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Abstract

In this work the author introduced a subclass Trf((p, ,8) a subset of class
Tna (,B) introduced and investigated by Opoola [1]. The author derives some

coefficient inequalities and convolution properties for the class. Tna(p, ,8)
using Salagean differential operator.

pp 49 - 56

1.0 Introduction
Let A be the class of functions regular in the unit dEk:{Z : ‘Z‘ <1} and of the form

f(z)= z+ i akzI< (1.1)
k=2

Furthermore, Opoola [1] denote b'l]na(,é’) a subclass of A consisting of functions satisfying the
following conditions.
D" f(2)°
Re {#} > [, zOE, n=012.. (1.2)
z

a>0,0< <1 and the operatoD is the same as ian(a) namely the Salagean differential
operator defined as

D%t (2)=f(2), D (2)=="(2) D"t(2)=2D" ¢ (2)) (13)
Opoola in his remarks gave some other existing subclasseS$®hB(,8), 5(,8), and Bn(a), by

varying the parameters, 3, andn in (1.2) see [1] for details. Also in [1] Opoola proved the follugyvi
results.
Theorem 1.1

T (,8) C Sfor n> 1 where Sisthe subclassof D consisting of univalent functionsin E.
Theorem 1.2

T2.(8) 0T9(8) for n=1
Theorem 1.3

fOT7(B), thenRe {fi—z)} > B3, zOE, 0<pB<1 a>0..

Let A(p) be the class of functions of the form
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f(z)=zP + i ay 28 (1.4)
k=p+i

(ax 20, p,iON={12.. })

which are analytic in the unit disk :{z:|z| <:I} Motivated by the earlier works of Opoola [1], Owa [2],

Ahuja [3], Owa and srivastava [4] the author introduced a subéréé(sp, ,8) L Tr?(,é’) whose
functions are of the form (1.4) and satisfy the same condition (1.2).

The following results are true for the Functions in the cTz#ép, ,8)
Theorem A

Trf’(p,ﬂ) U Sp, =1 where §, isthe subclass of A( p) consisting of univalent functionsin E.
Theorem B

T2 (p,B) U T7(p,B) forn=1, pON.
In this work the author derives the coefficient ineqiesitand convolution properties for the

subclassTrf’(p, ,8) using Salagean differential Operator defined by (1.3) and the method of miathéma
induction.

2.0 Coefficient Inequalities
Theorem 2.1

If £(z)OT9(p, 8) and p-valently starlike of order Bthen.

(ee]

Y (B-Kla<p-B. (a=00<p<1 piON={123..]}) (1)

k=p+i
Pr oof
By definition (1.3) it is sufficient to show that
1
D™ f
Re O—(Z) >ﬂ, OSﬁ<l, zUE (2.2)
Df(2)
holds true.
From (1.4) and (2.2) we have that
p+ D ka 2P
D! f (Z) _ k=p+i
0 = ~ (2.3)
D f(2) k-p
1+ >z
k=p+i

and from (2.2) and (2.3) we have
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p+ Y ka 2P
Dl f (Z) k= p+i
Re—— P >3 (2.4)
D~ f (Z) 1+ z ay Zk—p
k=p+i

for all z[JE . Choose the values & on the real linez=re'® (O <r< 1), then (2.4) implies

p+ D kacZP| | p+ DkarkP
Rel — K=P* =) k=pHi >p (2.5)
1+ 3 a P 1+ > a kP
k=p+i k=p+i
Since p+ ZKakrk_p > 0, we have
k=p+i
p+ ZKakrk_p >B | p+ Zkakrk_p (2.6)
k=p+i k=p+i

By letting I — 1 through half linez=re'® (0<r <1) in (2.6), we have

>kag - B > a =B~ p, which finally yields > (B-k)ay <p-/ which concludes the

k=p+i k=p+i k=p+i
proof of Theorem 2.1
Theorem 2.2
It £(z2)OT.”(p, B) and p-valently convex of order Bthen
>, (B-K)=p(p-5) (2.7)
k=p+i
(a, =20, 0<p8<1 piON={12...})
Pr oof
D? f(2)
It is sufficient to show thaRe s ————+ > 5, z[DE 0<f<1 (2.8)
D1f(2)

