N®" %[N@c(e)]dxdy +Dy[[N©" ;V[N(S’C(e)]dxdy

~Un[[N©T ai[N<e>c(e)]dxdy— AJINETNEICHaxdy (3.4)
X
This on simplification gives
act aN aN
—[[N®"N“dxdy =-D ©dxdy - D Cdxd
| xdy XH 5 C by - yﬂ oy C oy
Giving in finite difference form we have:

__ Dx
3h?

{cm-l,n+6cm, #Cpan=2C_, -4C 1}—3‘?2 {3cm-1,n+2cm,n+l—8c 1
m-=,n m+=,n m,n+E

1;0[ Cm—Ln+18Cmn Cm+1,n 2Cm—1,n+1_ 2Cm,n+1 4Cm—1n+— 4Cm+ n+ 4Cm—7 n+l
Cm—:l.n + 4Cm,n + Cm+:|.n - Cm—:l.n+1 + Cm,n+1 + 3C 1 SC 1 C 1 1 W
§] m—E,n m+§,n m—:l.n+E m E n+f
1:|-¢ ,-C , ,
m, n+E m+§,n+5 J
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—i{—cmwmm—cmﬂ—zcm_lnﬂ—zcm,nﬂ—zlc —4C_, ,-4C }

1
+— H—,N+—
18 m=1n 2 m 2,n >

which on collecting like terms we have

1 |: C m- 1n 180 m,n — C m+1ln~— 2C m-1,n+1 " 2C m,n+l— 4C m—l,n+£ - 4C m+1,n+7 - 4C m—l,n+1:|
180 2 2 2 2

_| _Dx 3Dy U, A 2Dx Ju, A Dx 2Dy U, A
| T a2 2 Coan t 2 = Con t|~ a2 2 Crnetn
3h 3k 15h 180 h 15h 10 3h 3k l5h 180

U U ) U
+|2 D)Z - ’ C 1 + 4D;( + ’ C 1 +]8 D}; + " c 1 + . +i Cm—1n+1
3h 15h | m2n | 3h? 15h| men | 3k?  15h] mee;  [15h 90 "
u A U A U A
+|-——+—|C +|-——+—|C + —+ ——IC -C -4C
{ 15h 90} -t { 15h 45} m-1n+2 LSh 45} meZnel T melinel m-Zn+ 2

We shall now proceed to apply the finite differescaeme to the time variable and the trapezoidaltouobtain the
cranknicolson of grid scheme. Taking

Azgc{—Dx—ﬂ . /]}At B=9({ 2Dx . /]}At
3¢ k® 150 180 ™ 1sh 10
=9 Dx 2Dy_U A At D=9 _2Dx U, At
"3 3¢ 15 180 3 150
E=od 22%: Y Int F=0d BV Ys ar g=od Yo+ A |,
3 150 3% 150 150 90

H=9 U" +i At, J =9 &+i At . We obtain:
90 15h 45

15h

[-1- Alc, +[+18-B|c: +[-1-1]c:2, +[-2-H]c:? —4C™

1 1

Lorlasdler vla-aader, vl-cler,,

-ac, ~ECY -FC7, =[A-1c,, +[B+14C, +[1 -1 #1624 H - -2, +[3+4e
2

I'I

+[4- 2At]C’ ~4C' | [ +EC', +FC l—gmcr ,+DC", (3.5)
m-—, n+ mH+ Z,n+2 m+—n m,n+E m_EmE

(3.5)) is the iterative formula for the quadratigrange interpolation functlons for the concerdrati

4.0 Solution of the two dimensional momentum equation using the
guadratic Lagrange’s interpolation functions

We shall in this section proceed to formulate tihée elements solution of the two dimensional pea
using the quadratic interpolation function for tigalar elements.
Recalling that the two dimensional momentum equdiiobe given by:

d’u au _edy
dx’ dy M OX

together with the boundary conditions
The function is as given in the last section. Wallgtroceed to use the Galerkin’s method as usieal.

