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Abstract

This paper deter mines the phase diagram of Cg, fluid by an efficient and
robust optimized random phase approximation (ORPA) method of Pastore et. al
(1995), imposes physical requirements as in the original ORPA scheme with a view
to achieving consistency within the liquid structure factor. Our
perturbation/variational approach for the Helmholtz free energy of the Cg
molecules is based on the Lennard-Jones intermolecular interaction. We observe
that higher accuracy isobtainable by treating all the grid pointswithin the exclusion
hole of the pair distribution function as independent variables. Our numerical
results show appreciable improvement in both the thermodynamic functions and
the structurefactor.

1.0 I ntroduction

The fundamental properties ofsgdCmolecules are still of particular interest. Amotige Interesting
peculiarities of this material are the thermodyrmamroperties of its liquid phase compared to itidsphase.
Calculations describing phases igy @aterial has been placed in two categories; sartt®es employed simulation
technique via molecular dynamics (MD) while othaesed thermodynamic integral equation for the liggtidicture
to ascertain the existence of a liquid phase fgrnilecules within a narrow range of temperaturest damsities.
Some other groups claimed to have used the Gibhsérble (GE) simulation method on one hand and the
integration procedure of the Clausius-Clapeyroragiqn on the other hand to obtain the phase diagifaifme same
Ceo liquid model. This latter group concluded thah @olecules did not (and should not) exist in a Istdiguid
phase. They claimed that their results indicated the sublimation line pass above the metal-stidieby a few
degrees (cf. Caccamo (1995) and references therein)

There have been interesting speculations regattim@gpparently contradicting results. The most ateu
modern integral equations of the theory of liquslsh as the hard-mean-spherical approximation (HM&#
modified hyper-netted-chain (MHNC) approximatiorvealready been used to determine the phase diaufr&@a
molecules. One major disadvantage of the integyah#ons which has limited their scope of applitibis the
problem of multiple solutions like those encountkire Ref. 4.

Yet another successful theory of liquid that has hitherto not been applied to the Ceo
material is the optimized random phase approximation (ORPA) technique which is essentially a
perturbation theory.

Fundamental to the theory of ORPA is a notion that volume-excluded effects are the most important
interactions that determine the structural propertf the liquid and that these effects are wgltesented by hard
spheres. The original theory of ORPA, based onpibeeering work of van der Waal, has undergone aoym
modifications by different groups of researchersp@rticular interest is the Andersen, Chandler Arektks (ACW)
(1972) version of ORPA which has also been modifiad used extensively (Hafner (1987), Pastorel €1.995,
1998)). In all, a judicious choice of referenceteys (liquid) has been made crucial to the succEERFPA.

It is the aim of the present paper to produce &rrttalculations leading to a more accurate phasgraiin
of Cgo liquid which should help in resolving the phasagiam controversy. We shall apply the well-knownF@R
algorithm of Pastore et. al (1995) to determineltbendaries of the Lennard-Jones fluid phase.
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The outline of the remaining part of the work is as follows: section 2 presents the
theoretical developments while section 3 discusses the relationship between the liquid
structure and the ORPA version of Pastore et. al (1995) and the prescription of thermodynamic
consistency. In the meantime, we shall outline the calculation procedure in section 4 and
discuss our numerical results for Cep molecules using Lenard-Jones’ fluid as reference system
in section 5 before the work is brought to conclusion.

20 Theory

The system under consideration is a Lennard-Jdingsd of N molecules, in a volum¥, whose average
number density=N/V. We shall write the total potential energyas a sum of the pair potentig(r;) i.e.

o=Y4(;) 2.1)

i<j=1
r; = distance between molecuiesndj and
o(r) = 4e[(alr)"? - (o/r)] (2.2)

The classical liquid consists of an interaction grgrfrom a pair-wise potential made up of two pagtseference
system (repulsive) potential and a perturbatiotmgetive) potential i.e.

