Journal of Nigerian Association of Mathematical Physics, Volume 9 (November 2005)

Null controllability criterion for discrete nonlinear systems with distributed delays in the control: A
fixed point approach

Celestin A. Nse
Department of Mathematics and Computer Science.
Federal University of Technology
Owerri, Imo State.
e-mail:canseus@yahoo.com

Abstract

In this work, we consider null controllability results of the base

k
system (1) =A®) X + D BOut-R), k=012
i=0
and its perturbed equivalence

k
X(t) = A (t) X(t) + D By (t) st -hy) + f(t,x,40)
i=0
The non-singularity of the controllability gramian, the pperness of
the differential system and the Schauder's Fixed Pointelinem are
veritable tools used to obtain results.

Keywords: Null Controllability, Schauder’s Fixed Point TheoreProperness
pp 247 - 254

1.0 Introduction:

In his paper [2], A.N. Eke posed an open problem; the problem of emtghidi results from a
Euclidean space to a function space. This work is not uncodnaitte his work though with a little bias
to discrete systems of the form.

K
X(t) =A(t) x(t) + iglai (Out-h) (1.1)
K
and X(t) = A®) X)) + DB () But — ) +(xt, ) (1.2)
i=1

Investigations on null controllability of control systeis» not new. These have been done
extensively by various authors. For instance, Shintendorf andigafdi, Chukwu [1] among others.
What makes this paper unique is the application of a versitimobchauder’'s Fixed Point Theorem to
prove null controllability of the perturbed linear system. By vheation of parameter the solution of

k . [
(L1)is given by  X(t1, to, %o, 4) = Ftp,to) {Xo + . J%:E: 4 LF(tos+ hp)] x
i=o0 p=0
[Bp (s+ hp) p(s)dd | (L3)

where F(t, §) is the fundamental matrix solution of the system (1.1) for B=o WD) = I, the
identity matrix. The null controllability is achieved by imposing on (1.&)dbundary condition.
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Tx=0 (1.4)
HereT is a bounded linear operator defined 6r|jE+, En] thespaceof all bounded and continuous

operators fromE" to EN.

2.0 Préiminaries
Let E'denote the n-dimensional Euclidean space with norm denotH byf J is any interval of

E, the usual Lebesque space of square integrable function’s fror will be denoted by §J, E']. Nim
will denote the collection of all real x m matrices with a suitable norm. Let h > Q(th> 0 be given.
For functions

U =1Ly (tots]. ). 0 [to.tg]
we usel, to denote the function o[ﬁ- h,o] defined by
L (S) = p(t +s),s0[-h,0] (2.1)
We shall consider the system (1.1) satisfied almost evemavon @, t;)) where the integral is in
Lebesque- Stielties sense with respect tox@)OE", #0OL, ([t0 tl],En),A(t) is ann x n matrix
valued function which is measurabletin We shall assume that B(t);(§ are of bounded variation in s
on [-h, 0] for eacH [ [to,tl] and are absolute continuous in s on [-h, O].
In the sequel, the control of interest is
H=Lo ([to,tl],Cm)and,uDLZ([to,tl], Em)
where
cm ={/JD EN:/u < /}.
That is, the unit ball with zero in its interior relativepto If X and Y are linear spaces and T; X
- Y is a mapping we shall use the symbols D (T), R (T) and)NqHenote respectively the domain,
range and null spaces of T.
Definition 2.1
Let X and Y be normed linear spaces. An operator T: X — Y issaid to be completely continuous if
T maps bounded setsin X into relatively compact setsin Y. A completely continuous operator is compact.

