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An investigation of the dynamic'behatior of two electroris interacting under an
wh rextended Hublbaid m type-potential (t = ' ~ U:model) is presented, employing a
1o variational analyticappreach: The role of the next:- nearest meighbour, hopping
parameter t‘ is discussed. and the results obtained from the extepded Hubbard
», model aretompared with those emerging from the usual t — u Hubbard model
stduvich comtainsonly 1 nganestucighbor hopping paramettlidey o T
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which are antifeomagnetically ordered below about 200k. Upongdoping, with
holes in the copper — oxygen plane, the long — range antiferromagnetic order is
sdy nireplacesbhy shoromdanss Qrdssand sypetsonduetiviguemeraes as the ground
swupf KL (AS) lsnoizasmt mva 5 @ lehom DsCOLH 361 lo simie buoig
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received“mcrq.é;smg attention for its relevance for high sohicisupiismndietivity,
quantum antifgfromagnetism, and ferromagnetism, thus playmg a central role in
the theoretical investigation of strongly correlated electron systems [4]. Several
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th.eorelical methods have been applied to the Hubbard model in order to
elucidate the parameter space of the different physics accessible to the Hubbard
model. These methods [4] include amongst others Quantum Monte — Carlo
" methods, Lanczos algorithm, Hartree — Fock approximation, slave fermion or
slave boson technigues, perturbation and variational methods.

The variational method can be used for the approximate determination of the
lowest ground state energy level of a system. Any variational approach is an
approximation 10 an exact treatment. In view of the fact that the many - body
problem in condensed matter physics is quite complicated it is not unusual in the
study of highly correlated electron systems to encounter approximation methods.

The variational method consist in evaluating the integral

(% HYdr (v lule)

TP (¥ ]¥) (1.1)
using a guessed trial wave function \P. We thus have an explicit expression for
the energy, which can be thought of as the variational ground state energy of
the system. o

i . ) » .

The variational theorem then asserts that of all possible conceivable
wave functions, the correct ground state wave function is the otie that minimizes
the ground state energy. In practice the trial wave function selected, often
‘contains one or more variational piifameters which must be chosen to minimize
the energy. c
An important advantage of the variational method is that the explicit
- form of the wave function allows us to keep track of the physics and hence
_ ic.ien,tify clearly which part of the wave function is relevant to any given
- situation. B

~ In this paper, we focus on a system of fwo electrons intéfa‘cting in the
ground state of the Hubbard model in a two. dimensional (2D) 4X4 square -
lattice. The system has sixteen sites (N=16) available for the electronic motion,
- and as usual, an infinite — sized lattice where each lattice site has the same.
;an be realized from the finite — sized lattice with the help of
. & ‘conditions. A correldted ground stagg: wave  function for
performing Variational calculations on such a system has bama reported by Chen
and Mei [5]. It must be emphasized herehat since the wave tunction of Chen '
and Mei is patterned after the exact wave function for a system cosiaiing only,
two lattice sites (N=2), it is not obvious i:gemhis'wave‘ﬁmctime. most
suitable variational wave function if'N is cho en greater thahi 2. Onemt:the aims -
. of this paper is to investigate this point: We,Would like to.verify-mether the
results obtained with the‘trail wave function of Chen and Mei [5] are in accord -
With reality or not. . sl
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The work of Chen and Mei [5] was limited to the standard t-U Hubbard
model, which contains only a nearest neighbor (NN) electronic hopping :
patameter t and an on — site electronic interaction strength U. The second
important aim of this paper is to apply the variational analytic approach of Chen
and Mei [5] to the extended Hubbard hamiltonian (the t — t*- U model). The idea
is to investigate the role of the next nearest neighbor (NNN) electronic hopping
parameter t' on the total ground state energy and:he palr correlated function
{PCF) of the two electrons.

The organization of this paper is as follows: section 2 contains the
theoretical formulation, section 3 contains the results and discussion, and finally,
section 4 present concluding remarks.

2, THEORY
The 31mplest\f0rm of the single — band Hubbard model [5] is given by
E=-1 % (c;‘(7 Cjo +H.C) +UZniTn!_ @,

<ij>0 3 i ! . \
where C}; (C jo) and n;g are the creation (annihilation) and number'

operators, respectively, for an electron of spin ¢ in the Wannier state on the i th
lattice site, and < ij > means that only NN site hoppings are allowed in the
summation. H.C. denotes Hermitian conjugation and its inclusion in the
Hamiltonian guarantees that the gxpectation values of the dynamical quantities
will be real, t is the NN hopping parameter, and each pair( i) is included only
once, and finally U is the on-site or intra-site coulomb interaction parameter.