9(1) = o(r) * ¢a(r) (2.3)

The attractive potential term is recast in the eatet-volume region (where particles do not penstiata
manner that makeg(r) to continually varnish there. Then, the implem&ataof ORPA reduces to choosing a
suitable reference system and obtaining the fresrggnvia variational calculation using perturbatidrhus the
excess free energy (total free energy minus thereate system free energy) is expressed as aitandieries of
terms involving functions of the reference systfine first term of the series neglects correlatioroag density
Fourier components with different wave vectors #nid is the well-known Random Phase ApproximatiBiRA).
Higher order terms constitusystematic corrections to RPA.

3.0 Structure of liquid and ORPA

The relationship between the Fourier transformhef static response functigyfr, r') and the structure
factor S(k) is given by xo(k) = -GpS(k) where S(K) is the Fourier transform of the density-densityretation
function; it measures the response of the liquich tavave-like distortion of the fluid density. Thieifl average
number density is related to the pair distribution functigfr) via equation

p 9(r) = U(22)*[ exp(ik * 1) [S(K) 1] &k (3.1)

The split in Eq.(4) naturally leads to a simil&cdmposition of the total correlation functibr) [= g(r) —1] and
the direct correlation functiot(r) as in

h(r) = he(r) + Ah(r) (3.2)
c(r) = colr) +Ac(r) (3.3)

Here, hy(r) andcy(r) are the total correlation function and the direatrelation function of the reference system
respectively and they are linked by the Ornsteimike (OZ) equation

h(r) = c(r) + pl & c(r—r) h(r") (3.4)

for the two particles atandr'. A relationship also exists between the Four@ngform ofAh(r) and Ac(r) written
as (Hansen and McDonald (1986))
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i) = 2 ) 35)

whereSy(k) is the structure factor of the reference systerhaty( ~ ) onAh andAc shows that they are the three
dimensional Fourier transforms afh(r) andAc(r).

The static structure factop@®) used in this work is based on the modified ORBéhnique which some of
our publications (Pastore et. al (1995), (1998)itiaw-Ojelabi (2005)) have shown to be the beseims of self-
consistency between the pressure equation and essipility equation of state. This brand of ORPAndads that
the real liquid (G material) potential be described by the Lennamkdgotential while treating the residue of the
inter-atomic potential by perturbation method. WMerefore define the radius of this region as the value of
below which the pair distribution functionry(becomes too small in computer simulation. The @RPsure then
becomes\c(r) = Bo4(r) forr > g such that

Ah(r) =0, forr >o (3.6)

We seek a variational procedure where a free grfargtional is defined as

FinglAC(N)] = -1/[p(2m)* ][ ¥k [0 Sy(K) AS(k) + log{1-p Sy(K) AS( k)] (3.7)
The derivative of fg with respect ta¢(K) is
0Fuw, _ = pohk) (3.8)
anc(k)  (em)

whose Fourier transform gives

aFring — _ 39

one(r) oAN(r) (3.9)
The extremum condition on;fg is equivalent to the physical requirement thatsize of the exclusion hole of the
reference system be preserved by the perturbakouation.(3.9) is now a variational condition; tgquirement
thatg(r) = O for r < ¢ implies the variations ofic(r) inside o. The ORPA approximation for the free energy then
becomes

A = A0+ Yo [ dr go(r; 0) B () — U(2p) Fring X(] (3.10)
We shall optimize Fq by introducing an auxiliary (unknown) functiax(r) via equation
Ac(r) = -Boy + A(r), forr <o (3.11)

All the grid points withinAc(r) (i.e. insides) could be treated as unknowns instead of exprg2s(r) in Taylor
series or Legendre polynomials which is not veficiet for problems posed bysgliquid. The minimization
algorithm (Pastore et. al (1995)) allows tggrid values of the unknown i.e. we 2dt;), [ri = (i-1)or, i =1,.....Ng
] as independent variables. This technique inceetimenumber of the variational parameters (degreEfreedom)
and enhances accuracy as well as maintains themaaug consistence.

