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Abstract

We assume G to be a target set in E", the n-dimensional Euclidean space. A
control system is said to be totally G-controllable if each point of the state
space E" can be steered to G in finite time t; (0< t;< ) and thereafter
stabilized in G for all timet, 2t; (t,< o). In this paper we adopt Leray-
Schauder fixed point theorem to develop sufficient conditions, which
guarantee that whenever an unperturbed nonlinear discrete system is totally
G-controllable, then so isits perturbation.
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1.0 Introduction

In the control of most systems, focus has been on the contwfuftynctions making up the
systems. This is because the variation of constant forfoulthe solutions of such systems is readily
deduced. In [1] and [3], Chukwu and Eke respectively handled systems (1.1) and (1.2) as follow

X (1) = A()x(t) + B(Hu(t) (1.1a)
and its perturbation X (1) = A[)x(t) +B(u(t) + F(t,x(t),u@d) (1.1b)
and X (1) = f(t,x) + B()u(t), x(@®) =% (1.2a)
and its perturbation y (t) = f(t,y) + Bt)u(t) + F(t,y(t),u(t)), y@) = Yo (1.2b)

Both systems are continuous. While Chukwu [1] stressed on affira@ifold control systems, Eke [3]
worked on a purely nonlinear perturbed system. Both authors were able to dedyc&totaitrollability
of their systems. This paper goes beyond the sentiments ohwbntio treat the nonlinear discrete

k
control system X(t) = f (t,x)+ > B (t)u(t), x(to)=xo (1.3)
i=0
k
and its perturbation y(t) = f (t, y)+ z B (t)u(t), y(to) =Yo (1.4)
i=0

in then-dimensional Euclidean spac®\Ehose target set is given ifl By

G={x: Tx=Tht (1.5)
where T is a linear operator, b is a point Ih, B is a continuous nxm real matrix defined o oft) = |
say; f: IX E—E"; F I x E'x E"-E" are nonlinear real n-vector functions which are continuous ; f i
Lipschitzian inx ; F is Lipschitzian in both y and u and u is an admissible@onthich is a bounded
m-valued measurable function u»E". Total controllability is of interest to researchefscontrol
theory. A special case of controllability where coresheftarget set G are characterized can be found in
Iheagwam and Nse [5], Nse [7].

2.0 Préiminaries

Suppose(t,tr,%,0) = X(t,1,%,) is the unique solution of the uncontrolled form of (1.1)der O.
Assume thaf,(t,x) ,the derivative of(t,x) with respect to the solutiox(t,t,,%,) of (1.1) withu = 0 exists
and is continuous fo(t,x)e | x E". Let #t,t,,%) be the continuous nonsingular fundamental matrix
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solution of the variational equation X fgt,x(t,t,%))x with @t,to,%) = | ,the identity matrix. Then the
solution of the free system of (1.1) is unique, differentiable with ot$penitial data and it is such that

0x
—I\t1g, Xg) = At 1y, 2.1
axo( 0:%) = ¢t.to, %) (2.1)
0X
and o b10:%0) = ~dlt.to, %) F o, %0) (2.2)
0
Under these conditions and since it is known ([6], p9) that,x@,andd (t,t,,X,)are further related by
t
x(t,to,x0)= J‘qa(t,to,sm)ds X0 (2.3)
to

The solution of (1.3) and (1.4) by the nonlinear variation of parameter becoraetiey
t K
000 = e Lt o) bl ea

5t o0)= b+ Jolt () Sa(Ehl Flesfolulees] 29

to

t
where we have defined the nxm nonsingular mdﬂi@t,to, XO) = j(ﬂ(t,to,sm)ds= H (t)(sa)b

0
It follows that we shall denote the controllability gramian of (1.1) by

wio)= }m)ﬁo B (T)g" (1) (T 28

where we have set W@tW(t) : E'— E"and ¢(t,«,+)=d(t) and B* denotes the transpose of B. We now
give characterization for the total G-controllability bétsystem (1.3) and (1.4). Firstly we have proved
(Chukwu [1], for the linear case) the following lemma:
Lemma 2.1