The hopping of electrons in the single — band Hubbard t — U model of
(2.1) is restricted only to nearest — neighbor sites. Since this may be inadequate
to provide all the relevant physics of the normal state properties of strongly
correlated electron systems, we have extended the t- U Hamiltonian modeél in
this study by including a NNN hopping parameter t’.

Upon the inclusion of the t* the resulting Hamiltonian lmdel [6] is uow
of the form

H=-t I c':+ eivHel-@ T - ll.c.
’ r<y:~cr( e “jo * ) t<<y>>a(q"xc‘n+ ; )
+UL Cheopchcy 2

: |

where << jj >> means that summation is over NNN.

Chen and Mei [5] have proposed a correlmon ground state wave
function in the form

l¥)= 22((1 a)‘rT,N ZX ,_]){!lT Jvlv) Iﬂ JT)} 23
‘6'5
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where -E-gbBg+/2 is the wanamm] tqtal grmmd statc e’ﬁergy of two electrom '
interattiaghihdér 4't = th= U exidnded Hubbard model %§x4 squate lamce Eg. -

(2.8) has been solved in this study for various sensible values of the’ parametel'

U/ 4 and Hrf»qmmnn fenonpivey ardt 3~ . 2oudey hasely sl

To have more insighg aﬁﬂ;wghe dynamics pf the* two mteracun'
- electrons, one usually calculates the pair correlation function (PCF). The PCF

..can be defined as the probablhty B '-,j) of finding an eléctron at site j when' there
) 1s an electron of opposne spin at site 1. It has the represz!ﬂtatxﬁn :

e g
e LQO“C:U C_],*-O' C,r —o |‘P) } s .(2_§)
i ; : ; :‘ (Wh-?)ﬁ [ TC016- | 280-1 - ¢
| oack- | t0eCo- T £E10- 1200 5
. I a model that igoes on;ly dp 1o NNN, the. rgleivan, PCFs are P, P and Py, Where |
. 2cc7M is the on ~ Site: ve
T3] . 3
§ mghb,g:exi calm!,aéed!m:tg}%workt‘eg,vanoﬂs “of]| i
§ "!h(‘ 0‘ ! cros sae taPr N \\-u’w L1 ! %;;
BT % RESULTS AND DISCUSSION ]
parameteérs XP X. z Xg 5 |

| Ta7e, Tabie L shows Jthe calculated ir‘] s of the variatio:
.' 29 MX: y x-\l'“ md X; for various’ Qp; df th&ﬁhférabﬁﬂ&ﬂ&n@th U/4t and 04k (the
T 2 @ of the lectronic hoppmg ametefs") Inaxinaﬂpm*’ calculation, m
33T ganauongl parameters are the cn;cml ingredients! fhé}« show, éémpmn'?ely, the

' 2000.00€ hﬁ&;@f‘ ;thd different terms_

*’the trial vananbnaf Waye fiinction. Table F

shows clearly two d:ﬁ'erent p

ter regirres wiiers the, gliysics of the two

interacting electrons is likely to be different.

First as U/4t approaches the value 10 and t'/t takes on a suffic:en\;lm
positive value, then the variational parameter X, becomes significantly smilleg:
than the other variational parameters, showing that the two eclectrons prefer s
remain as far apart as possible. Keepin,’ U/4t at the value 10 and decreasing t'/t
from the value 0.25 leads to an enhancement in the magnitude of X, , X;;, and
X, and a reduction in the magnitude of X3, X, and X;.-

’ Second, as U/4t approaches the value — 2, we note that the magnitude
of X, becomes greater than the magnitude of the other variational parameters,
showmg that the two electrons prefer to come together on the same site. The role
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-of t'/t in this parameter
. values of the total energy

" the parameters U/4t and t'A. Clearly,

. - variational parameters, as already
for the ground state encrgy in table

achicved as t/t increases.