40 Calculation procedure

The G molecule is a truncated icosahedron. The comlinatf the pentagonal and hexagonal faces found
in a G molecule is identical to that of a soccer balfgesting that the cluster is close to a spheritaps with a

diameter of 10.34. The Go molecules, separated from each other b)§\ H0e held together by van der Waals
forces. For a fuller account of theg@luster see Hebbard (1991), Kaxiras (2003) andhdat-Ojelabi (2004).

We implement the ORPA computational scheme desti@beve for the § molecules interacting via L-J
pair potentials using the neutral hard spheres (Nt$3S reference system. We Ngt= 2049 points with a spacing
of r = 0.025 to represent the pair correlation function
The cutoff ofAc(r) is taken at = 55 whereo is the diameter of the hard sphergg(@olecule). Then, we seek the
minimum of the ring term closest fm(r) along a straight line in the direction of tmaximum decrease of the ring
term. The simplest implementation uses the steapestent (SD) method which facilitates the calémtabf the
displacement along the gradient direction by chupsi suitable value that guarantees a monotonimapp of the
extremum. The iterative procedure is such thagtheient is continually evaluated at the new ptmtibwed by the
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same set of operations. The cycle continues usi@tasfying minimum is reached for the ring terme Yerform the
operation of SD method efficiently using the fastirer transform (FFT) algorithm (cf. Brigham (19Y.4

50 Resultsand discussion

The numerical values of present work for the thetymamic properties agree reasonably well with
simulation results as shown in the tables below.s@ up in table | the calculated results of theess free energy
(using L-J liquid as a reference system) compaoethé experimental values (molecular dynamics tgsthken
from Ref.1.

Tablel: Excessfreeenergy of Cg liquid compared with simulation data (a) ORPA results of present work, (b) MHNC
results of Ref.4. (c) MD resultsasin Ref.1.

Densityp (nm”) Excess free energypU*/N)
T(K) (a) (b) (©) (a) (b) (€)
1785 0.889 0.944 5.705 -5.630
1900 0.614 0.964 5.418 -5.499
2172 1.05 0.837 -4.020 -3.986

Tablell: Calculated values of the ther modynamic properties of liquid molecules compared with simulation data.

(@) (b) (©)
T(K) 1922 1920 > 1920
p(nmi®) 0.991 1.00 1.033
Tu(K) 1679.5 1620 1780 + 50

The temperature-density (Tp) quantities computed in this work are plotted he Figure below. ORPA
predicts a triple point (I=1679.5K) which is closer to the MD value of Reftlan the MHNC calculation of
Caccamo (1995) whose result is F1620K. Also, our estimates for the critical temgiare and the freezing point
are T.= 1922K andh=0.991nn? respectively: they compare satisfactorily with MB results displayed on table 1.

Our results indicate the existence of a liquid phafsthe rigid G, molecules in the range 0.6 i p < 1
nm* and 1600K < T <1930K. The temperature range isicenably larger than those reported previousiéf 4.

6.0 Conclusion
We have demonstrated that the modified ORPA teclen{g self-consistent theory of liquid with respgcenergy,

compressibility and pressure equations of statst¢Pa et. al (1995 & 1998)) has been able to ptati phase
diagram of the gz molecules. The actual intermolecular interactsimteraction is
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Figure: T - p phase diagram of present work using theL - J liquid asreference system in ORPA.

modelled with a Lennard-Jones fluid as referenctesy in an accurate manner which compares favouraitih
simulation data and other theoretical predictigXiso, it has been possible to check that the fritl ghinimization
allows Ag(r) =0 within machine precision inside the exclusiaie with less effort. Other calculations basedtmn
integral equation methods will always yield spusaasults because of their tendency towards meltgsults.

The present work on the basis of our results has lbble to confirm the existence of a stable liqphdse
for the rigid molecule model ofgg
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