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Abstract

This mathematical model concernsthe theory of Stokes waves. These wave
types belong to the class of ocean surface waves found in deep and intermediate
waters. In this consideration, the fifth order expansion was obtained using
Korteweg de Vries equation with diffusion term. This study suggests that the phase
velocity grows with increase in wave steepness whilst the group velocity shows the
opposite tendency .The effect of diffusion introduced through depth distribution is
obvious as the solutions apparently depend strongly on the water depth in inverse
form. Interestingly, this analysis strongly suggests that the peak for potential energy
lies between second and third order solutions whilethat of kinetic energy attainsthe
peak at second and then becomes fairly stable. High seismic response associated
with sea-bed motion corresponding to second order solution strongly support the
result. However, the effect of additional terms on the wave profile appears
somewhat insignificant. The wave profile of first order to fifth order in this
consideration remains unchanged as expected.

1.0 I ntroduction

Stokes expansion of wave profile usually grows murady with increasing order. However, Longuet-
Higgins & Fenton (1974) considered the theory usiisgous fluid model. Instead, the diffusing tesriritroduced
into the equation governing the wave profilgc,t) (Whitham,1974) with rather more generalizati®keke,1997).
The consideration will apply to the sea waves i ititermediate water range{o_0015 < h/gTz < 0_055) , the

problem being transformed to time — domain; g & &leceleration due to gravity and T is the peribdaninant
wave mode, his a measure of water depth. In this range, ffioite amplitude short and long waves interact
freely. One of the main objective of this investiga is thus, to determine to what extent viscdeoty of Longuet-
Higgins compares with diffusion effects being pregd in terms of wave energy. In this consideratom
following Whitham (1974)n(x, t) satisfies the nonlinear equation.
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h
y is the dispersion coefficient defined lyy:COTO ,Cy = \/% in deep water and, = @ g = acceleration due to

gravity hy = water depth measured when the water is wundisturb |If p=£&(O)h, 6=
k)(-a)[" n= E(kx_ wt )h’ gziﬁzki 2:2%:—602
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Thus (1.1) gives

(ke, —wW)&* +gkco§§1 +yk3EH =0 (1.2)

wherek = 2_: L =wavelength. Take =ka as the wave steepneadjeing the wave
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amplitude, and expand in Fourier series of the fep(mt)

N = & ,(0) +e7E,(0) + 6°E,(0) + e%E,(0) +&°¢,(0) +o(e°) (1.3)
(1, 2) is if the form,

i (kc, —w) &le' + =ke, i e'¢, i e3¢+ yk® i 't =0 (1-4)
f —50 only, 1_—_Cé
( ) Y, ¢

20 Derivation of equation with diffusion term

From (1.1) 0+ C“[“%h%)”* +m,. =0, hio = £(0) (2.1)

0 = kcwt (hoé), +co[1+ghlj(hof)x +y(heé. )= 0 (2.2)
fre e Sele i =0 23)

Let §=66,(0)+e%8,(0)+e°6,(0)+e%°¢,(0)+€°¢,(0) (2.4)

to fifth order. From (2.4)

E@+ec@+ee@ e @) +e60) +co[1+3{551(69 +£°£(0) +53<2<9>D [&i(é’) +£¢,(0) +s%2(9)J

2| +eE@+eE@)\+ 6O+ O
+9 (,00) + £26,(0) + £35,(0) + £°E,(0) +£°¢(0),, = O (2.5)
(-0t — 200 £l s —éw@)m{n;&g +gff.{2 +g§53 +gg‘*54 +2§g‘5j(£k.;ﬁ‘ FEKE +EKE+EKE +EKE)
+y(ngéﬂ.ll+82k3§;ll+83k3§;ll+£4k3§ill+£5k3§;11): 0 (2.6)

(et0? - 20t - it - o —cod)ro (e +78 + 0+ 48 + ) 2acklee +EE+EE +EE+EE)
+EE+EE+EE) 438 Mo+ + G+ G+ H S+ 6

