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Abstract 

 
This paper analysis the dynamic stability of a dynamically oscillatory 

system with slowly varying time dependent parameters. It utilizes the concept of 
multiple times scaling in an asymptotic evaluation of the dynamic buckling load of 
the imperfect elastic structure under investigation. Unlike most similar 
investigations to date , the time dependence is explicit in the formulation  and this 
creates a situation of non-autonomous differential equation that accurately models 
the dynamic stability of the structure .The dynamic buckling load is obtained 
nontrivially and the results are found to generalize  earlier results obtained for step 
loading situation. It is established that the results depend strongly on the first 
derivative of the load function evaluated at the initial time. 

 
1.0 Introduction 

 
This paper is concerned with asymptotic solution of a purely nonlinear oscillatory system where the 

structure involved is suddenly trapped by an explicitly time dependent loading history that is dynamically slowly 
varying over a natural period of vibration of the structure. Over the years, most of the investigations that have 
received attention have been those in which the loading histories prescribed do not prescribed the time variable 
explicitly. Such loading histories include step loading, impulsive loading and rectangular loading among others. 
Exceptions however exist in the sense that within the same period specified, there were few other investigations 
involving loading histories in which the time variable was explicitly expressed. These include such loading histories 
as periodic loading [1] and triangular loading [2]. Others include investigations by Aksogan and Sofiyev [3] , who 
analyzed a case where cylindrical shells were subjected  to a time dependent  pressure  varying as a power function 
of time, and Svalbonas and  Kalnins [1] , who developed  new computer programs for the dynamic buckling  of 
shells under a general time dependent loading. Except for such few cases, there has been a dearth of analytical 
studies of dynamic buckling investigations for cases where the loading history is explicitly time dependent. 

We remark here that we are concerned with a nonlinear dynamical system, with small perturbations, where 
the ensuing formulation contains dynamically slowly varying parameters .The first study of a strictly nonlinear 
oscillators with slowly varying parameters was initiated by Kuzmak [4] , whose  formulations  were essentially 
restricted to systems yielding second order differential  equations. Later, Luke [5], in his study on nonlinear nearly 
periodic waves, extended Kuzmak’s study to include higher orders of differential equations. Since this noble 
beginning, the concept of slowly varying parameters in nonlinear dynamical systems has been steadily and severally 
studied by other investigators including Bourland and Haberman [6], Kevorkian [7] and Li and Kevorkian [8] 
among others. 
 
2.0 Formulation 
 
The dimensional differential equation satisfied by the lateral displacement W(X,Y,T) of a finite simply-supported  
imperfect column resting on a nonlinear  (cubic)  elastic  foundation  [9] , trapped by (for now) an arbitrary time 
dependent  load P(T) , where is X and T are the spatial  and time dependent variables respectively , is given by 
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where EI is the bending stiffness while E  is the Young’s modulus and  I is the moment of inertia. Similarly, W  is a 

twice differentiable stress-free function of space variable which serves as the initial imperfection and 0 m  is the 

mass per unit length of the column while 3  1 k  and k  are constants and are such that . 0k   0, 3  1 >>k α  is the 

imperfection-sensitivity parameter and is such that for a non-linear elastic foundation that behaves like a “softening” 
spring, α takes the values α=1 where as for a nonlinear elastic foundation that behaves like a “hardening” spring, α 
takes the value α=1. In this study, the nonlinear elastic foundation is deemed to behave like a “softening” spring and 
so, we shall henceforth set α=1. The column however rests on a nonlinear elastic foundation that produces a 
restoring force per unit length of k1W - αK3W

3. Here, a subscript following a comma indicates partial differentiation 
and we have neglected all nonlinear geometric effects as well as axial inertia and shall assume homogeneous initial 
conditions. We now introduce the following quantities  
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On substitution these quantities into (2.1) and simplifying, we get 
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  ( ) ( ) π<<== xxwxw t 0,00,,0,      (2.3c) 