Suppose Wt), the generalized inverse of the controllability gramian of (&x33ts, if the system
is totally G-controllable, then forxe £7, there exists some @G such that whenevelrgt[t,,«], then |l
- W(®][g - H(t)x,] = 0 where 1 is the identity matrix in""ENow for t € [t,,0/ define the matrix T by
To = TH(t) so that = {Thy(t), Thy(t),..., Th(t) Awhere h,h,,....,h are entries of H. As if4] we assume
that T, is invertible
Also we can easily prove the following lemma.

Lemma 2.2
If the system (1.2) is totally G-controllable, thentfgr 0 we have
X =Y(t) = To(Tb - Te{=,y,U) (2.7)
and the solutioy(t) of (1.2) is given by
y(t) = HOT™ (Tb-Tp(ty,u) + p(ty,u) (2.8)
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t k
where p(t,y,u) = J-(dt,s, y(s)) zBi(S)+ F(S, y(s),u(s))ds. Now it is easy to see from lemmas
to =

(2.1) and (2.2) that a characterization for the total G-controljalifi system (1.4) in terms of the current
notation is [I-WEOWD][y(©)-H() {x-q(- ,y,u)}] =0 (2.9)

where q(t,y,u) = [, &(t,S,y(S))F(s,y(s),u(s))ds. To solve our problem, we make ugbeot eray-
Schauder fixed point Theorem by Karsatos [6].

3.0 Main Results.
In what follows, we shall use the notatipm|| to denote the norm of real matrices as appropriate.

We now have the following theorem:

Theorem 3.1
Consider the syste(.3) and its perturbatiorf1.4) with their target sef1.5). Assume that:

® Systen{l1.3)is totally G-controllable

(i)  ot),H(t) are such thaf HR)[| <my, [d®)[|< no, [d*(®) || = oo for all t>to where m, ny, o
are small positive constants.

(iii) Max|B()| < B, Max||B*()| < B* where B,B* > Oare constants
t=tg t=tg

(iv)  There exists functions h, res ¢ (I, 1) such that]| o(®Bi®) | < h(9), |dOFEY®).u®)| <
r@Llyl + [ull]+s©

(V) W' (t) exists and for som&>0 we have| W'(t)|| < A, t> t,.

(vi) IfH= f,° h@®)dt <o , R =], r(t)dt< o and S =/,» s(t)dt. T is invertible and it is such
that A, exp(R+H) <1 provided A, = mo |To [{IT||[(R + H} + B'pA{l + n|T,
Y IT I (R+H) +S}; then the nonlinear perturbed systéh®) is totally G-controllable.

Pr oof
Let us assume that (1.3) is totally G-controllable, then ahytisn of (1.4) which satisfies Ty(t)

= Tbis a fixed point of the operator S defined3fy,u)(t) = (e(t),v(t)), tt, wheree(t) = H{®)T,*[Tb -

Tp(s.y,u)l+ p(ty,u)and

v(t) =B*() @ )W+ (y-HOITo (Th-Tp(-.y,u)l-a(-,y,u) (3.1)
which are relatively derived from the solution of (1.4) and thaissible control. We wish to determine
a fixed point ofS(y,u)such that (1.5) is satisfied. To do this, we introduce a paramétdo, 1] into the

boundary value problem (1.4) thus;
y(t) = f(ty) +u[B(®u(t) + F(ty(t),u(t))] (3.2)
Ty=uTb
and consider the operat& defined byg(y,ﬁ,,u) = (é(t),V(t)) Whereé(t) = ,ue(t) andv(t) = p (t).
To get a fixed point oS itis enough to show that in a suitable function space D thdsts a
function pair ¢,u) € D such thatSy,ul) = {,u) and this is done by means of Leray-Schauder Theorem

[ (See appendix). Now letJtot;] t> t, such that xg) € G. Definew = (y,u)O E[Jl, En+ml with
norm ||[w[= w(t) and consider the set;€D; x H; where Q = {e (t):e € T(JLE"} and H, =
Hy= {v(t) : VE(Jl, E”)}.