(4.1)

u® =y N, (4.2)
HINIOBIC! 2y (e g (e () Ae)
We have: [N ZU ]+ [N ZU ]= e o|N“") (4.3)
dx dy U OX
2n(e) 1 () () Ae)
So that we shall have:  [[N®" o [N U ]dxdy+HN aNTzudXdy=%HN(e)T%dXdy
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Which on integration we have:

(e)y g (e) ()T (e)y 1 (e) (e)y j (e) (e (e g (e)
J-N(e)-r aN U dy_.”- aN 'aN U dxdy+J~N(e)T aN U dy_J-J- aN .aN U d)(dy
dx dy dy dy dy
(e) e)
=2 N N dxdy
dy
this simplifies to give:
(e)r (e) () Ae)
_[(ONT N vt xdly jj— ON*U axay =2 [ 2T ¢ dxdy
dx dx dy U dx
so that:
()T () e)
jaN ON“Y " ONMU! dxdy = - ij gd NG 1y
dx dx dy
In finite difference form
k? h?
Um—1n+6LJmn+Um+1n_4U 1 _4LJ 1 + 3“’lm—11n-'-2LJmn+1_4U 1
12A g g ? mkz,n m+E,n 12A g m,n+E
-ek
== |: m—Ln %n %ﬂn QT\—Lnﬂ mn+1 3¢ 3¢ 1 +3¢ 1 1 _3¢ 1 +¢ 1 1:|
30/1 m Ln+z m-'-E,n+E m,n+E meE,n+E

Since A = hk we multiply through by12hk we have
k2|:U man T &Jm,n +Um+1.n —-4U 1 -4 :|+ h2|:3J man T 2 mn+l -8 1j|

1
m-_n mt—|
2

—1%I€h
Q«’ |:%ln 4% %m %lml+%n+1+3¢ _‘?4)1

This is the difference scheme for the momentum 'ﬁm]ma

T
272

T3 TP ne} (4.4)
2 2" 2

PP
2

3.0 Solution of the two dimensional Electric Field potential usingjuadratic
Lagranges interpolation function

We recall the equation for the two dimensional teledield potential to be together with the bounda

2 2
conditions 6_?_'_ 6_(2p = _€ (5.1)
ox- oy O

Given that @ = z N )gf®) (5.2)
By putting (5 2) into (5.1) and mtegratmg we have
[N azl ¢ ]dxdy+ij a?l y¢ ]dxdy- HN I dxdy (5.3)

_ 6N ON ) _ﬁ (e)T
This simplifies to give ” ot @dxdy ﬂ— & *Jdxdy D”N dxdy

carrying out a similar analysis for the electri¢grdial we have

2 h2
_ + 6 + 4(0 4§0 + 2 - =0
12A |:%-Ln Qn,n Qnﬂ n m+§ R :| 1 |:3Qn—1,n QT\,I’]+1 8%,n+;i|

Since A = hk we multiply through byi2 hk to give

k2|:qqn—1,n + 60+ Brern ~ 4¢m_1 L J + hz{‘?’ﬂn—m + 201 0 _8¢m n+1} =0
2' 2’ T2

This gives
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[k2 +3h2]¢Fn-1,n + [k2 + 2h2]¢gﬂ’n+l +k?| 6, , — 4qom_} -4p , |-8’p ,=0
2,n

m+=,n m,n+=
2 2

4.0 Discussion

Figure 1ows the impact of changes in the vertical dision for quadratic polynomials fiDx = 0.1,A =-
1000, Un = 0.133,h = 0.1, k =0.5, dt = 0.5 it is observed that as the dispersion coefficiacreases th
concentration profile decreas&sgure.2 we show the impact of variation in the longitalidispersion coefficier
for Dx = 0.005,A =-1000 and Un=0.0133,-0.1, k = 0.5, dt=0.5. It is also observed that the concéptigorofile
decrease with increase in the dispersion coeffici€hat is an increase in the dispersion procedsioes the
concentration of the contaminant for both thegitudinal and vertical dispersion coefficients

FIG.1EFFECT OF WARIATION IN VERTICAL DISPERSION COEFFICIENT
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Figure 2: Effect of vriation longitudinal dispersion coefficient for quadratic polynomials

Lastly Figure3 shows the impact of the reaction parameteDx = 0.1,Dy = 0.5 andJn = 0.5, h=0.1k =
0.5, dt =0.5.1t is observed that increase in the thetion parameter decrease the value of the concantr.
Meaning that when the rate of reaction is highdherall concentration of the initial contaminantomses
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Figure 3: Effect of Variation in Reaction Parameter

In the above cases it can be observed that theentmation profile decreases steadily in the axisdation
until a steady state is reached.

5.0 Summary

We have been able to provide a finite element goluio the problem of hydrodynamic dispersion of a
reactive solute in electro-osmotic flow using quaidr triangular element for the two dimensional lpemn.
Numerical oscillation has been successfully mingdizThis shows the efficiency of the method in dating
hydrodynamic dispersion of reactive solute. Alsahis work we have been able to numerically shosvithpact of
the reaction parameter in a two dimensional elessmotic flow which does not exist in literature.
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