+ 545-: + 555-51)) + y(8k3é¢1111 + 82k3f§11 + 83k3é¢;11 + 84k3¢»i11 + 85k3f;11) =0 (27)
Equating coefficients, we have
£ (w-c k)& - kg =0 (2.8)
e (@-ck)e - pog - Se ke = 0 (2.9)
3
£ (w-ck)E - pog - Zekleg +£6)=0 (2.10)
3
£ :(w-c k)& - —Ecok(fg; +EE+EE)=0 (2.11)
5 1 3 g111 3 1 1 1 1
[ (a)_cok)fs - K 55 _Ecok(‘fz‘:{a + 53‘:(2 +£1‘:(4 + ‘:(451): 0 (212)
that is,. (w-c, k)l - kg™ =0
(w 'Cok)"rz1 - }'ks"rzm = %Cokﬂﬂl (213)
(@-ck)s - e = Sek(es) (2.14)
(@- e k)i - e = Sokl(e.d) + .¢] (2.15)
(@-ck)ez - e = Sokec) + (€.4)] (2.16)
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From (2.7) (k! + £°f} - £} - £} - £°0l) - c k(68 + 628 + £28 4 81 + £°8)
Klegrregrogriegieeg)Safdst vegreg reg ey

Safkelet g e E+E 1 E) —adleletreg g e g ) 2.17)

—cdkelereg g reg ey Sopkelereg g reg e =0
PUtting w(k) =3 we* - Thus,

wk)=w, + we' + w,e* + W, + w, " + W, E° + -+ (2.18)
Using (2.17) above, we have
fla + @ + @ + 0 + s gt + )8+ £ + wE s wE g Y e+ )8
+ ‘93(@0 +WE +WE + WE + wE e+ ){; + 5“(w0 +WE W E+WE + W e T wE + ...){j
+ ‘95(@0 tWE W, ET+ WE+ wE + W, + ){; - cok(s.{f + e+ NI+ 55{;)

R CRA B A A  Ad
SGMEE e +EE1EEHEE) —aflE g +EE g +EE ) 219

SaEMeg +EE +EE+EE 18] —aENEE O +EE +EE+eE) =0

Equating coefficients of, we have i (w,c k)t —pk¢m =0 (2.20)

3
{2 : wl‘fll + wo‘f; - Cok‘f; - yk3§;u _Ecok‘fi‘fll =0

(2.21)
= (wo'cok)ié -7k 35;11 = gcokfﬁil
3
& wzfll + a)ﬁ(zl + C()Ogt; - Cok{; - 353111 ——CoK 614(21 + 624(11 =0
poE - gk ) (2.22)
= (wo 'Cok){; - }'k%t;u = gcok(é‘(z)1 b wzfll - wlgzl
4 s 3
£ QE @l + af + @fl —ekE - E - ZeK(EE +E6 +£8)=0
(2.23)
s _ 3 1
= (@ okl -weer=Sekee) + 8l wg-ws -ws
3 1 1 1 1
Erodl+ 08+ 0,80+ 0.8 + 0 - okl - k! ‘§°ok(fzfa regredrad)=0
= (wo'cok)‘fs1 - yk 355111 = %Cok[(‘fl‘fAt )1 + (‘fz‘fa )1] 'w4§11 - (Uaf; - wz‘fi - wlasl (224)

Let £, =cos@, £ =-sin@, {* =-cos @, & =sin @ . Substitutingin(  2.20)
~(w,-c,k)sin 0 = yk3*sin 0, ckw, = 7k*, w, = c,k - )k®  (2.25)
(2.25) is the dispersion equation at the lowesgeord-rom (2.21)

—pk 3E) = pk &t = - %cok cos @ sin 6 + w, sin 0 (2.26)
yk3(D§2 + D%z):%coksinze +m,sind, D :(;j—e, (D + Ds)f2 = Z;:‘l’(f sin20 + wls'sng
£ = 3c,k sin 26 + w,sin & _ 3c,k Dsin 26
* 4k*(D+D®) (D+D*)k*  4)k* (D?+D*)
a,sin 8§ =0 (2.27)
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as the secular term is unbounded when operateg bn b

©=0¢ = Tk cos28 3ok c0s20, &, = C,
2K° (-2 +(-2°)"  24)° Bk’
From (2.22)
1 _ 3111:§ _ 1 _ 1 _ L3 3 =300k Co '
(0, -ck)es - g = Zek(Es ) - - - pep+ D7) == {(cos@)(gyk ﬂ
-w,(-sind) = x, (cosfcos26) + w,siné (2.29)
a, 165k ) -

