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Abstract

In [6] we discussed the Lie Algebra associated with arebtgic group G. In
this work, we employ morphical action of G to obtala necessary and
sufficient condition for a finite dimensional subgice F of K[X] to be stable
under all translations where K[X] denotes the sef polynomials in the
variables %,x,, ..., X%,. Group action is discussed briefly as a build up t

morphical action of algebraic group

pp 541 -

1.0 Introduction

We start this work by looking at group action.
Definition

Let G be a group an¥ a set. Consider a map x X - X: (Xy) - Xy which satisfies the
following conditions:

(1) (XaX)y = X1(X2Y)
and

(2) e=y
for all x4,x, 0G, ylIX, whereeis the identity element db. We say thaG acts onX on the left. Similarly,
we define right group action. In this paper we shall simply tallgroup action oiX. In fact a set, which
a group acts on, is called a G-spfje
Definition

Let a group act on a set X and lefis. The set Gy {x(OX:xy =y} is called theisotropy group
ofy.

The setG.y = {xy:x/ G} is called theorbit of y. An elementy of X is called &ixed point of the
group action if G¢ =y [5].

There are numerous examples of group actions in [5]. Group action hasct=eted to the case
of an algebraic group acting on a variety [1].

2.0  Morphical action of algebraic group

Definition

Let A'(K) denote the affin@-space anK a field equipped with the Zariski topology. A subset of
A'(K) is called araffine algebraic set.

An affine algebraic set is callédteducible if wheneveV; andV, are closed subsets Af(k) and
X =V;UV, then eitheX =V, or X = V..

An affine algebraic set X is called affine variety if it is irreducible.
Let X andY be varietiesA mappingp: X — Y is called anorphism of varieties if it satisfies the following
conditions:

1. @ is continuous

2. For every regular mappinf3,Y — K and every open subséiwf Y, the mappingt o @: ¢’

YV, - Kis aregular mapping.
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Definition
Let G be a set, which satisfies the following conditions:

1. G is an abstract group
2. G is a topological space with respect to the Zariski topology
3. The group operations G x G G: xy) — xy and G- G:x - x* are morphism

wherex™ denotes the inverse »in G. G is called aalgebraic group[6].

One would like to mention here that an algebraic group is naseadly a topological group except in
dimensionO because in our definition abov8,x G has the Zariski topology whereas in a topological
groupG x G has the product topology [5].
Definition
Let G be an algebraic group and X an algebraic variethete exists a morphism G x X X such that
the following conditions are satisfied:

1. X)y = X1(XzY)

2. ey =y U xy % UG, yOX, wheree is the identity element of G, we say tl@atacts
mor phically on the variety X.

Let us now consider some examples of morphical group action. Iolkbifhg examples, G is
an algebraic group.

1. The mapping:In(G) x G - G such thay(f ,, g) =f,g O f,0In(G), g O G where In(G) denotes the
set of all inner authomorphisms of G [5] is a morphical action of G on itself.
2. The mappinggG,. x G - G defined byp(L,,g) = L,g U L,[0G,, gJG is a morphical action of G

on itself as left translation. We know thgts a group action [5]. In fact it is a morphical action of the
algebraic grouss on itself.

3. Let@G - GL(V) be a rational representation @f The operatiorG x V - V such that x.v =
@(X)v is a morphical group action & onV, whereV is a vector space over the field associated with the
algebraic groups. Clearly, X %(V) = @ (XX2) V = @(X1) X))V = @(X1) (@(X2)V) = x1(%V) O Xq, X0G,
vov.

Also ev = @(e)v = v, sinceg(e) is the identity linear transformatiop, being a homomorphism.
ThereforeG acts orV. In fact it is a morphical action @&. It is easy to see th&tforms a G-module over
G with respect to the operatiary = @(X)v OxOG, vOIV. The G-modulé/ is called aational G-module.

Now let@: G — GL(V) be a rational representation of the algebraic g@uff we identify G
with the affine n-spacen{dim(V)) it is clear that the operatiow = o(x) (v), (XUG, v[1V) define an action
of GonV. The mapp: G - GL(V*) such thatp(X)f = x.f, whereV* is the dual vector space ¥f is called
thedual or contragradient representation [5].

Note that %.f) (v) = f(x*v) andx™ is written to ensure thatxf) = (yx)f O fOV*, vOV, xOG.

Now let v, v,OV. Then (x.f) (1+v,) = f(x(vi+v>)), by definition

= (x v+ x™V,), V is a G-module
=f(xv;) + f(x'v,), f being linear
= kf)(vy) + (X)(v2), by definition.

