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Abstract

This paper presents the solution of frequency equation to clamped ends
Timoshenko beam. The Eigenvalue were obtained from the asymptotic
formulas.
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1.0 Introduction

When a structural beam is acted upon by an applied force,alwigys observed that the
frequency of this applied force varied as a result ovén@tion in the response, the maximum frequency
obtained in this case is called the natural frequency of thendeTherefore the study of natural
frequencies on the Timoshenko beam has received considerabteatie recent years for its potential
application in engineering devices such as bending stiffnesstieibexperiments, and model of Aircraft
wings.

This problem has attracted several authors [1-10] who have ngguificant contribution to this
study. Jacquot and Gibson [3] considered the effects of disecr@sses and elastic supports on the
vibrations of a beam. They obtained the natural frequencies by dimgaihe mode shape in terms of
well-known characteristics beam function in a form of Galerkin’shoebt

For works in natural frequencies of vibration of beams, mentiirbermade of Laura et al, [4]
used Rayleigh-Ritz method to study the vibration of beamsingrsgveral particles and subjected to an
axial force, Liu and Yel [10] used Rayleigh-Ritz method to obtatarahfrequency of various types of
non-uniform beams.

Despite the importance of vibration of beams, very little has lb®ne on the natural frequencies
on the Timoshenko beam. Recently Bruce and Joyce [1] studied ihtdet&igenvalue formula for the
uniform Timoshenko beam, the free-free problem. Bruce [2] eshkeduli and presented asymptotic
formula for this Eigenvalue of a free-free uniform Timoshenko beam.

In the present paper, the main objective is to make an inagstigpf the frequency equation for
a clamped ends Timoshenko beam and to solve the two coupled differentiadregji@tthe deflection of
Timoshenko beam subject to the relevant boundary conditions.

2.0 Governing equation
The governing equation describing the transverse vibration obe¢bes was first derived by
Timoshenko in (1920) [12] and he obtained the coupled partial differential equstiters below.

El gyt KAGVy — KAGE — ol gy =0 (2.1)
KAGVys+ KAG@, — pAVy =F(x,t) (2.2)

whereE is the young modulus of elasticity in tension and compresSiethe shear modulus, | is the
cross-sectional area inertia of the beam, A is the cross-salci@a of the bearK is the shear
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coefficient, @ = ¢@(x,t)is the slope of the beam due to bending, whMle= V(x, t) is the lateral

displacement at time t of cross section located x urdta fsne end of the bearw, is the mass density of

the beam per unit length and F(x, t) is an applied force.

Assume that the beam rest on the clamped-clamped endg #mehy must satisfy the following
boundary conditions.
V —

g #x

x=0
Voo™ Pxx

=0 (2.3a)

x=0

=0, Pl g (2.3b)

x=L x=L
Separation of variables argument were used and it was discovered fhiatdsbenko equation fdr and
@ leads to a coupled system of second order differential equations fory and

El Yy+ KAGyy — KAGY — ol ¢y =0 (2.4)

KAGyyx+ KAGYy — pAy =0 (2.5)
where p?is considered as Eigen parameter. This implyyteatd¢/ satisfy the same boundary
conditions for clamped ends stated in equation (2.3Y fond ¢

Yx —¢ ¥y

:O'
x=0

=0 (2.6a)
x=0

=0, wXXX

Yoo ¥ =0 (2.6b}

x=L x=L
The self-adjoint boundary problem for y agd shows the values op? for which nontrivial

solution to this problem exist. Thus the eigenvalues are nelait @an be shown that the collection of all
eigenvalues for this problem forms a discrete, countable and unlibsedef real nonnegative numbers

if «is the natural frequency. For a begyh = (272&))2 is one of the beam’s eigenvalues; therefore it is

possible to determine the Eigenvalue for natural frequency in an experiment.

Assume that a set of natural frequencies for the beam withowmk elastic moduli and mass
density have been determined from vibration experiment and the segokrgenvalues have been
constructed from the data obtained [1], then we need to know the @ffeigenvalues on these unknown
material parameter. To answer the question the dependence ofadigsnon E, |, kG, A and must be
determined. This is not easy because the dependence of the keigemvathese coefficients is nonlinear
hence the derivation of eigenvalues problems for uniform Timoshiee&m must first be for beams with
no constant materials and geometric parameter for a bed&®a tmiform, then E, I, kG, A and are
constant. Due to the density and constant materials, it is very difficuliatoliel the asymptotic formulas
for the Eigenvalues for the clamped ends beams. This papesnfmeasn asymptotic formula for
Eigenvalue for uniform clamped ends Timoshenko beam.