From (1.4) and (2.7) we have

02+ ikzak K=p
D2 f(Z) _ k=p+i
Re T() =Re o (2.9)
bz 1+ > kay 2P
k=p+i

By (2.8) and (2.9) we have
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02+ ikzak Kk-p
R D'f(Z) _ k:p+i
e T() =Re " >ﬂ (2.10)
D7t{z p+ z k ay ZKP
k=p+i

for O E, choose the value c on half linez=re'" (O <r <1) , then

p2+ Zkzakzk‘p p2+ zkzakrk—p

Re! kzof” = kzoop” > (2.11)
p+ > ka 2P p+ > karkP

k=p+i k=p+i
since p>+ Y k?a r*P>0 we have
k=p+i

p°+ Zkzakrk_p>,8 p+ Zkakrk_p (2.12)

k=p+i k=p+i

By letting r — 1 through half linez=re° (Os r <1) in (2.12) we have

pP+ DkPacz pB+ B Y ka
k=p+i k=p+i
which finally yields
> k(B-K)a < p(p-5)
k=p+i
(ax 20, p,iON={12....}), 0< /<1 which concludes the proof of Theorem 2.2.

3.0 Convolution Properties

Theorem 3.1
Hﬁ&ﬁmﬂpﬁ)U:lmmﬁmm(ﬁhﬁfQDﬁﬂpﬁmee
m
in(p-5)
p=p+ k=1
7 (o)« 1)
AL TP (3.1)
The result is sharp for functions
=B ) o
fi(z)=2zP + I |zPH (3.2)
) (ﬁ‘p‘J

Pr oof
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Our method of proof shall follow the work of Owa [2], Owa amid&tava [4], and we shall use
the principle of Mathematical induction in our proof of Theorem 3.1

Form=1, we see thap :,6’1 Form =1 Theorem 2.1 gives

>

k=p+i p '8 J
Thus, by applying the Cauchy—Schwarz inequality we have

<1 (j=12) (3.3)

< ,5’2 k)
k=2p+i \/( )(p-5) s akZ)‘ -
< [ Bk
[k p+i\ P~ ,B.L )][kzzp"ﬂ(p—ﬂzJ(ak'Z)}
Therefore, if
- (0-k o [(B-KkIB2—K)
Zpﬂ(p 5j(ak,1)(ak o)< Zp+.\/(p o 5) Bekaca)
That is, if
/(—)(—) (B—k)(B2 k)
oalecz)= oo \/(p-ﬁl)(p-ﬂz) >

then (f* f5)(2) OT7 (p,d). We also note that the inequality (3.3) yields

Jai < p ﬂ’ =12, k=p+i, p,i0N) (3.6)

Consequently, if

(p-B)p-8) _ p—é\/(ﬂrk)(ﬁz—k)
(B-kNB2-k) ~ 5-k V(p-A)p-£5)
that is, if
p-0 _ (B-Kk)(B-k)
5k * (o~ Alo-5 @
then we havd f, * f,)(z) OT” (p, d). It follows from
o< p+ (k_ p)(p_lg.l.)(p_ng) - h(k)

(p=Bup~52)+ (B~ K)B2 =)
since h(k) is increasing, fok = p+i we have
(k- p)p-A)p-£2)
(p=B)(p-B2)+ (B -K)B - k)
which shows thaf f; * f,)(z) OT,7 (p, d) where

o< p+
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sop s (p-Alp-p) 9
(p-B)(p-52)+ (B - k)52~ k)
Therefore, the result is true fon = 2 . Suppose that the result is true for any positive integer at.i¥h
(f,* £,)(z) OT,7 (p, y) where
(k-p)1 (p-5)
y=p+ k=l Y (=1.m)
(ﬂj B k) (3.9)

Then by means of the above technique, we can sho(vftlh’atfz)(z) L~ (p, ,0) where

N (p-5)
p=p+ =
m+1 m+1 .
I<I‘I=1(|o-/3j )+ k"':l(ﬁj ‘k)(ﬁj - p") (3.10)

This shows that the result is true fat+1 Therefore, by mathematical induction, the result is true for
any positive integem.