3.0  Morphismsobtained by trandations

In this section, we discuss linear actions of an algebraic group onmmalffebra<[X] and some
of its finite dimensional spaces when G acts on an affimeetyaX where K[X] denotes the set of
polynomials in the variables, x,, ..., X,

If an algebraic group G acts morphically on an affine vadetye know thatG x G - G:
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(xy) — xy is a morphism of varieties. It follows that the nfiap- X such thaf(y) = @(x*y)(xOG, yOIX)
is a morphism of varieties, whegds the group action of the algebraic group G on the variety
X. Let us denote by, the comorphism associated with the morphism f for each fixkal and for each
fOK[X] and yOX, consider the operatiom,() (y) = f(xy).

Consider the mapping G - GL (K(X)) such thatt(x) = t,. Letg;,g.[0G. Thent(g:g,) =1

by definition. IffOK[X], consider
©(@e)NY) = f ((Hg)Y)) = (@:8)"Y)
= (g0:y) = f (&(01Y)) = (T(@) (@) ().
O 1 is a group homomorphism. $as a representation of the algebraic group G.
Definition
1(X) = 1« Is called aTrandation of Functions by x. In fact it is aK-algebra authomorphism of

9192

KI[X].

Now we have considered the action of G on a vaKetyuppose, in particular, the variety= G,
so that G acts on itself by left translations- xy and by right translations - yx™.

For the left translations, the morphism introduced earlier becgmesx™y while for right
translations, the mapping becomes. yx. The comorphism associated with the first onk,iwhile the
one associated with the second one bec@nggis calledLeft Trandation of Functions by x while py is
calledRight Translation of Functions by x, where j(y) = f (x'y) and by f)(y) = f (yx). So we see that
the operationd: Gy - GL(K[G]) andp: G - GL(K[G]), whereA(x) = A, andp(X) = py are both group
morphisms.

Proposition

Ax andp, commutes for each pair of elementg3G.
Pr oof

We show thah,py = pyA, Ox, yUG.

Letf OK[G]: SinceX =G, zUG gives

[Ae)F)(@) = Ay )2 = A (@) =f (X '2).

EAID)D = EAE))@D = @f ) (XD =f (x'zy).
Therefore &«py)N (2 = ((pyAN(2) UZ0G.
Hence, we conclude thagp, = p,A, for each pair of elements XJg. That isA, andp, commutes.

We now employ this result, among other things, to obtain actemization of memberships of
closed subgroups in an algebraic group.
Theorem

Let H be a closed subgroup of an algebraic group G, | theideal of K[G] vanishing on H. Then H
= {x[G: g (1) [J1}.
Pr oof

First we show that HI {xUG: py(l) O 1}. So letxdH. Our task is to show tha(l) O 1. So we
choosd 0l.

Now (p,f )(y) =f (p«(y)) =f (yx) O yOH. Now x,y(OH = xy[OH, H being a subgroup. Siné¢@l, it
follows thatf (xy) = 0. That i.f (y) =0 O yOH, hencep,f O I.

Conversely, we show that ¥1G such thatp(I) O I, thenxOH. Let f O | then p(f) Ol by
assumption and s,f)(z2) = 0 OzOH. In particular, eH (wheree is the identity element o).
Therefore f.f)(e) = 0. But pf)(e) =f (ex) =1 (X).

Thereforef (x) =00 f 0 I and sax [0 H. Thus &OG: pd O 1} O H.
We therefore conclude thelt= {x[JG: p,l [I I} and the proof is complete.

Similarly,
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Preposition

() Let an algebraic group G act morphically on an affineetsarX and let F be a finite
dimensional subspace of K[X]. There exists a finite dimensisnbspace of K[X] including
F which is stable under all translation&G).

(b) F is itself stable under all translationgxG) if and only if ¢*(F) O K[G]%F where@. G x

X - X gives the action n @& on X.
Pr oof
(a) We assume without loss of generality that F is the spansifigleflJK[X] and “add up” the
resulting spaceB afterwards. Let us write
@f = Xf, 0 gOK[G] O K[X]., For eachxdG, yOX, (T (y) = f(x'y) = Zfi(x Hai(y)
where1,f = 3fi(x)g. The functions gtherefore span a finite dimensional subspace of K[X] which
contains all translates &fSo the spack spanned by atl,f gives the desired result.
(b) Supposep*(f) O K[G] O F. We show that F is stable under {ix(JG). From (a) above, since

¢(F) O k[G]%F we can take the functionstg be in F, that isk- is stable under afl,(x(JG) and that

proves the first part. Conversely, suppbss stable under ati, we show thag*(F) O k[G] O F.
We can extend a vector space bsi F to a basid U g of K[X]. If ¢*(F) =Xr0 fi + 25 Ug;
we haver,f = >r0f + Xs(x g
Clearly, the functions; snust vanish identically o®. That isg*(F) O k[G] O F.
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