3.0  Transcendental equation
Following the assumption tht |, kG, Aand p are constant and Huang [3] the transcendal
equation is derived in this section with the boundary value problem statgdation (2.2). Equations
(2.3), (2.4) and (2.5) may be dimensionalised in a simplified form.
, _ PAL'p? , L ., El

X
Let { =—, == r’= , s'=——
¢ L a El AL? KAGL?
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Equations (2.2) and (2.3) can be proved equivalent to the differential equations
2y - - qzrzsz)/j, .\ % 0o 3.1)

and

y' - qzszy' +Ly =0 (3.2)
where (') denote the differentials with respectdo
Similarly the boundary conditions given in (2.4) can be written as

y —y w"

=0, =0 (3.3a)

¢=0

¢=0

y'-v =0 (3.3b)

{=1 {=1

By eliminating y or¢y from (2.5), or (2.6) it was discovered that these two second order equisiiys
that y ory/ must satisfy two decoupled fourth order ordinary differential equations

yiv_qz(rz +Sz)y,_q2(1_q2r252)y: 0 (3.4)

Wy - qz(rz N Szp" _ q2(1— o2 zszp -0 (3.5)

Coupling between y ang¥ still occur through the boundary conditions (3.1). Defineand S as

(3.6)

(3.7)

In [3], Huang derives general solution to equations (3.4) and (3.5), valid @/#és® is not 1 or
0. These solutions are
y =¢pcosqad +cosingad +czcosqpd +caSinqpd (3.8)
Y =dysinqad +dpcosqad +dzsingB¢ +dycosqBd (3.9)
By substituting the general solutions for y {r into the second order equations (2.5) and (2.6)
the constantc, may be obtained in terms of ttle Thus y can written in terms of tteprovided

g # Oor i , it can be shown that solution to boundary value problem in (3.1) ana&x82)f and only
rs

if Ad =0, whered=(d;,d5,d3,d) and
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qa 0 B 0
0 s’ 0 s’

;\ ) 0’2 _ SS ,82 _ 52
~(aafcosqa  -(qa)Psinga -(aB)’cosaB - (aB)3cosqs
(qas)’singa (qasfcosqa (aBs)’sinaB  (aBs)*cosqs

S2_2 a2 -2 22 522

Theorem 3.1

E _¢&° 4n
=B _S ady=_¥_
- TG ~ 2 oA (1+n)

(3.10)

Then a given beam will have a nonzero double Eigenvalue if and only if there exist positive integers

k, and k, such that

.2
(2= (1+n)r? (3.11)
2 _ 2
([k +ko[® -k )2
([k1+ koJ? + k% x-| ¥ 2
[+ 1o+ kz)z
A double Eigenval ue occurs when the scaled Eigenvalue parameter q p
o° = {([kl +kol? + k22)2 - ([kl +kol? - kzz)z} (3.12)
Pr oof
The matrixA is row equivalent to
10 1 0
A
01 0 1
'3
2 (3.13)

00 (qa)z(/]izcosqﬂ—cosqaj (qﬂ)z(sinqﬂ /]—smqa

&

whereé =

|

0 0 (qB8)? S|nq,[>’ sinqa (02)? —cosq,[>’ cosqa
£ A2
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The double Eigenvalue can be obtained if and only if the nullespfathis matrix is of two- dimension.
And this is possible if and only if the entries in the bottom rijkt2 submatrix are equal to zero, which

can happen if and only if for some positive integkrand k,, qa = k77 and g8 = 2ko7r. Equation
(3.11) and (3,12) are equivalent to these two equatignsand g .

4.0 Numerical examples of beamswith double eigenvalue
Consider a beam whose cross-section is of annulus shape with thickme$iset auter radius

t . - 1 o
o +§ and the poisons ratig is taken asZ, the moment of inertipis

I’:0'+y2 0=27 ) 0t3
j= ] [ (ycos8)ydydd =7 ot + =
r:g’—% =0 4
The cross-sectional area &K= 27mt. by applying a formula in [10], the value kfcan be written in
+
terms of poison’s ratio &=M=l—o. E Can be expressed in terms of from the existing
4+3v 18 G
E 5
formula —=21+v)=— 4.1
g = 2Aro)=2 (4.1)
Thus the values off and x defined in theorem above were calculated tojbe 4.75and y = g

2 2
%+
and also from (2.6a) the expressionifandA,, r* = I = T Assume that the thicknetsef

