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Abstract

We present simple mathematical models for modelling a homeless population
and housing allocation. We look at a situation whereby the local authority
makes temporary accommodation available for some of the homeless for a
while and we examine how this affects the number of families homeless at any
given time. We also take a look at priorities especially towards the homeless
and see how this also affects the homeless in terms of housing allocation and
examine steady states to see how all the group of families will fare after
enough time has elapsed.
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1.0 Introduction

In most countries, it is the responsibility of Local Housing Autiesibr any other agency put in place by
the government to place homeless people in government housing. Ehalga@responsible for moving
nonhomeless people from one government house to another. Since the demgmdifhment houses
exceeds the supply, this function is managed by operating waiting lists.

Some work has been done in the area of housing allocation and mods#llihgmeless
populations. Byatt-Smith, J.G. et al [1] did some modelling in this Brsee how changing priorities can
affect waiting times and the size of a waiting list for council accommodatida Wikolopoulos et al [2]
looked at housing allocation after a natural disaster must have occurred.

In this paper we derive and analyze models considering housiegtain to different categories
of families including homeless families. We introduce theaidé temporary accommodation into the
system and see the effect of this on those who are homeless.

The first model looks at a situation where we have the threerajecategories of families, viz:
families that are homeless, those that live in governmentnanodation and those who live in
private/general accommodation. We then introduce a fourth cgtetpmse that are taking from the
homeless category and placed in temporary accommodation forey whht some of such families are
given some priority in getting government accommodation. Thendetmdel proposes an extension of
the first one.

For both types of models, we derive non-linear systems of ordindeyeditial equations and
analyze the stability of the systems. Next we find nucaérsolutions of the models and finally we
consider possible extensions and improvements of the models.

2.0 TheMathematical model

In this section a simple model is derived consisting ofstesy of non-linear ordinary differential
equations (ODEs). The population is divided into four differetégories regarding the allocation state
of the families. These are: (a) homeless familiesfdiilies in temporary accommodation, (c) families
that live in government accommodation and (d) families that ifiverivate/general accommodation.
Modelling the flows between the families leads to a system of orditifieyential equations.
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We also study some of the possible steady-states of the sgstbamnalyze the stability of the
model for the positive equilibrium points that were found. We onlyiceshe analysis to states that
shows the number of homeless families and/or those living ipdery accommodation tending towards
zero.

2.1 Derivation of Model.

We consider four categories of the population:

(a) number of families that are homeless denotetiby H (t),

(b) number of families that are accommodated in a temporary fadfdgi@dies living in tents,
prefabricated houses and so on provided by the government) dendked byt) ,

(c) number of families that are living in government accommodation denotégi H¥C(t) and

(d) number of families that are living in private/gener@anmodation denoted b = G(t).
Figure 1 shows the schematic diagram showing the flow between these gfdéaimilies.
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Figure 1. Schematic diagram showing the relationship betwkeriour groups of families.

2.1.1 Assumptions

We make the following assumptions:
® Families that live in government or private/general accommuaatill not become homeless.
This is a reasonable assumption as most families tend to remairr iact@inmodations over a
reasonable period of time.
(i) We assume that the rate of change of humber of homelediéetaaccommodated in temporary
accommodation will be jointly proportional tdd and to the number of available temporary
accommodationl, — T, with constant of proportionalityk, and T, being the number of temporary

accommodation available in stock by the government. Also the nuafbkeomeless families being
accommodated in government houses will be jointly proportionadfl t@nd to the availability of such
houses,C, —C , with constant of proportionalityg; and C, being the number of houses available to the
government.