Definition 2.2
An operator T: X —YwhereX and Y arelinear spacesis said to be closed if for any sequence

un D (t) suchthat u, — u andTu, - v, #belongsto D(T) andTu - v.
Definition 2.3

The compl ete state of system (1.1) at time t is given by Z (t) :{x(t),,u}
Definition 2.4 (Proper system)

The system (1.1) is proper in Efor tO (t,, ty) if for C O E" ,
cT [ jttlF (t, B(s)u(s)ds= 0 2.2)
(0}

almosteverywhereémplies C=0 forall xOJU

Definition 2.5 (Complete controllability)
System (1.1) is completely controllable if for every x, x;, ZE" there exists a continuous function

4 1 - E" such that the solution of (1.1) satisfies X(ty) = Xo and X(t1) = X . It is null controllable with
constraints at t =t for any initial state {XO,,uto} on [tO -h, to] if there exists an admissible control 1 L4,
defined on [t,, t; — h] such that the response x (t) of system (1.1) satisfies x(t,) = 0 using the control effort.
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p(t) on [to=h,tg]

M) = {O on [to,tl— h]

Definition 2.6 (Domain of null controllability).

The Domain D of null controllability of the system (1.1)isthe set of all initial points x, ZE" for
which the solution x (t,) =X, satisfies 1At;) =0 [JE" at somet; using x [7u.
Definition 2.7

Given system (1.2), set A= A+g—f ¢.00), B= B, +g—f t,00) where A and Bare from system
X X

(1.2). If thelinear part satisfies Rank condition then it is completely controllable which it turn implies
that the system (1.2)is also completely controllable.

3.0 Main Results
Theorem3.1:
The following are equivalent
0] W(t,,t1), the control grammian, isnon singular (positive definite)
(ii) The system (1.1)is completely controllable on [t ti]
(i) The system (1.1)is proper on [t,, t1]
Pr oof
To show that (i3> (ii)
Let W' exists and defing by

K | i
TOER> { > B (s+hp)F tos+hp)WiFlon -] @)
i=0 | p=0

Let Xg, % nl=

k ) i
Xt tor%o ) = Fltuto) 1%+ Y| [T, D Flto,s+hp) Bp(s+hpu(9ds (3.2

i=0 p=0
X(to) =Xo, Xx(4) =1
K L .
X(t1) = F(t))x.+ F (tl){ )y f:i _ E: 21 le F(ty, s+ hp). (3.3)
i = p=o0

Bp@+rm){5*pA(s+hp)ﬁkgys+hpﬁ
W HE (1] (s+hp) B p(s+hp) F¥ (tg,5+ hy)}
= F ()X, + F(tl)V\NV_l[F_l(tl)xl— xo}

= F(t)xp +3 ~F(t)%, =%

where * denotes transpose.
Thus we have foungdssuch thak(ty,ty, %) = X3, hence the system is completely controllable.
To show ()= (iii). If W(t,t1) is nonsingular then it is positive definite and all the eigkres are
positive. Equivalently qW,n >...> 0 for alln #0
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K [
I _
n> > F(tg,s+hp)Bp(s+h =0 3.4
L:o{p:o (to p) p( p)ﬂ (3.4)

= n = 0 hence the system (1.1) is proper on4]O0, t
To show (ii)= (iii). Suppose the system is not proper then there exists such that

ATy =" [ YSu(ds (35)

Kk [
where y(t) = ¥ { Y. F(tg,s+ hp)Bp(s+ hp)}, for all 0L o
i=0 | p=0

t
Consider/]T (F _1(t1) X = xo) = /7T [y(s)u(s)ds=0
0

Sincex(ty) = F(t)xo + F(tl)} y(s)u(s)ds
0

Thenn " [F Lty)F(ty)] - Xo =77 I5 y(9)u(s)ds =0, forall 0L,
x; are all the points that can be attained using all the admissiblelsontr

nTFXt)x =17 %o = c(say)

Therefore all the points that can be attained using akhdnaissible controls is a translation of a subspace
of co dimension 1 and not"RThis contradicts our supposition; hence complete controllahilipliés
properness.
Theorem3.2:

The system (1.1)is proper on [t,,t;] if and only if o/7Int R(t,t1)
Pr oof

If y'O0 (1), then there exists alYR(to,ty) andn #o,n0 E"suchn'(y-y ~) < 0

That is /7Ty < /7T y*

K ¢ R i
:>/7T[ > [ N 41 p%OF(to,S+hp) Bp(s+hp)u(s)ds

k [ *
T t1—hj
<n z jtl—hi+1 ZF(to,s+hp)B p(s+hp)u(s)ds (3.6)
1=0 —
p=o
SinceU is a unit sphere the last inequality holds for eadh U if and only if

k —h:
| S

F(t ,s+h )B (s+h )u(s)ds
0 p p p

N M-

P 0]

n M-

F(t ,s+ h B s+ h *sds
(t B (st h u(9)

p (o]

k
T t1 - hj
< ,7 {|Zo J.t]:_l-— hil+1
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B k[ i
= ';[11—fr]1+1 bT[ 5> [ > F(ty,s+hp)Bp(s+ hp)“

i=o p=o0
If 00 IntR(ty,t)thenoDO(to,ty) . If ol O(tg,ty)then

K i
— - T
O_,[t]]_'_}q+1 IEO l: > F(tO,S+ hp)Bp(S+ hp):lds

p=0
T Kk [
so that n > > F(tg.s+ hp)Bp(s+hp) =0
=0 p=o0
almost everywhere and there exjst o for g1 [t,,t1]

Theorem3.3
The system (1.1)is proper if and only if

Ranleo,ABo,---A”_lBo, BA By, A" 1By, By, ABk,---An_lBkJ =n

Pr oof
System (1.1) is proper if an only if
k [
AN F(to,S+hp)Bp(s+hp)]=O ae=7n=0 (3.7)
i=0 p= 0

Kk [ AT KO
24 X~ F(tgsthp)Bp(sthp)r =e """ ¥ X F(to,s+hp)Bp(s+hp)
1=0|p=0 i=0p=0

k| i
:nTe"Atz D F(tg,s+hp)Bp(s+h,)|=0 ae=n=0
i=o0| p=o
since an analytic function can have almost a finite number of zeros.
By differentiating, we have

k [
n' (A At 5 { Y B(s+ hp)} =0=n=0, for k= 012,--- (3.8)
i=0 | p=0
Settingt = 0 we have

Tk &)

nAYY <> Bp(s+hp) =0 =n7=0 k=012--,n-1
1=0| p=0

That isn is orthogonal to

lBO’ABO""’An_lBO’ BiA, B_L,.-~-,An_1l31,-~-, Bk’ABk""’An_lBkI —=n=0
SincenO E"it means the vector

[BO’ABO""’An_lBO""’Bk’ABk"'An_lBk]
has Rank.
Conversely suppostBo,ABO,-~-,An_1BO,~-~,Bk,ABk-~-,An_1BkI has Rank less than n,
then there existg] E", n # o such that
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’7TBO :flTABo = ... :,7TA”‘1|30 —... :’7TBk = ... :,7TAn‘1|3k -0
By the Hamilton Clayey theorem!#s a linear combination of "&,..., Al
det(A- A1) = AN+ an,)ln_1+-.- + al,/1 + ao =1

andAn+an +--+a1A+aO|=O:>An:an = ..:ao|
T T n-1 T An-1p _
n'Bo+n ABg+n AT Bo+---+n AT B =0
or
AnBO = anAn_lBO =.... = Aan = aOAn_lBk =...= aOBO =0
hence
Tk K ]
n'A*Y { ¥ Bp(s+h,);=0, forall k
i= ~ P p
Theorem3.4:

The system (1.1) with the controlu (t) on (-h,t,) is null controllable with constraintsat t = t; if
and only if

y(z(to)) = X(t )—E ja-h IZ F(tg,s+hp)Bp(s+hp)u(s)ds (3.9)
© 5 i+ p=0 RO P '

belongs to the range space of null controllability Gramian.
Pr oof

Let y(z (to,t)) OR(T (to.t) ) then 20 E". We have y(z) =T (tot)z,
Choose

T
u(s) = { Qi+ {Z F(to, S+hp)Bp(S+hp)} %o (3.10)
sD[to,tl—hl]