. g , . .
the beam |s6—O so thatr ? is written in terms oo andL

2_ 144012

5 (4.2)
2280(L

The value of% is chosen so that the positive integ(ek§, kz) when substituted into the right-hand side

of (4.2) is equal to the right hand of equation (3.9). ||§_pF3 andk, =5. Hence the right hand side of
equation (3.9) is

2 -
(1+7)m? _ 16376

« +k P —k2f)) 16033757
([kl +k2:|2 +k22 X_{E[[kiikziz +k22%2}

2
Suppose tha andL are chosen so that = 1440 = 16376

2280(L> 16033772

=0.04549

o _ \/ 471628800

L 1440716033757

And from the theorem the beam will have a double Eigenvalue when
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46702104020 ) 2 [ pA*) 52 5

E El b-=4
(4.3)

4

_ 4(1 > 2)2_([ 2 2)2 _ 16033757

= 73 kg + ko |* + Kk K +kolf —KS[ L= =200
{ 1 2] 2 1 2] 2 16376

The sigma must be chosen so that equation (4.3) is satisfi¢zb ti#e uniform mass densitp is

assumed to be any positive value and modulus f elastic E is clwsatisfy the equation (4.1). The
determinant of equation (3.7) written as

=1- cosqacosﬁ+ (q

2y 242 1)7( ( )+2)smqaan,8

S

is defined as the frequency function for the resonant frequencigbeofclamped ends uniform
Timoshenko beam.

[1]
(2]
(3]
[4]
[5]
[6]

[7]

(8]

[9]

[10]
[11]
[12]
[13]
[14]

[15]

References
Bruce, G. and Joyce, R. M (1998): “Eigenvalweniula for the Uniform Timoshenko Beam: The Free-
Free problem”. Journal of Electric Research Anmaumnents of A. M. S. 4: 12-17.
Bruce G. (1994): “The Asymptotic Expansion ¢fetEigenvalues of the Timoshenko Beam. PhDs [4]
Dissertation; Rensslaer Polytechnic Institute yT Y.
Huang, T.C. (1961): “The Effect of Rotatory Hia and of Shear Deformation on the Frequency and
Normal Mode Equations of Uniform with Simple endsn@itions, Journal of Applied Mechanics 28, 576.
Cowper, G. R. (1966): “The Shear Coefficientlimoshenko’'s Beam Theory, Transactions of the ASME
series E (88), 335-340.
Jacquot, R. G. and Gibson, J. D. (1972): “THeeats of Discrete Masses and Elastic Supports on
Continuous Beam Natural Frequencies” Journal ohdand vibration. 23 (2):237.
Laura, P. A. A, Veniere de Irassar, P. L. Fiteati, G. B. (1983) “A note on Transverse Vibratioh
Continuous Beam Subjected to an Axial Force andy@ay Concentrated Masses”. Journal of sound and
vibration. 86 (2):279.
Veniere de Irassar, P. L. Ficcadenti, G. B.§3p"“An Intermediate Elastic support” Journal ofiad and
vibration. 96 (3):381.

Gﬂ rgoze, M. (1984): “A note the Vibration of Restrad Beams and Rods with point Masses”. Journal of
sound and vibration. 96 (4):461.

GuUrgoze, M. (1985): “On the Vibration of RestrainBdams and Rods with heavy Masses”. Journal of
sound and vibration. 100 (4): 588.

Bapat; C.N and Bapat, C (1987): “Natural Frexgies of a Beam with Non-Classical Boundary Caoialt
Masses”. Journal of Sounds and Vibration 112(1). 17

Erocli, L and Laura, P. A. A (1989): “Analyit and Experimental Investigation on Continuous rBea
Carrying Elastically Mounted Masses”. Journal ofia and Vibration 114(3):519.

Timoshenko, S.P (1921) “On the Correction f8hear of the Differential Equation for Transverse
Vibrations of Bars, Philosophical Magazine 43 (8e6), 744-746

Timoshenko, S. P. (1922) “On the Transverdierations of Bars of Uniform Cross Section Phildsicgl
Magazine 43 (Series 6), 125-131

Walter D. Pilkey and Orrin. H. Pilkey, M.S, i@.E. Mechanics of Solids, P.208-209 and 225, Qumant
Publishers, INC. 257 Park Avenue South, New York,.1i0010.

Akinpelu, F. O.” the Frequency Equations tot&eine the Eigenvalue of a Clamped-Clamped for
Uniform Timoshenko Beam (2004) SCIENCE FOCUS sutadifor publication

Journal of the Nigerian Association of Mathematical Physics, Volume 9 (November 2005)

Frequency equation to determine the double eigenvalue F. O. Akinpelu J. of NAMP



