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Abstract

We generate some results for some particular subclasses of starlike and
close-to-convex functions using Briot-Bouquet differential subordination method.

1.0 I ntroduction

Let A denote the class of function f(z) of the forhﬁz)= z+f:akzk , Which are analytic and univalent in
k=2

the unit disk U = {z:|z|<1}, normalized by the catimhs f (0) = 0, f' (0) = 1, With S*¢) andCC(a) denoting the
subclasses oA that are, respectively starlike and close-to-aaarordera, a [-1, 1), see [5]. Also, for two
functionsf (z) andg (z) analytic inU, we say that the function(z) is subordinate tg (z) in U, and writef (z) <
o(z) orf < g, zO U, if there exists a Schwarz functiafz), analytic in U withw(0) = 0 andW(2)| < 1, zO U, such

that, f(z)=g(wW(z)), zou.

In particular, if the functiog(z) is univalent in U, the above subordinationdsigalent tof (0) =g(0) andf
(U) O g(V).

The general theory of differential subordinationswatroduced in 1981 by Millerr and Mocanu (see 2).
The first — order differential subordination

zp(2)
plz)+ <h(z), zOU, y#0,Rey =0,
IO

h is convex and p(z) regular in U known as the Briot — Bouquet diffaf@hsubordination was introduced by the
same author as a special case of the general tbédifferential subordination [ see 2]. Some afiroperties were
studied by the same author in [3, 4].

This first order differential subordination with ma interesting applications in the theory of unérsl
functions was considered by many authors see §8d4%5).

The main purpose of this work is to apply a methaded on the Briot-Bouquet differential subordiorati
to derive some subordination results involving sqragicular classes of starlike and close-to-corfumctions for
special values of3, y and h.

2.0 Preliminary results:

In order to prove our main results, we shall need the fallgwefinitions and lemmas.
Definition 2.1

For a function f(zZJ/A, let D'be the salagean differential operator definedlihas O f(z) =f(z) D' f(z) =
D f(z) z (z), D' f(z) = D[D"* f(z) ]= z[D"* f(2)]}, ZUJ, n>1.

With the above definition, we introduce some classes of ,@tédrbyS; (O( , r) and CG(a,r) as follows:
Definition 2.2

Let f7A, we say that the function fQ)S; (O(, r) , if and only if

() (2] oo

Journal of the Nigerian Association of Mathematic&hysics Volume 1(November 2006)181 - 184
Univalent functions K. O. Babalola J of NAMP



wherea = 0, rJ[-1.1),a + r= 0,n ON.
Definition 2.3

Let f (z)JA, we say that the function f (ZCC.(a, r) in respect to the function g(zS:1 (a, r) wherea = 0,

n+1l
rO[-1,1), @+r) = 0 if and only if Re( D™ f(z )J [ 1+az ] ,z[JU, wherea >0, r]-1.1), a+r >0, nJN.

"f(z) 1+r 2z
Lemma2.1.[3,4]
Let h(z) be convex in U and Rgh[z) + r) > 0, ZU. If P(2) is analytic in U with P(0)=h(0) and P(z)

satisfied the Briot-Bouquet differential subordiioat p(z)+ ﬂpZ‘()z()ZBr < h(z), then p(Z) < h(z).

Lemma2.2 [2,4]
Let g(z) be convex in U and j(z) be analytic in ithvre[j(z)]>0. If p(z) is analytic in U and p(zassfied

the differential subordinatiorp(z) + j(z).20'(z) < q(2). then p(z) < a(z)

3.0 Main Results

Theorem3.1
If F(Z)US; (O(, r) with a=0, r[-1,1), then the integral operator f(z) defined by
_ ¢ pezF(t)e
f(z)= = jo t dt 3.1)
2[J, ¢,y[N, is also inS, (a,r).
Proof:
LetF(2O S; (a, r) then by def|n|t|onRe( D™'f (Z) J TGZJ zOU,a=0,rd(-1,1). By
Z +rz
differentiating (3.1) we obtain: ( ) ( )+ ( y)f ( ) (3.2)
By applying the linear operator”ﬁ we obtain:
CD™F(z)=D"2f (z)+ D™(c+y)f(2) (3.3)
Similarly, application of the linear operatof fields:
CDF(z)=D™f(z)+(c+y)D"f(2) (3.4)
Th CD™F(z) _ D™?f(z)+(c+ y)D"*f(2)
us, =
CD'F(z) D™f(z)+(c+y)D"f(z
Dn+2f(z). Dn+1f( ) (C+ )Dm-lf(z)
_D"f(z) D'f(z)  D'f(z) (3.5)
D +l
e
By setti 'f(z) _ 3.6
y setting 571 () p(z) (3.6)
So thatp (2) has the following series expansigiz) = 1 + pz + pZ + psZ + ...,
By differentiating (3.6), we have, z'(2) = Z{%%)J
Z[Dn t (20 (2)) - D™ f (2)(D"f (z))'}
) (071 (2))
_ D1 (2" (2)- (01 (2)f 67
(D1 (2)f
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L o D™?f(z) D™f(2)
Also. p(z #/(2)= D™f(z) D"f(z)
Dn Zf( )