(i)  We assume that the rate of change of number of fasnitidgemporary accommodation who are
accommodated in government accommodation will be jointly proportiandl tand the number of

available government hous€%, — C with constant of proportionalifss. We also haveks being the rate

at which families from the private/general group are accomraddiat government houses. We also
assume that the rate of families who leave government acconiarottaprivate/general accommodation

(perhaps due to improvement in circumstances) is a con&tamthich does not depend on the number of

families that are already living in private/general accommodation.
(iv) We neglect birth and death rate.
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(v) Number of families is large enough to be considered as continuum.
Hence the governing equations to the model are

dd_T:_le(Co_C)_kZH(TO_T) (2.2)
ar

=koH(Tg—T)—-kgT(Cy—C) (2.2)
dac

=(kiH + k3T +ksG )(Co —C)—kyC (2.3)
C:j—ct; =k4C -ksG(Cy —-C) (2.4)

Assume further that we have a constant populaloat any time, then
N=H(t)+T(t)+C(t)+G(t) (2.5)
Using (2.5) we can eliminate (2.4) so that we have a system of three pudifferential equations and
one algebraic equation, foe O:
dH

E:_le(CO C)-koH(To-T) (2.6)
(:j—:l[- =koH(Tg—T)—-kaT(Cy—C) (2.7)
Z—C =(kiH +kgT +ks(N-C-T -H ))(Cy —C)—ky4C (2.8)

G(t)=N-H(t)-C(t)-T(t) (2.9)
Next we nondimensionalise. We scale quantities representing naifaemiliesH , T ,C ,G withFy.
Here we tookR, to beN . We then have th&t = N, T = xN,C =x3N, G = x4N and as time,

: 1 :
i.e.t =ty7 wherety = N Therefore the system of equations, foe O becomes

4N
% = —x(a— Xa) — @ (b - Xo) (2.10)
r
axp _
a7 X (0=x2) = Bro(a=X3) (2.11)
dxz
E =+ o +ell-x—X —X))(a—X3) — K3 (2.12)
X4(T) =1- X1(T) — X2(7) = x3(7) (2.13)
Wherea=&,b=T—°, <, [6= y—ﬁ £=§.
NN AT

2.2 Stability of the &/stem
To investigate the stability of the system, we find the éxuiim points which are solutions of

the following set of equations:
—x(a-xg)—axb-x)=0
a x(b-x) = Bxo(a—x3) =0
x(a=x3) + Bo(a—x3) +e(@a—x3)1—% — % —%3) =0
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(We dropped thgx3 term in (2.12) agis taken to be very small).
Two interesting equilibrium points areq =0,X =0,x3=1 andx =0,X, =0,x3 =a. Other

equilibrium points can be obtained e.g. a state where we have néeksrpeople only after enough time
has elapsed. The Jacobidnof the system is

—(@a=-x3)—a(b-x) axy X
a(b-xp) —ax — Bla-x3) Bxo
(@a=x3)(A+¢) @=%)(B+e) —xq—Po-el+a—x—X —2X)

2.3 Stability of the point (0, 0, 1)

For this point, Jhas the eigenvalugg = -ab+ (1-a),Ap = fl-a),/3=€@0-a). The
stability of this point depends crucially on the value @fi.e. on the availability of government
accommodation.

If a>1 then the three eigenvalues of the Jacobian of the syseame negative and this point
is asymptotically stable. This shows that if the number of gwrent accommodation exceeds the
population size, then it is possible for everyone to be in comncdmmodation after enough time has
elapsed. Well this is a reasonable and obvious thing to exggcif. we are working with a system that
has the number of government accommodation far less than thedptaation and the government is
not making any move in building more houses, then we can not expemittdeene of this steady state.
Some people will still remain homeless and some will stithai® in temporary accommodation after
enough time has elapsed.

If a<1, we have thal, > 0,43 > 0. Hence the point (0, 0, 1) is not stable for this value.of
In other words, while the number of government accommodatiossghan the total number of families,
it is not possible to have a situation where we will haveyewer in council accommodation without
having families in the homeless group or families stilinlj in temporary accommodation and even
without having people living in public accommodation after some time bpsesl. This is not realistic.