2 2
= %—%[COS&(—ZSM 20) + cos26(-sin 6?)]+ w,sing = - fg—;k[Zsin 20 cos @ + cos 26 sin 6']+ w,sin @

But 2sin¥cosf =sin38+sing, cos%in@zésin:y-%sinﬁ. Substituting, we have

2

= - 3 sin38+sin8+isin38—isin8 +w,sin@ = -
16)k 2 2

2

—O[ESin 30 + isin H} + w,sin@
2 2

16)k
- K3 (D+D )5 [35|n38+sm9]+a)sm6’
(D+D )5 = [35|n36’+sm 6’] w,sin @
£ = 3002 (3sin3g+sing) 1
* 32y%k* (D +D? 'S
2 . 2 .
g, = 30g . D(325|n3 f) + 3c, 52|n46? _ 13 w, sin (2.30)
32y°k® (D“+D") 32y°k K

To eliminate the resonant term a8 terms become unbounded when operated upon, and let

2 .
w - ing sin@ =0 (231)
32y°k WK

3c,” D(3sin3 8)

“ 3%y (D7 + DY)
2
&, = 30700539 (2.32)
256 y2k*
From2.31, % = _3% _
ykS 32y2k4
3C 2 2
w, = =~ 0.09 S0 (2.33)
32)k yk
From (2.23)

(@-ckig -y =SeKea) +6a]- wg -ug-ag- Kok, =

l[( Sg)zsafk“ ggg]l (&k ]( Bk H_@(ka

J - w(co)'

2 2
- 3czok{ 2536002k4 (cosﬁcos39)1+ C2k4 (cosze)(c0529) } Z’;;jg sin20+ w,sing (2.34)
4 64y
sH9(—3sin34) + cos36! ) s260)(-2sin26 e 260+ 6
128y2k“[ (cosh(-3sin36) +cos34(-sind) )+ (cos26)(-2sin )} e —==>sin @sin

3
=- 3002 " 3 (3SIFB9 co§+co§9$|n9)+25|n2t9co§9 “ Sin+ w,sind (2 35)
128k 4y Kk
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But 2sin2%cosd =sin4d , 3sindcosd + cosIking = 2sinFcosH + sinFcosd + cosFsing
= sindd+sin29+sindd = 2sindd +sin29 , substituting in (2.35),

X, [3,,. . . ,Co . .

T Z(Zsm46+sm29)+sm4¢9 +-2205in20 + w,siné

128y (2.36)

3

= ‘%{ 35in 46 + sin 46 + >sin 20} + ZCS sin 26 + w;,sin @

128y%k* | 2 4

3
- k3 (D+D )Z —0 5sm 46 +§sm 26 |+ %% gin 20 + w,sin @
128y k* 4 4yk
(D +D )5 [ % Sin46 +sin 29} @2Co gin 20 - w;, sin 8
128y k* 4 4)k?
3
$a= o { 2sin4g +sin 29} - D% ___gin26 - i3a)3 sin 6
128y°k°(D + D?) 4 4y°k>(D + D7)
The term containing «, is eliminated by setting &, =0
x,’D 5_. x,’D 3. o] @cDlsin2d]
= 128°k%(D? + D“){ oS40 } ¥ lZEVkG(DZ +D*) [43"”2‘9} 4°K°(D? + D% (2.37)
- Lo 2 ' cosB- wcosy
1024)°K° 3072)°K° 24 y2k5

. 9 ¢’ 1 ¢,

Putting ———-cos¥-——"-w,c0s¥ =0 (2.38)
3072y°k 24 y°k
1 ¢’
= cos# 2.39

From (2.24)(600 ‘Cok)fé - }'k = C k[ 5154 (5253)1]' 0)4511 _a%le _0)253% - a)lfi

‘WS(D+D3){5:302°'<K(COSH)( & cos4¢9)] (( “_cos 9)( 2k4 cosgg)]] (2.40)