Further, taking the functionij (Z) defined by (3.2) we have

m p—lB- . .
fox for *f N2)=zP+d | L (L Pt =zP A . ZPH 3.11
(0 o o] P20 e
which shows that
0 _ _ i m — .
3 p_k/;k:(—p P 'j TPl (3.12)
i PP p-p )|i=1 B - p-I

Consequently, the result is sharp for functidr]s(z) given by (3.2)
Letting 3, = 3 (j =12.., m) in Theorem 3.1, we have

Corollary A
it 5077 (p.8;) (j =1,m) then (£,* £,*..* £, )(2)0T," (p. ), where
(p-B)"
p=p+ : (3.13)
(p-B)"+(8-p-i)"
The result is sharp for functions
fj(Z) =z’ + (—(p_ﬂ) m]zpﬂ (J = 12,.,m)
(B-p-i) (3.14)
Settingp =1 i =1---, and in Theorem 3.1 we have

Corollary B
I £ (z)DTn“(p,ﬁj ) (j =12,m). then (,* f,*..% f_) (20T (1, p)

where

Journal of the Nigerian Association of Mathematical Physics, Volume 9 (November 2005)
Convoluation properties of a subclass of an analytic functions  Abiodun Tinuoye Oladipo J of NAMP



Ir']'1(1—@')

p=1+ =1 (3.15)
(1 B J 1 (ﬂj 2)
=1 =1
The result is sharp for functions
1-5;
filz) =z + L |2 j=12.,m (3.16)
=2 [ SA 2 =1z

Theorem 3.2
it 52007 (p, B;) (1= 1.2 .m) then (f,* f*...* ) (2)TT (p, 0) where

m
p™t N (p-5;)

0=p+ 1=1 (3.17)

m ” (,81 ) i 1_”1(p :31)

J
The result is sharp for functions

f(z) = 2P + P (j=12..m (3.18)

8 = 2 ) (=12

Pr oof
It is clear that the result is true fior=1. Form = 2, theorem 2.2gives

o [Kig-K)| .
k:Zp:+i {m} %=t (J B 1'2) (3.19a)

k(B -K)(5, -k
kz L? a (ﬂpz ﬂ)) Jaa, <1 (3.19b)
p+i

Since we have to get the largestuch that ( )( )
pok o KA kB K 3.20
p-o ~ (p-B)p-5) (520
From the above, we need tz) find ;?e Ialrglx)a?tmhlzha)tt
plk—p)(p- P~—52 ;
> + k=p+ 3.21
P2 P B K plo- A7) P @2
Further, noting that the function ( )( 51)( )
_ pkk-p){p-B)(P- S
hik)=p+
W) =P a5 K+ olp-)(p-2)

in(p- ﬁl)(p 5)
o+ ) B-p-NBa-p-0*p(p-B)p-B2)

which implies

is increasing for k, we have

p = h(p+i):p+(

Thus the result is true fan = 2.
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Next, by using mathematical induction, we conclude(that fo*...* ) (2)0T,9 (p, o).
Also, it is easy to show that the result is sharp for functibjr{i) given by 3.18

Corollary C
it (2077 (. 8) (1= 12 .m) then (f* f2*...* f) ()T (1 ) where
m
_”@‘ﬂﬂ
p=1+ = — (3.22)
2" nli- g )+ mli- )
j=1 j=1

The result is sharp for functions

() = =B 2 (i_
fJ(z)—z+E(mz (j=12..,m). (3.23)

4.0 Conclusion
The author has been able to establish the coefficient inequalitigefumctions in the cIasEf’(p, ,B) a

subset of clas3,y (,8) and its convolution behaviour.
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