Here ∈ is a small parameter satisfying the condition 0<∈<<1 and representing the amplitude of the imperfection. 
Similarly λ is a nondimensional load amplitude satisfying the condition 0 < λ < 1, while ( )tff ~2∈=  is a slowly 

varying continuous load function of time t~  and satisfies the conditions 

   ( ) ( ) 0~,1~,10 2 >≤∈= ttff     (2.4) 

and has right hand derivatives of all orders at 0~ =t  .  
We have carried out the non-dimensionalization in such a way that the classical buckling load λc takes the 

value λc=1. In our guest for solution, we are to determine a particular value of λ, namely λD, called the dynamic 
buckling load satisfying the inequality 0<λD<λS<λc where λs is the associated static buckling load. The dynamic 
buckling λD is defined as the largest load parameter for which the solution of the problem remains bounded for all 
time 0~ >t . For solution, we are first to determine, using multiple scaling regular perturbations in asymptotic 

approximations, a uniformly valid asymptotic expression of the lateral displacement, ( )txw ~, . We shall next 

determine the maximum value of ( )txw ~,  and lastly determine the dynamic buckling load λD using a suitable 

maximization.  
Analysis reported here, is similar to those in Wang and Tian [10-12], Popov [13], Zhu et al [14] and Schenk 

and Schueller [15]. 
 

3.0 Solution of the problem 
 

Based on (2.3b) we assume 
 mammxaw mm ∀<==   1...,3,2,1,sin       (3.1) 

We set t~2=∈τ , and for each m in (3.1), we let ( )( )12,~
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We now let    ( )
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On substituting (3.1), (3.3a,b) and (3.4) into (2.3a-c) and equating the coefficients of powers of ∈, we get 
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The initial conditions are evaluated at (t,τ) = (0, 0) and are given by 
( ) ...,3,2,1,0 == iU i      (3.8a) 
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We shall next let  ( )( ) ( )( )∑
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On substituting (3.9) into (3.5) we observe that, when n = m, we have 
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The solution of (3.10a,b) is 
   ( )( ) ( ) ( ) BtbtatUm ++= sincos,, 1

1 τττ     (3.11a) 
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Since (3.6) is homogeneous with homogeneous initial conditions, we expect  
     ( )( ) 0,2 ≡τtU     (3.12) 

We substitute (3.9) into (3.7) for i =3 and get 
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where 
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d
 and where 
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For n=m in (3.13a), we get  
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However for n =3m in (3.13a), we get 
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To ensure a uniformly valid solution in the time scale t, we equate to zero in (3.14a) the coefficients of cost and sint 

and get respectively 0
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The solutions of (3.15) are  ( ) ( ) ( ) ( ) ( )
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The remaining equation in (3.14a,b) is now solved to get 
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To solve (3.14c), we note that  
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2ττ  will definitely contribute to accuracy outside that retained in this investigation. 

Thus, within the degree of accuracy retained here, we let  2ω≅Θ  (3.18b) 
On substituting (3.18b) into (3.14c) and solving, we get 
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where 
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Thus we have ( ) ( ) ( ) ( )[ ] ( )43
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We shall now determine the maximum lateral displacement ( )aaaa txUU τ,,=  Where a  and  , τaa tx  are the values 

of the associated variables at maximum displacement.  As a function of space and time variables, the conditions for 
maximum displacement  are 
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By substituting (3.20) into the first of (3.21), we get  
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where we have taken  the least positive value of ax  in (3.22). We now let 
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By substituting (3.20) into the second of (3.21) and equating the coefficient of ∈ , we get 
0sin 0 =t     (3.23b) 

This gives    π=0t       (3.23c) 

where we have taken  the least nontrivial positive value of 0t  in (3.23c).To determine the maximum displacement 

( )aaaa txUU τ,,= , we evaluate (3.20)  at the critical values of the variables , using (3.22) and (3.23c) and obtain

 ( ) ( )[ ] ( ) ~ )0()0()0,()0,(U )0()0( 4
010

)3(
30

(3)
m

3
1 ∈+′−′+−∈+−=∈ OtaBtUtaBU ma (3.24) 
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On substituting into (3.25a) for at
~  and  at  from (3.25a), we get 0

2
1

00

~tt Ω== π  (3.25b) 

This gives     
2

1

0

0

~

Ω
= π

t     (3.25c) 

On substituting into (3.24c), using all the already evaluated terms, we have 
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We shall now determine the dynamic buckling load Dλ , which, according to Ette [16] follows from  the 

maximization    0=
adU

dλ      (3.27) 

As in [16], the usual procedure is to first reverse the series (3.26a) and so obtain 
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 By substituting into (3.28a) for aU from (3.26a) and equating the coefficients of equation of powers of ∈ , we get 
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The maximization (3.27) now easily follows from (3.28a) to yield, after some simplification 
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which is evaluated at Dλλ =  .On substituting  into (3.29) for 31 C  and  C from (3.26b) and simplifying, we get 
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where (3.30), is evaluated at Dλλ = . 

