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Abstract

In this paper we study the state vector of a sepé&o Markov chain of a
stochastic population flow. We consider stationairyflow of new members
into the system and derive the Ilimiting value of ethstate vector

X(n) = (xén),...,x,qq]))ﬂ Zgrm) as N — oo, when the system’s capacity], is
known.
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1.0 Introduction
In the paper presented by Stadje [3] an open Markov chain wasdered for stochastic
population inflow model in which new individual members from outsidealiosved to enter a system

through any of then ordered non overlapping stra, S, ,...,S,, at discrete times = 1,2,... . The paper
focused on the number of individuals in each stratum at a didimeten on the assumption that an
individual independently stays in the stratGmvith probability g, moves to the next immediate stratum

S.,with probability p, or leaves the system (stratusy,,) with probability r,. He proved convergence

of the joint distribution of group sizes for stationary processadsw derived limiting Laplace transform
for the model. However, in this paper we presamhi-operMarkov chain that permits new members to
join the system only through a particular specified straturdistrete steps (times) = 1,2,.... An

individual in stratumi moves to stratum with probability p; = 0 (ij =1,2,...m). Our objective is to

find stationary input that would be added to the system at eaclfstiep process, so that the system’s
capacity is not exceeded up to the timé&nd hence, determine its limiting value, as the numbers of steps
grow very large.

2.0  Main problem.
2.1 Nomenclature.
P is m x m transition matrix.

P(n) is a matrixP raised to powen.

Y? is m-dimensional initial input vector with element}qfo);i =12,..m

Y," is nth stepm-dimensional input vector with nonzero element in first position and all other
elements equal to zero.

X" is m-dimensional state vector fath step process.

A, is theith eigenvalue.

V. is the left eigenvector associated with eigenvaliye,

U, is the right eigenvector associated with eigenvale,

nis the system’s capacity.
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Theorem2.1
If P is an m x m stochastic transition matrix ahf&o) = (yl(o), ygo)y,(g)) is the state vector

containing the number of units in each of the m strata of thensyataitial step of the process, then the
expected number of units after n steps is given by
© o n=t

YV/P

X =100 1 S ilp0) |
j=1

(2.1)
n=23...

whereYl(n) = ( én) ,O,...,O); n=1 is a new input admitted into the system at the nth step pfaless.

Proof
Consider the following recursive Markovian steps

Stepl: X(l) :Y(O)p
Step2: x (2 = (Y(O)P +Y1(1))p

Step3: X (8) = [(Y(O)P + Yl(l))p + Yl(Z)Jp

step X ) = “(Y(O)P + Yl(l))P + Y1(2)]p +ot Yl(k_l)} P
Hence, the theorem follows immediately.

Corollary 2.2
Suppose that new inputs are allowed to enter the system at constant rate at bedieaghgstep

of the process. That i¥l(i) = (y,O,...,O) =Y foralli(=1,2...). Then, the state vector after n-steps is
n-1 ,.

given by x (1) = y()p(n) +YY pl)=x . n>1 (2.2)
j=1

Next, suppose the system is not allowed to grow in size indefinitel then impose an absorbing barrier
at statem of the chain. Now, consider equation (2.2), in which the input eéteh step is a fixed valué,
=(y, 0, ... ,0). Then, if the system is restricted to accommodattabnumber ofr units, then we can
determine the expected number of units that could be admittechantsystem at each step, so that the
system’s capacity is sustained at the neighborhoad Bherefore, from equation (2.2), we have

n-1 /.

Y(O)p(n)9+ \D> p(l) 6=n ‘n>1 (2.3)
j=1

where 8* = (1,],...,],0) is mdimensional vector with all elements taking value 1 and dke dlement

taking value zero, since tingh state of the chain is an absorbing barrier or removal state. Define

a1 012 .. Oim
1
nzp(j): a1 Q2 ... Oom
j=1

Om Om2 - Omm
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n-1 , m-1
So that Y)Y pli) lg= yY o (2.4)
j=1 i=1
From equations (2.3) and (2.4) we can show that
n —v(0)p(n)g

m-1 » n>1 (2.5)
2.
&

n- v(0)p(0)g

1 , 0, ..., 0] we obtain th@" element ofxgn) as
2.9
=

Hence, forY =

) = g yOp) + mc—yTlaHﬂ - in: Yi(o)] * i O pi(nq)} fora=1,2,..m  (26)
=1

i=1 zali i=1
i=1

since YO)plr) - [i yi(o) IDi({1 ) i Yi(o) pi(nq)}
i=1 i=1
and vlpllg = i Yi(o)(l‘ pi(r?\)) 2.7)
=1

where pc(;ll) is thenth power transition probability from stagego statd in n-steps of the chains.

3.0  Limiting value of XE(I”).

As P is anm x m stochastic transition matrix, then using Jordan canonical (Gor and Miller
[1]), we obtain thenth power ofP as

p() = Mm-1pwm (3.1)
whereM is a nonsingular matrix whose rows are the left eigenvectorharablumns oM™ are the right
eigenvectors associated with eigenvaldgs s =1,2,...,m. D is a diagonal matrix with eigenvallig, s

=1, 2, ... mas its diagonal elements repeated according to multiplR#fine Vg = (V(S)VS,?)) and

Ug= (u£s)u£§)) as left and right eigenvectors associated with the aboeaaityes and normalized

so thatVU¢ =1 (losifescu [2]). If the transition matrix P is primitivad A, =1 we have the elements
of p(n) given as

plr) = S v « 62

wherer,k=1,2, ... m and|)ls| < 1foralls#m.

Journal of Nigerian Association of Mathematical Plsycs Volume 9 (November 2005)
Stationary population flow of a semi-open Markov &im Bashir M. Yakasai J of INAMP



n-1 ,
Also, from equation (3.1) the elements of the mat 'xP(J) are obtained to be

j=1
o - zm){dllj_)} ) -

wherer,k =1,2, ....m and|/13| <1for all s m.
Next, from equations (2.5) and (2.7) we can verify that

-8

i=1

lim yO =y (3.4)
n- oo o
m-Im- 1
where = I|m Zafﬂ DZZV [ j+v1 Zu
[ i=1s=1
provided that n+ z yi(o)vi(m)ugn) > z yi(o)

Also, from equation (2.6), (3.2) and (3.3) ik position element of the state vecmg‘) asn — oo
becomes

s=1 S

n-oo

fora=1,2, ... ,mand |/15| <1 foralls#m.

4.0 Conclusion

We use semi-open Markov chain in this paper to mean that injegtitve new inputs into the system is
restricted to only one specified stratum. At each discrefe sew particles join the system from outside.
We derive models for the state of the process afteamber of steps (equation (2.6)) and the limiting
behaviour of the system for a very long time duration (equation (B86)) the models are based on the
assumptions that the amount of new particles injected inteystem after each step is constant and the
system has limited capacity.
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