1
g 7 (2) P 2/(2)+ p(2) (3.8)

From (3.5), we obtain,

) [%%)wz)]pz)mw
DF() p(z +(c+y

= P(Z) ngﬁ(i_yj (3.9)

Conclusion follow from Lemma (2.1) by considerin@hto be convex in U with(0) = 1,Rdc +y)= 0

and thusRe(H2) + (¢ + y)) > 0 and with Lemma (2.1), we obtaim(z) < h(Z). Thus, p(z) = D—lff(%)< h(z).

By taking h(Z) =

Theorem3.2
If F(z)LCCy(a.r), in respect to the function g(Z'S; (O(, I’) with a=0, rJ[-1,1), then the integral operator
f(z) definedby

1+az_ Hence f (z)= c fZF(t)t dt O S;(a,r),zuu.
1+rz A

Hz)=—] ﬁdt . 20U, c.yON (3.10a)
Z 0
is also in CG(a,r) in respect to the functioS’;1 (0(, r),
9(2)= ZLI wdt z[JU, ¢, yONZ0 (3.10b)

Proof
Let F(z)[JCCn(a,r), in respect to G(z)US; ((X , r) , then by definition

Rl PF@)) < Y% LU a20, r-1.1)
D"G(z) 1+rz

By differentiating (3.10) we obtain: CF(Z): ( ) (C+ y) ( ) and G( ) ( )+(C+y)g(z)

By the application of the linear operator D»*1, we obtain, CD™F(z)=D"?f'(z) +(c+y)D™ f(2).
Similarly, the application of the linear operator D, we obtain, CD”G(Z)= D””g(z)+ (C+ y)D”g(Z).
Thus, simple calculation, shows that,

D™2f(2) . D™g(2) N (c+y)D™f(2)

D””F(z)_ "glz "glz "glz
e oo ol vl
D"g(2)
By setting %nlgf((zz)) = p(z), and %nlgg((zz)) = k(z) (3.12)

By differentiating (3.12) logarithmically, we obtai

(o) Z{Dnﬂf(z)j _D™?f(z)D"g(z2)-D"1(2)D™g(2)

D"g(2) (D g(2)f
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_D™f(z) D™f(2)

and % 2'(2)

= - , which lead \
k(7 Dn+1g(z) Dng(z) which lead us to
D™f(z) _ 1 _,
gl " k) P P (3.1

Thus, from (3.11),
1

RO PO CIRCME® (0

D'6(z) - K@)+ c+y) ) p(z)+m (3.14)

] . . Dn+1F(Z)
The conclusion follows form Lemma (2.2), by taking(z) to be convex inU, then —(—y
D"G(z
= p(z)+ﬁ((z)+) < q(z) , where from the condition of the theorem, we hRek(2 > 0 andRe(c + y)= 0, thus,
z)+({ct+y

Re 1 >0- With this condition and from Lemma (2.2) aadting ; (z) 1

<G G+ y) K@+ y)
p(z)<q(z). From here it follows that, ifRe(DMF(Z)J DR o(z) = D"f(z)  1+az  Takingq(2)

DG (2) 1+rz Dg(z) 1+r1z

, we obtain,

. Hence, @)CC(a.r), in respect tg(z)0 S,(a,r), a 2 0,r{1,1].
Z
2.0 Conclusion

In this paper we are able to generate some sulatioiinresults for some particular subclasses ofal@nt
functions (mainly, the starlike and close — to +avex functions) via a method based upon a specésde of
differential subordination known as Briot — Bouqdéterential subordination for special values 8f y and h
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