Ifa=1, thendy, =0, A3 =0. Hence further analysis would be required to study this steady

state.
2.4 Stability of the point (0, 0,a)

For this point,J has the eigenvaludg = —ab, A, = 0,43 = —£(1—a). Again the stability of
this point depends crucially on the valueof

If a>1, A3 >0, hence the point (0, 8) will not be stable. Interestingly, we cannot actually
considera>1 since in the four variable equations, this equilibrium point will be such that theenain
those in private/general accommodation becomes negative which is not possible.

Fora <1, we have thalg < 0. Already /4; is negative. Interestinglyl, = O from the Jacobian

matrix and not due to any condition imposed on it by the valae ®he point is neutrally stable. We
may still require further analysis to study the equilibripaint for these values o . We recall though

that a critical pointxo of a system of ODE’s is said to be stable if as o, the trajectory of the
solution gets to the critical point or stay very close to it.

Figure 2 shows the numerical solution to the non-dimensionalnsysteequations. This was
solved using the Backward Euler scheme implemented with MBI LlFor some values d (the unit is
per households per year), we have that

a=0.3612b=0.1547a = 0.3695 5 = 0.1652 ¢ = 0.0024.

The value ofk; was taking to be larger than the others so as to give a higher piaatigy homeless
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but low priority for others seeking government accommodation.dbtied curves shows the situation
when we are not having families placed in temporary accommodatienothier curves show the effect
of temporary accommodation. We see that the number of homelese$amiluces rapidly. We observe

the effect of the overall system ®f, the nondimensional variable for families in government

accommodation. ThougKy is increasing, this starts to reduce as time goes on, although slowly. Those in
private accommodation for most of the time remained unchanged.
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Figure 2: Numerical solution of the nondimensional moddie uantitiesx; are plotted against time.

The other parameters also affected the rate of movementse ofamilies. If @ andf are

increased, which signifies higher priorities to the honsedesl those living in temporary accommodation
in getting government houses, the number of such families reduces.

It is seen that temporary accommodation does affect thetrat@ich the homeless population is
reduced since some in the homeless category will be leavirigefdemporary category. We also note a
significant rise in the number of those living in council accomniodaEven though some families
remain in temporary accommodation for some time, this number also beginsde bed very slowly.

3.0 ExtensionstotheModd.

The model we just considered can be improved upon. In the model we assumed that pedple do no
become homeless. While this could be valid under a very short tiroel penis will not hold when the
time period is long. Secondly, we assumed that the number of pgeateal accommodation is limitless
which is also not a realistic assumption as the number of suclkeshaudinite in any city. We shall
incorporate these new assumptions into the existing model and see hesuttelook like.
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3.1. Derivation of Modd
We shall maintain the variables used and have the scheofidhe new model to be what we
have in figure 3 below.
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Figure 3: Schematic diagram of the extended model.
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3.2 Assumptions
In addition to assumptions (ii-v) in (2.1.1), we make the following assumptions
® Families that live in government or private/general accomrimda&ian become homeless.
This is a reasonable assumption as families can become hss@yedue to natural disasters,
communal clashes, and unemployment and so forth.
(i) We also assume that the rate of families who leave gowsnraccommodation to
private/general accommodation (perhaps due to improvememtimstances) is a constant,

k4 which depends on the number of available private/general acodationG, — G where

G, is the total number of houses in the private/general séhavekg being the rate at

which those in private accommodation joins the homeless group. dhstaat does not
depend on the number of those already homeless.
The governing equations then becomes

C:j—l;l = —le (CO - C) - sz (TO —T) + k6G (3.1)
dT
dt =koH (To =T) = k3T (C, —C) (3.2)
(j:l_ct: = (kiH + k3T +ksG)(Cy — C) —k4C(Gy — G) (3.3)
dG
o =ksC(Gy —G) —ksG(Cy —C) - kgG (3.4)
Again, we assume that we have a constant populdi@t any time, then
N =H(t)+T(t) +C(t) + G(t) (3.5)

Using (3.5) we eliminate (3.4) so that we have a system of three ordiffargmtial equations and one
algebraic equation, for= 0:

(:j_l:=—le(CO—C)—kZH(TO—T)+k6(N—H -T-0C) (3.6)
dT
ke -T) ~keT(C=C) (37)
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?:I_C =(kH + k3T +kg(N-C-T —H))(Cy; —C) —k4C(G, - N+H +T +C) (3.8)
G(t)=N-H()-C(t) -T(t) (3.9)
As usual we nondimensionalise the problem. Again we used theszateewe used in the first model.
Therefore the system of equations, foe O becomes

% =-x(@-x3)—axb—x)+8(d-x—X —Xx3) (3.10)
T
‘j'jxf = 7 (b~ %) - pa(a-xg) (3.11)
% =(Xq+ o +I(d—x — X —Xg))(a—X3) —&g(C—d+X + X +X3) (3.12)
T
Xq[r] = d = (1) = % (r) ~ x5(r) (3.13)
where
:& b:T_O C:GO 2 ﬂ_—k6 _ﬁ JZE k4 d—ﬁ
I:)o ’ I:)o ’ I:)o k1'30 k1 ’ k1 ’ k1 I:)o

3.3 Stability of the System
Let us takeP,to be N and making ks very small, we see thgf and d are negligible, hence

we set them to zero.
To investigate the stability of the system, we find the éxuilm points which are solutions of
the following set of equations:

-x(@a-x3)—axbd-x)=0
axd-xp)—po(a-x3) =0
x(a=xg) + pp(a—x3) —ag(C—1+x + X +x3) =0
The Jacobiand of the system is

—(@a=-x3) —a(b-xp) ax X
a(b-xp) —ax —y(@a—x3) %)
a—X3~ &3 V@a-x3)—&g  —x = o~ E(C—1+ X + X +2x)

3.3.1 Investigating the Steady States
1. (0,01-c).

For this state, the eigenvalues of the Jacobian is

Ah=-(a+c-1),A =-p(a+c-1,A3=-£@1-cC).

Clearly A andA, will be less than zero if and only #+ ¢ >1 and A3 < 0 iff ¢ <1. In other words, if
the combine number of government and private houses exceeds the total population thanithstable
and it is possible to bring the number of those homeless and iivilegnporary accommodation to zero
after some times have elapsed. Worthy of note is that the naipevate houses should not exceed the
total population. This is an expected outcome.
2. (01-(c+a),a).

Here, we wish to see if homelessness can be eradidégec@ough time has elapsed. For this
equilibrium point, the eigenvalues of the Jacobian is
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A =-ab-1+c+a),

ca, 1
Ay = -Lz/(l-c-a+7)+§J(y-w-ya+éa)2 - 4(gay - sacy - say),

£a 1
Ay = —%(1—c—a+7) —EJ(y—yc—yaﬂa)z ~4(cay - sacy - sa®y)

Obviously for this state to be stabled;,A>,A3 must all be negative. In fact,
A <0iff b+a+c>1, A, <0iff c+a<l andl3 <0iff c+a<1. Anything short of this will
render the steady state unstable. In other words, once thauotbers of houses in the city (temporary,
government and private) are greater than the total populationjttiteepossible to drive the number of
homeless families to zero, eradicating it totally. But themn implies that some families though few will
remain in temporary accommodation for a long time. They will kihcemain in the ‘coolers’ for a long
time.

ab+a ab+a
3. -y , 0).
a a

This steady state is not realistic as it implies #ftgr enough time has elapsed, there will be no
families in council accommodation. More so, one of the values of the steadwitéie negative. This is
not allowed and hence invalidates this steady state.

(y—ay—cy—bay l-a-c-ba a(b—by—1+c)+a(1—y))

y+ta-1 ' 1l-y-a 1-y-a
This steady state looks at a situation whereby we do nuoinelie homelessness after enough
time has elapsed and some families are still livingnmprary accommodation, without having a decent
housing of their own. However, analysis of this steady state cotldroduce a conclusive statement as
at least one of the eigenvalues of the Jacobian from the tisis steady state was zero. Also it may not
be easily know which of the values of the equilibrium point wellgmsitive. This can only be achieved
when severe restrictions are imposed on the other paramdtergian the ones that govern the ratio of
houses to the familiegb andc. This definitely may render the analysis futile and may nat g true

picture of what happens in real life in different cities.