Substituting (3.10) into the variation of parameter equation for sydtd fe obtain

k [
— -
X(t1,to, X0 4) = F(tl,to){xwigijtll_ﬁ‘ﬂ 2 Flos+hp)Bp(s+hp)is

+ IZ {ftl h IZ F(to,sthp) Bp(sthp)u(s)ds
=0

= F(tyto)[~ Y(z(to))]+ Ftr,to) T(to.t1.)7g
= —F(t1.to)|(to 1) 20 + F(t1.1) N (to.11) 20
Conversely suppose for a contradiction that wX2(f Rl (t,t1) ) then there exists z; @ E" such that
y(Z(to)=21+2 % 0
where 20T ((tots,), 2 O N((to,1a))

—hi 2
then (22Tt 22) = L | T (to.tD)22 | s
Since the integrand is non-negative, we obtain.
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T
{Z Z F(to,s+hp)Bp(s+hp)} 722 =0 (3.11)
=0 p=0

By hypothesis howevex(to) can be brought to the origin by some control effort gij][t That is

ja-h -
Z o Z F(to,s+hp)Bp(s+hp)/,1(s)ds 0 (3.12)
p=0
T k [
Z, > > F(to,s+hp)Bp(s+hp),u(s)ds =0 (3.13)
=0 p=0
By combining (3.11) and (3.13) we obtain the contradiction // z //=o0 wh&no. Hence y (z §)
DRI (to,t))
Theorem3.5:

Consider f(t,x,u) of the system (1.2). Assume that
. f (toX,
lim |M| =0 (3.14)
Ix,ul=>0 ' (X, 1)
uniformly for t/A. If system (1.1)is completely controllable. Then system (1.2)isalso controllable
Pr oof
Assume that system (1.1) is completely controllable, chagse3E"and let
v —r-1
X=F “(t1)x — %o
Let / be the Banach space of continuous functiténsu):l ~ E"XEM with the usual supremum
norm |(x, ) | = sud| t)u(t) |t O I}
Define a continuous operator T dnas follows

T(xu) = (z,v)
wherev(t) andz(t) are respectively given by
K| i * * — —
v(t) = 'ZO{ zon (s+ hp)F (tg,s+ hp)w 1[)‘([»}0 F 1(s) F(s, x(s),,u(s))dsﬂ (3.15a)
1=0| p=

K
Z(t) = F(tl,to){)(o +i§ -[tl—hl +1 ZF(to s+hp) Bp(s+ hp),u(s)ds]} (3.15b)

() is as defined. We now take

k:Max{x

Hx_lB”(tl - to}

0L = 4k z i h,+1 z Flosthp)+ w F Yy -t}

f_/%

h=k|y 3 Bp (s+hp)F (to,s+hp) H | w7 ]
i=0 p=0
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Co = 4” F H H F_]'” (t1,t0)

d2 =4 ¥ o |
c= Max{cl,cz}
d = Max{dy,d»}

Proposition3.1
Thereexistsr such that if

|(x, ) <r andsOl thenc| f (s,x,u)| +d<r
Let ¢, :{(X,/J)D'[OZ | ) < r}if (x, 1) 0 ¢, ,we have

M < @)™ dy +c) SUP| T (sx(8), 4(9)))) < (4K) dg +co SUP| (5. X(3), (9))]]
Sl S

< (4k)r < %

d C d r ¢ r
|4 ==2+k]|r| +EEUp|f(sx(9),u(s)| <~ +—+—Up| f(sX(s),1(s)< =
4 4 smp 4 4 4 smp 2

Hence |7+ | r||< 3—4: <r andT maps the convex closure 6f into itself.

Since f is bounded if ., T (¢,) is equicontinuous and hence relatively compact. By schauder Tyconov's
fixed point theorem, T has a fixed point

TH) = (X )
Thus the integral equations (3.15a) and (3.15b) have solutions since XE" are arbitrary.Thus the
system (1.2) is completely controllable.
4.0 Conclusion

Criteria for the null controllability of discrete nonlinesystems have been presented. It has been
shown that, systems that are proper are null controllable ardirdgt application of the fixed point
theorem of Schander, we established controllability for the perturbehsys
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