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 Abstract 
 

This paper derives P-stable successive substitution one-leg hybrid linear 
multistep methods for the numerical solution of second order initial value 
problems in ordinary differential equations without explicit first order 
derivative. The methods are demonstrated by a numerical example also 
considered by Fatunla, et al (1997) [8], Fatunla (1985) [7], Cash (1981) [4] and 
Lambert and Watson (1976) [17]. 
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1.0 Introduction  
 This paper considers the second order initial value problem of the form 
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without explicit first order derivative. This problem arises in orbital mechanics where it is required to 
model the path of an object in space. The solution of this differential equation is often oscillatory. The 
linear multistep method for the numerical solution is of the form 
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This generates the discrete solution { } 0=nny  on the discrete point set ,...}1,0,/{ =+= nnhaxx nn , of 

the specific second order IVP (1.1) and can be restated as  
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respectively. Fatunla (1985) [7], has proposed the application of the integration formulae 
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Fatunla, Ikhile and Otunta (1997) [8], considered the application of the integration formulae of general 
form 

))(,(2

))(,(

3
22

2

0

2

0

2
12

'2'
2

0

'
2

0

2
2

'
21

'
1

rnjnjjnj
j

jnj
j

nnn

jnjjnj
j

jnj
j

nnrn

fhfhyxfhyyy

fhyxfhyyy

+++
=

+
=

++

++
=

+
=

+++

++=+−

+=++

∑∑

∑∑

δδββ

δββαα

 (1.11) 

such that  20,1
2

'
2

0

<<== ∑∑
==

rj
oj

j
j

ββ     (1.12) 

with an example given as  
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The linear multistep methods are symmetric by requirement of P-stability. See Lambert and Watson 
(1975) [17].  More methods are in Avdelas et al (2001) [1], Hairer etal (2004) [9], Petzold (1981) [14] and 
Chawla et al (1985) [4]. 
 
2.0 A Class of P-Stable Methods 
 In this paper, consider the application of the integration formulae 
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on the IVP (1.1) where k = 1,2,…,m and ( )
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The development of P-stable hybrid LMM (2.1) can be obtained by Pade approximation method, in this 
regard, the stability polynomial of (2.1) is given by 
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where ( )2zQ j  is a polynomial in 2z . For the method (2.1) to be P-stable, the characteristics polynomial 

need take the form [for more see Butcher (2002) [3]] 
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is a polynomial of degree s. Thus the rational expression is    ( ) ( )
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is an (s,s)-Pade approximation to the exponential function. 
 
3.0 The one-leg Hybrid P-Stable LMM 
 The interest is in the integration formulae for m=1, which can be written alternatively as, Ayo 
[2005] [2]. 
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Applying the scalar test problem y" = - λ2y, we have, 
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The result is the polynomial 
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Again the concept of Pade approximation is applied in deriving the coefficients of the scheme. The 

necessary polynomial is of degree s = 6 given as  
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Comparing coefficients of z in equations (3.4) and (3.7) we have the corresponding system of equations 
given as 
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set  r−= 21α , 20 << r ; r−= 12α  , 20 << k    (3.9) 

and   kk −=−= 1,2 21 µµ      (3.10) 
This equations are solve to give the following 
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The P-stable one-leg hybrid method with coefficients given from the solution of the above equations 
gives the scheme 
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Now consider for  
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The result from the above constants give rise to a method which order can be determined from the order 
conditions from (3.13) 
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by considering further terms from (3.13).  The order of the method (3.12) is p = 12. 
 
4.0 Numerical implementation and applications 
 For numerical results consider the problem in Lambert and Watson (1975) [17], Cash (1981) [4], 
Fatunla (1985) [7], and Fatunla, Ikhile and Otunta (1997) [8]: 
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from the origin. The system (4.1) was solved numerically with the scheme (3.12) in the interval [0, 40π].  
This corresponds to 20 orbits of the point y(x). The integration was effected with uniform meshsizes 
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setting v = 1, r = 1, k = 1 makes the methods symmetric as required for P-stability. Observe that all the 
solutions generated by the new scheme spiral outward in agreement with theoretical solution showing 
orbital stability, while it was shown in Lambert and Watson (1976) [17], that the solutions generated with 
the orbitally instable Stormer -Cowell five step scheme 

)614420918(
240

2 12345

2

345 nnnnnnnnn ffffff
h

yyy +−+++=+− ++++++++  

spiral inward. See numerical solutions given in the tables below, these are compared with existing results 
as shown. 

Table 1: Lambert and Watson (1976) [17] 
 

q P = 4; 

Stormer-Cowell: τ 

P = 6; 

Symmetric: τ 

4 0.965645 1.003067 
5 0.993734 1.002217 

6 0.999596 1.002047 
9 1.001829 1.001978 
12 1.001953 1.001973 

 
Table 2.  Cash (1981) [4] 

 
q P = 4;  

Estimate of (xf): τ 

P = 6; 

Estimate of (xf): τ 
4 1.004118 1.001984 
5 1.002856 1.001975 
6 1.002400 1.001973 
9 1.002057 1.001972 
12 1.002000 1.001972 

 
Table 3.  Fatunla (1984): 

 
q Estimate of (xf):τ  106x Error in τ 

│106 . (τ-τ(xf))│ 
3 1.05365 51682 
4 1.01523 132600 
5 1.00515 11803 
6 1.00276 791 
7 1.00217 198 
8 1.00202 49 
9 1.00198 12 
10 1.00197 3 
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Table 4. Fatunla (1985) [7] 
 

q Estimate of τ(xf): τ 106x Error in τ 

│106 . (τ-τ(xf))│ 
3 1.010853 8881 
4 1.004106 2134 
5 1.002502 530 
6 1.002104 132 
7 1.002005 33 
8 1.001980 8 
9 1.001974 2 
10 1.001972 0 

 
Table 5. Fatunla (1985) 

 
q Estimate of τ(xf):τ 106x Error in τ 

│106 . (τ-τ(xf))│ 
3 1.010383 8410 
4 1.004079 2106 
5 1.002501 529 
6 1.002104 132 
7 1.002005 33 
8 1.001980 8 
9 1.001974 2 
10 1.001972 0 

 
Table 6. Fatunla, Ikhile and Otunta (1997) [8] 

 
q Estimate of τ(xf): τ 106x Error in τ 

│106 . (τ-τ(xf))│ 
3 1.009580 7620.33 
4 1.0096427 7676.84 
5 1.006985 5016.20 
6 1.0048087 2838.25 
7 1.0035590 1587.986 
8 1.0025975 625.729 
9 1.0020842 112.4143 
10 1.0019327 39.2198 

 
Table 7. Method (3.12): k = 1.0, r = 1.0 

 

q Estimate of τ(xf):τ 106x Error in τ 

│106 . (τ-τ(xf))│ 
3 1.00174407079197 2.279057425225162e+002 
4 1.00189859983109 73.37670340623603 
5 1.00195590285486 16.07367962819239 
6 1.00196713761456 4.83891993230401 
7 1.00197076367587 1.21285861687248 
8 1.00197205792043 0.08138593710072 
9 1.00197190067059 0.07586390182723 
10 1.00197205375990 0.07722540495969 
11 1.00197201989199 0.04335750114492 
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5.0 Conclusion  
 The numerical solution values generated by the new schemes (3.13, 3.22) can be observed to be 
consistent with the results of Cash (1981) [4], Lambert and Watson (1976) [17], Fatunla (1984,1985) 
[6,7] and Fatunla, Ikhile and Otunta (1997) [8], and show some improvements over these methods.  
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