 
4.0 Analysis of result and conclusion 
 

The result (3.30) is implicit in the load parameter Dλ  and it is valid provided  
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independent of any form of the load function ( )tf ~2∈ provided that equation (2.4) is satisfied. However, the result 

depends strongly on )0(f ′  which is the first derivative of ( )tf ~2∈ evaluated at the initial time .The dominant result 

is for the case where m=1 and this gives the following result derivable from (3.30) 
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Where (4.1) is evaluated at m = 1.For step loading situation we readily observe that 0)0( =′f  so that  
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where (4.2b) is evaluated at m=1 and 1a  is the value of ma  at m=1. In all the results so far obtained (that is 

,equations (3.27) - (4.2b)), there is a tacit assumption that  the buckling mode be partly  in the shape of the   
imperfection and partly in some higher eigen modes of the imperfection. If we are  however demanding for  the 
result of the case in which the buckling mode is strictly in the shape of the imperfection , then we must neglect the 

term ( )τ,)3(
3 tU m . This is equivalent to neglecting the term  0 Q  in the results as in (3.26b). This boils down to taking 

11 =Q (30c) and the corresponding result for (4.26b) is    
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The result (4.3) is exactly the same as that obtained by Amazigo and Frank [9] for step loading consideration. 
 

References 
 
[1] Svalbonas, V.S. and Kalnins, A., Dynamic buckling of shells: evaluation of various methods, Nuclear Eng. Des 44,331-

356 (1977). 
[2] Hutchinson, J. and Budiansky B., Dynamic buckling estimates, AIAA J. 4(3), 525-530 (1966). 
[3] Askogan, O. and Sofiyev, A.V.,Dynamic buckling of shells with variable thickness subjected to time dependent 

external pressure varying as a power function of time J. Sound and vibration, 25(4). 693-702 (2002). 
[4] Kuzmak, G.E., Asymptotic solutions of nonlinear second order differencial equation with variable coefficients, Pure 

Math, Manuscripts 23, 515-526 (1959). 
[5] Luke, J.C., A Perturbation method for nonlinear dispersive wave problem, Proc. Roy. Soc. London Ser A 292,403-412 

(1996). 
[6] Bourland, F. J. and Harberman R., A new Invariant Involving the modulated phase shift for strongly nonlinear slowly 

varying oscillators, Dept. of Mathematics, Southern Methodist University, 1987. 
[7] Kervorkian, J., Perturbation techniques for oscillatory systems with slowly varying coefficients. SIAM.  Rev. 29,391-

461 (1987). 
[8] Li, Y.P. and Kervorkian, J., The effects of Wiggler taper rate and signal field gain rate in election lasers, IEEE J.  

Quantum Electron, 24(1988). 
[9] Amazigo, J.C. and Frank, D., Dynamic buckling of an imperfect columns on nonlinear foundations, Quart.  

Appl.Math.31, 1-9(1973). 
[10] Wang, A. and Tian, W.,Twin characteristic parameter solution under elastic compression waves, Int. J. Solids 

Struct.39, 861-877. (2002a). 
[11] Wang, A. and Tian, W., Characteristic-value analysis for plastic dynamic buckling of columns under elastoplastic 

compression waves. Int. J. Non-Linear Mech. 35,615-628 (2002b). 



Journal of the Nigerian Association of Mathematical Physics Volume 10 (November 2006), 197 - 202 
Dynamically slowly varying load   A. M. Ette   J of NAMP 

[12] Wang, A. and Tian, W.,Twin-characteristic-parameter solutions of axisymmetric dynamic plastic buckling for 
cylindrical shells under axial compression waves, Int. J., Solids Struct.40, 3157-3175(2003). 

[13] Popov, A.A., Parametric resonance in cylindrical shells; A case study in nonlinear vibration of structural shells, 
Engineering Structures 25(6) 789-799 (2003). 

[14] Zhu, E., Mondal, P. and Calladine, C.R., Buckling of cylindrical shells: An attempt to solve the paradox, Int. J. Mech. 
Science. 44(6), 1583-1601 (2002). 

[15] Schenk, C.A. and Schueller, G.I., Buckling of cylindrical shells with random imperfections, Int .J. Non-Linear Mech. 
38, 1119-1132 (2003). 

[16] Ette, A.M., On a two small Parameter dynamic buckling of a lightly damped spherical cap trapped by a step load, J. of 
the Nigerian Math Society. 23, 7-7-26 (2004). 

  
 
 
 
 

 