Figure 4 below gives a numerical solution of the nondimensional Imbde equations were
solved using the ODE15s solver in MATLAB. Here we took

a=0.3612b=0.1547,c =05747,a = 0.3432 y = 0.3826and¢s = 0.0783.

We deliberately made,slightly higher thank;. Again we observe a little change in the number of

families living in private accommodation, since we had acpdihat allowed fewer families from the
group getting government accommodation when there are moreefiniliother categories in need of
government accommodation. Obviously because of the restriction uithiger of available houses (both
government and private), the reduction in the homeless is ratduay. The result obtained is clearly
due to the choice of the parameters in the nondimensional model. &téflully chosen coefficients and
initial conditions, interesting statements could be further iefefrom the solutions obtained.

4.

4.0 Summary and Conclusions.

We present two models for housing allocation especiallpgchbmeless. In the first model we
propose the idea of placing some homeless families in a terppmreommodation for a while. The
second model did a little extension on the first to incorpasatee more realistic situations. For both
models, we found that the rate at which people go from being hamelagvernment houses really
influence the number of homeless people. If more people become homeless (frororidersmtel), then
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no significant effect is seen in reducing homelessnessolehgve a rate of people becoming homeless
than being housed. But if the rate at which people become hon®kesalier than the rate at which the
homeless is housed (based on a policy that favours them), theretisra significant effect on the
number of homeless at any given time. Hence it is more important for the
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Figure 4: Numerical solution of the nondimensional modehwhe number of families plotted against time.

government to focus on societal issues that affect how @dmaome homeless than on government
housing policy.

We see a reduction in the number of homeless, with quite &afeilves spending a long time in
temporary accommodation. The important variables in the modetberatio of council houses to the
entire population,a the ratio of temporary accommodation to the total populatiorand the ratio of
private/general accommodation to the entire populationThis values which depends from city to city
really had a role to play in determining how well the locatharity can house the homeless in
government accommodation with some increased priority.

Also an important variable in the models was the constant which determines the speed at

which the homeless gets accommodated in government houses. Huwedehis constant, i.e. you give
less priority to housing the homeless, it does little to affdfrers in the private/general accommodation
category, but increases the number of families in temporary accommodation loecétry them to spend
more time in such an accommodation (for the first model) or aser¢he number of homeless (for the
second model).

Conclusively, we can say that though temporary accommodation redogedessness, most
families will remain in such an accommodation for a while. Hehiea case of taking people from the
streets and placing them in a little better accommodatiosdiore time. There was no significant effect
such an accommodation had on those who get government accommodatiémoButliie homeless and
those already in temporary accommodation are given top priorigofeernment houses, there respective
number at any given time will be small. This priority vie determined by the choice of values for the
parameters in the nondimensional models.
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5.0 FutureWork

We propose some future works, with some similar to thosedstatNikolopoulos et al [2]. We
have assumed a constant population and also neglected death lanatdsrt This not realistic over long
term period as population density is dynamic and subject to changea long period of time. We also
need to examine if our model holds true with data from citytio Also we need to look at a situation
where there exists a waiting list for government houses. This would hawgechide overall dynamics of
the problem.

Also we took the number of council houses in the first model and méieral houses in the
second model to be a constant. This is not practicable iabpexwer a long period of time. We could

make this a function of time. For instance, we couldGgy= C¢ + o, t) <t <ty and zero elsewhere.

We do the same for the number of houses in the private/gea¢egbry. This modification would make
the system of ordinary differential equations of the model nonautonomous and we shouler éorssich
a case the time scales of the system more carefully as reigastibility.

Finally in order to be more precise as regards the deterominatithe coefficients and the initial
conditions of the model we could consider these as random variatlaving some distribution (e.g.
normal distribution), estimated by available data and comevihita system of stochastic differential
equations.
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