4;/3k6 Bk’ 256y°

c ! 3c,’ '
-w,(cos ) - w,| —>-c0s28 | - w,| —>—cos 38
4 3 8yk2 p3

256 y°k*
k(G {(cos@ cos48) + 3 (cosZH 00530)1} - w,(cos8) -~ e, (cos26)"
1024y°k° ' 8k
3¢ ; y y
256y2k“ @( ) 204$?k5 [coas( 4sm4«9)+co§l€( -sing) +— [00526( 3sin3s) +co8H 25|n260]}

. c . 9¢’ .
+wsing +—> sin2g+ sin3d
! 4y k? “ 2567k “

4

:-%gy%{(%im&oﬁwo%sirﬁ) +g[(3sir86?co$2€+200§95ir1260]}

2

. C . .
+wsing +—2 sin26+ sin3g
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But 4sin 46cosé + cos46 sin 8 = 3sin 46cosé + sin 46cos6 + cos46 sin 6 :g(sin56'+sin36) +

sin 58 = gsin 56 + %sin 36 - Also, g(Bsin 36 cos 268 + 2 cos 38 sin 28)

%( in 36 cos 268 + 2sin 36 cos 28 + 2 cos 34 sin 28)

§(1 in58 + = S|n6+25|n6’)—— 55in5€+lsin9 :Esin59+§sin6’
22 2 2 4 4

Substituting in (2.41)
3 ¢

= > |n59+3sm349+Esm59+3sm49 +w,sing + S w, sin 26
2048 pk® 2 4 4 4pk?
2 4
+ 9—°wzsin30= 3 G §3|n59+ 3sm36’+§sm9
256 %k * 2048 y°k° 2 4
2
+w,sing + C—°2w3 sin 26 + L“wz sin 36 (2.42)
4 256 yk
~yk(D+D%)¢, = 4(:)396 ;OkS {2—53|n59+35m39+ zsm9}+a)sm9 " C°k2 @ sin20+ — y2 S5 ¢ 4 Sin3e
4
$s = 3 S 25S|n50+3sm30+§sm0 %a&sine
4096 y*k®(D + D?) 2 yk*(D +D?%) (2.43)
2
—%MSSMZH— %wzsin39
4y°k*(D + D?) 256 y°k"(D + D7)
4
Putting 3 C Ssing| -—1 _4sing=0, (2.44)
4096 y*k*(D+D?%)| 2 yk*(D +D?)
(the two terms become unbounded) w,=0 (2.45)
4
és = 325 ¢ - —— D sin 50 = [73 )[2—5](—5 ) 040 —cos5 8 (2.46)
4096 2 y‘k® (D2 +D*) 4096 ) 2 )\ 600 ) y“k
4
& = 1 Co 5 cos5 & (2.47)
65536 k
4 2
3 % [3sin 36]- 9, w,sin 3¢ =0

4096 y°k®(D + D?) 256 y°k (D + D ?)

To obtainw,

(@-okl-pog” =S ckle +(E6) +(ea)]-af-ws-wg-wg=0 @49

- Kk*(D+ D3¢, ——c '{(ZSGyzk J (cos36)(cos36)* W(cosﬁﬂcos@)
S N (cos40cos26)! | +awsing +w| —2 |sin26 (2.49)
8)k? | 1024/°k° “ | 4k? '
3 %( cos3@sin36) + #qw(—coﬁsine—%inwcosﬂ)
—c,k .
C,
(819 ZV‘kS]( 4sindgco26 - 2coAdsin26) (2.50)
+awsing +w(4}k ]stH a, 9@/2k4 sin3d+a, @/3K6sm49 0
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:_gcosk
2 /K¢

(8119;{287 (cosFsin3g) + g (sindcohd+5cosinsd) + (4sinddco2l + Zco%sinze}

C . .
+ w,——sin26(sincew, =0 and w, =0) (2.51)
4y k
Again,
€0s3@sin36 = %sin 64, sin@cos50 + 5cosfsin58 = (sinfcos58 + cosdsin5d) + cosdsin56

=sin66 + 2sin68 + 2sin4d = 3sin6d + 2sin48,4sin 46 cos28 + 2cos4dsin 260 = 2(sin 46 cos28
+ cos4dsin 26} + 2sin48cos28 = 2sin6d + sin6d + sin 261 = 3sin64 + sin 26
substituting, we have,