Let the norm in €be ||w| so that the product space ®ith norm ||« ||, becomes a Banach
space Let 8C,~C,; be an operator defined iy (V,U,,u) = (e,v). Then forp = 1 this operator has a fixed

point in G. By Lebesgue Dominated Convergence Theorem in addition to the estimalie hypotheses
of the theorem, Sis easily shown to be uniformly continuous.
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Now let K be a bounded subset of @ith boundbk Consider the family of function{-ﬁn}
wherea, = §(W, ), WOK andu€ [0,1]. Setw = (y,0), W, = (¥,,Up). where fom=1,2,
wp,Ww € C;. Leta = (e,v) = S(y,u). Clearly, for varioud’s, {a.} is equicontinuous. Alsc{ﬁn} is

uniformly bounded for by the hypotheses (ii) and (iii) of Theorem 3dddition to the estimates which
define the equicontinuity of { we get
Iyl < mol T I (I Th|+ [ Tl (H+R)be+S)+(H+R)h+S;
Ivll < AB*po [bitme (I To I{ | Tl +[ T [(H+R)b+SH+(H+R)b+S
and these show that §are uniformly bounded. Hence, the equicontinuity and the uniform boundedness
of {an} imply (by the Ascoli-Arzela Theorem [9] p.85) th&K ) is relatively compact in {for each
nefo,1].

Now consider the operator equation S (v_v,,u) -w=0. (3.3)
Assume that (3.3) has a solution w for a fixede [0,1] in CG.. We have
t
lw(®) [<|y® | +]v®) | < mol To-2|{ [T+ TH(HIull+R[[w]+S)+ j | h(m)|dT
o
t
+ I r(T) [W(T)dT+SH pA{ Iy [+mol | To I (Tl +ITIH ull+RIw]+S)+Rlw|+S])
to

so that we get | w(t) | =Mzl w || +Hio[(h(T)) [ w(t) | JdT (3.4)
where A= m To_i"{ I To|+[ T ++S}+S+B+po>\{mlo I T [ (To[|+[ T]+S)+S}
and Ao= mo|| T [ I T (H+R)+H"poA{1+m, | To || | T[| (R+H)+S}

Now applying Gronwall's inequality, (Hale [4], Lemma 3.1 p.115) to4)3we get |w(t)| <

(A+Az||w] exp(R+H). From hypothesis (vi) of the theorem we haexp(R+H)< 1; it then follows
that the solutions of the equation (3.3) are uniformly bounded wiffecesop € [0, 1]. Hence, the
conditions of the Leray-Schauder Theorem (see appendix A) arfiegiatis the interval 1 [t,,t;] so that

S (W) has a fixed poinfv in C,, that is § (W1) = W 0 C; and so (1.2) is totall@-controllable when

we consider 4J
Appendix A
Here we give a complete statement of the Leray-Schauder Fixed Paiméifhas used in Kartsatos [6]
LemmaA.1 (Leray-Schauder Fixed Point Theorem)
Let B be a Banach space. For the equation
S(y,u) =0, for somer € [0,1] (A1)
Assume that
(1) S(y,uy) is defined on B %0,1] with values in B and is completely continuous in (y,u): that is,
for eachy € [0,1], S(y,u4) is continuous in (y,u) and maps every bounded subset of B into a
relatively compact set Moreover, if K is a bounded subset @(YBug).is continuous iny
uniformly with respect to (y,.g K
(i) S(y,ug)=0 for somey, € [0,1] and for every (y,u¥B.

(iii) If there are any solutions of Al, then they belong to some closeBallB independently of

M
Then, there exists a continuum of solutions of (A1) correspondialy ¥alues ofu € [0,1]. All

solutions lie inLB
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