KDDY==

: [i; 270 L 169+ 3sirB0+ 25ind) +(3sirBH+siret) | + ,~2-sirgy =0 (2.52)
2y'k"\8197 8 " 2 8 4k
since we are interested u,
3¢’ 1 1 D(sin20) _ ¢, D(sin20) (2.53)
2 9%k7\ 8192 Jyk®* (D*+D*) ‘" 4y’k* (D*+D*)
5
EC"—(LJ(EJ cos20 = w, c—"(ij cos 26
2 y°k* (8192 )| 12 4y°k® (12

o, :ﬁ yff(s (2.54)
Thus, WK)=@ +EQ+EW +E'w, +&'wW, +£°wW ++-. But @ =@, =, =0
0 oK) =o,+ew, te'o, (2.55)
But, w, =ck - yk®, from equation,
s

3¢’ 3 ¢
0 K) =ck-ykd+ G g2y > O oy 256
ol = ek =7kt ok 2006 ¢ (2.36)

Recall from equation (2.4),

§=&6,(0)+£°€,(0) +£°¢,(0) + £°€,(0) + £°,(6)

to fifth order.
Substituting foré,, &,,&5, &,, & respectively, we have-
2 342 4.3 5 _ 4
&=L =gcog+= C°2 cos2) + ¥ C; - €0y +&Hcosaw 2% cos0 (2.57)
h, 8k 256/ 1024°K 65536°K"
2
C,
whered = (kx - at) but y=%
3¢’ 3 ¢
K =ck—pkP+—"2¢g?+——— 0 ¢* 2.58
o) = ek =Kt Sk 2096k ¢ (2.58)
o , _ch’
Take h, =15m (diivide through byc,k and substitute fop _T)
o g Ly, 9 &8 81 & (2.59)
(o 6 ° 16k’h’ 512k°h’
Also,

2 3 4 5
i:scose+3€—2cosze+izcos30+ 27¢ —COs49 + 81 —Ccos50 (2.60)
h, 4k°h, 64K‘h, 128&°h, 4096<°h,

a) — .
But K C (phase velocity)
2 4
1epz, 9 & 81 e (2.61)

£ -4 2 = o=
C, 6 ° 16k’h° 512k°h’
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Also, ‘:‘_‘: =c, (group velocity.). Differentiating (2.58), witlespect tk, we have,

2 4
d_w =c, - yz_iCOZSZ_i 20584 (2.62)

k 32 7k 40967°k
¢ = c-gki-3C o 15 G ., (2.63)

¢ ° 32 yk? 4096°k®

2 3
S _ YK 3¢ . 15 ¢ ., (2.64)

c, c, 32yk’ 4096 y°k°

_ ch? C, 1,5, 9 & 3240 ¢°

substituting fory = =22 we have— =1-— -— - +... (2.65
g b 6 G, Zh) ko 16 h)zkoz 4096h)6k06 ( )

phase and group velocity vs wave steepness

18

phase and group velocity

0.4 I I I I I I
002 003 004 005 006 007 008 009 01 011 012
wave steepness

Figure 1: The phase and group velocities as functions of wave steepness £ .

phase velocity and wave steepness

1.7

I
|
160 — —1— — T A B
|
|

phase velocity
N
w

1
0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 o0.12
wave steepness

Figure 2:The phase velocity as a function of wave steepness € .

group elocity and wave steepness

1

0.9

0.8

0.7

Graup velocity

0.6

0.5

wave steepness

Figure 3: The group velocity as function of wave steepness £ .

The origin is shitted taz — yk? along the vertical axis. The data so depicteddser to the observed than that of

Johnson and Aneborg (1995).
Figure 4 is computed from equation (2.57) expressmve energy density as function of solution order
This is based on the theory that wave energy ipgitimnal to the square of wave amplitude. Theafof diffusion

Journal of the Nigerian Association of Mathematic&hysics Volume 1(November 2006)59 - 68
Stokes waves theory as a diffusion problem E. O. Okekeand B. S. Oyetunde J of NAMP



introduced through depth distribution is appar@&his is so because the solutions apparently degeadgly on he
water depth in inverse form. Interestingly, thislgsis strongly suggests that the peak energybldween secon
and third order solutionsHigh seismic response associated with-bed motion corresponding to second ol
solution strongly suppothe result (Darbyshire, 199

wave potential energy == = function of solution arder

potential energy density

=]
o

o
m
m

o
m

&)
[§]

25 3 345 4 45 5
solution order n=1,2,34 5

Figure 4: Wave potential density energy as a function of solution order for various depth of intermediate water.
It is also noted that the average in this constiteras over a wavelength (Okeke, 1999) of the amdntal

chy

6
of solution). But this coefficient is at the denioator of each term of the solution. Hence, theixiighing effects
increase with increasing n. This is the case becausomputing (for xample) fifth order wave energy density, fi
order wave velocity is used; for fourth order siwint fourth order wave velocity is used and some increase ii
wave velocity with increasing n is however calcethto be of order 1%.

The mean kinetic energy dansity corresponding to different solution order

mode. The peak &t=2 is due to the numerical increase of diion coefficienty = with wave speed c (ord

1.28 | omzosae

rean kinatic: snergy density (u2pigh

1 15 2 2.5 3 35 4 45 5
solution order =123 4 5

Figure5: Average kinetic energy density corresponding to different solution order (n =1, 2, 3, 4, and 5)
The mean kinetic energy (ensemble mean) can alstalselated from the equation of the wave prc

n(x,t) usng the expansion in eqn (2.61) ¢(2.65) .

Thus, we obtain in nodimensional forrrih:1+ &, &h=7 . The total energy density (ensemble meE is
g

calculated from Er=1+&+& . (2.66)
The energy flow F beneath the wave crest per wrizbntal width perpencular to the direction of wave advar

1]
is calculated from (non-dimensionaf :ﬁ Er , Uis now regarded as the mean depth current vel
g

3.0 Mean Water Surface (Mws)

Equation (2.66) may compare with that of Jon et al (1995). The later contain term associatedh
radiation stress.

Journal of the Nigerian Association of Mathematicd&hysics Volume 1(November 2006)39 - 68
Stokes waves theory as a diffusion problem E. O. Okekeand B. S. Oyetunde J of NAMP



Tsec | L(m) T2 (mls) Fo @ Fyws

6.24 3.24 3.65 3.69
3 14.00 | 4.23 4.12 4.22

N

Tsec | L(m) a2 (m/s) Fo (gh Fyvws

4 20.33 | 5.21 6.33 6.35
5 39.12 | 7.80 8.21 8.45
8 97.21 | 11.20 9.10 9.33
10 156.10] 15.60 9.98 10.1(

Table(3.1): h =18.2m
With p = 1.026gm/cr the energy density flux is measutedsec/n? in columns four and five respectively in table
(3.1)
Similarity concerning the two (latter) is interi@gt column five is the sum total of the following:

0] kinetic energy due to the current motion.
(i) transport of wave energy
(iii) the work on the flow due to radiation stress.

The latter component may act as an opposing coemgo@olumn four depicts only the effect of diffusi
term which in the series expansion carried out fFegaite dominant.
The similarity pattern between the two columns seeém suggest that radiation stress in wave motm loe
adequately taken care of by diffusion. The effdatrergy dissipation as it affects wave motion a@ppeegligible.
This is confirmed by the calculations involving veaequations with energy dissipation terms.

4.0 Conclusion

2
Diffusion term of the form% was introduced for the fifth order expansion ia tokes wave theory.

Introduced further is the wave celerity expandefifto order. The aim is to consider further theneergence of the
Stokes wave series. Since practitioners are méeeested in wave energy and its evolutions, exprasdor kinetic
and potential energies were computed from the model
This study strongly suggests that the peak energssociated with the second order solution ef th

Stokes waves after which the energy becomes st8biemic energy density spectrum generated bydhersive
interactions (Darbyshire, 1990) agreed totally witis result. Thus, after the second term, extrenseappear
rapidly diffused. Even though in this considerafithe model is vorticity free, various calculatiirus obtained
were quite close to those of viscous model of Jumss$ al (1995).
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