Fig- 1 shows the PCFs in the two parameter

. Uf4t = 0.25. The two curves in fig. 1 are,
. two conclusions we have already deduced
_the electrons prefer to be at the same site, but as
electrons prefer to stay as further apart as
curves in fig. 1 is shown in fig. 2 for U/dt =
trend is the same for both fig. 2 and fig. 3. As t

noted

essentially,

possible.

i L

regime is-similar to the first parameter regime. The
and PCFs are exhibited in table 2 for various values of
the trend in the PCFs follows that of the -
in the discussion of table 1. The trend
2 shows that a lower ground state energy is

regimes, characterized by
a graphical display of the
from table 1: As w4t approaches — 2,

U/4t approaches 0.25 the

The effect of t* on the two
0.25, and fig, 3 for @4t =- 2. The
!/t increases, the PCF is lowered.:

. Table 1 Calculated values of the variational parameters for various
values of the interaction strength U/4t and the parameter t'/t.

“Interaction Variational Parameters
Strength | ¢/t Hi20g
U/t Xi X, X, X Xs
025 | 0.0269 | 027 7 0.4279 0.4423 0.5000 0.5447
10.00 0 -0.0608 | -0.3620 | -0.4400 .0.4400 | -0.4772 | -0.5004
-0.25 | -0.1027 | -0.4741 04754 | -0.4327 | -0.4323 -0.4056 |
= 025 | -0.1122 | -0.2905 | -0.4304 10.4413 | -0.4918 | -0.5303 "
. 1.00 0 /2681 | -0.3968 | -0.4290 | -0.4290 -0.4440 | -0.4531
i s -0.25 | 0.4638 | -0.5005 -0.4055 | -0.4014 | -0.3426 | -0 .3024
! 025 | 0.1510 | 0.2982 0.4303 0.4396 | 0.4868 0.5225
0.25 0 0.3629 | 0.4057 0.4163 0.4163 | 0.4211 0.4240
: 025 | -0.6094 | -0.4841 -0.3507 | -0.3642 | -0.2837 -0.2410
0.25 | -0.3274 | -0.3251 -0.4200 | -0.4217 -0.4537 | -0.4765
-1.00 | 0 -0.6943 | 0.3901 -0.3208 | -0.3208 | -0.2911 -0.2742
- -0.25:1 0.9024 | 0.3416 0.1418 0.1951 |- 0.0874 | 0.0566
‘ 025 |.-0.7649 | -0.3168 | -0.3001 202814 | -0.2739 | -0.2651
-2.00 0 -| 09354 | 0.2647 0.1410 0.1410 0.0972 0.0758
-0.25 | 0.9743 | 0.2078 0.0297 | 0.0818 | 0.0068 -0.0005
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Table 2. Values of the total energy and PCFs as functions of ﬂ:le
interaction strength U/4t and the parameter t'/t.

Interaction Total - PCFs
Strength t'n Energy ‘ il
U/4t _ Eg/t »
Py Py P,
0.25 -8.9145 0.0000167 0.0068 0.0169
10.00 -0 -7.6292 0.0000810 0.0115 0.0170
-0.25 -6.1813 0.000213 0.0181 0.0183
0.25 -9.0425 0.000288 0.0077 0.0170
1.00 0 -7.8389 0.00161 0.0141 0.0164
-0.25 -6.3820 0.0048 0.0227 0.0149
0.25 -9.1009 0.000523 0.0082 0.0170
0.25 0 -7.9450 0.00303 0.0151 0.0159
' -0.25 -6.5060 0.00949 0.0240 - 0.0126
0.25 -9.3792 0.00254 10.0100 0.0167
-1.00 1 .0 -8.4943 0.0142 '0.0179 0.0121
-0.25 273424 ' | 0.0346 3 0.0198 0.0034
/ 1025 -10.5290 | 0.0195 00134 [ 0.0120
<2.00 ) -10.2640 | 0.0415 0.0133 0.0038
: -0.25 ]  -9.7675 0.0521 0.0095 0.0002
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- Fig.1 the PCFs for The 2D 4 X 4 square lattice versus the separation distance L

of the two electrons. Here an electron is assumed fixed at the lattice posmon=.
with coordinates (2,2) in the 2D 4X4 square lattice. A separation distance of L

=0 then means that both electrond e at same site (2,2). A separation,of L =1,
" means that the second clectron is agifife position (1,2).or (2,3) or (3,2) or (2;1).
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4, CONCLUSION ‘
In conclusion. we have demonstrated that the t — t— U .nodel leads to a

much richer behavior than the standard t — U model. Depending on the sign of
the next — nearest neighbor hopping parameter t’, the correlation of the two
electrons may be damped or enhanced. Our calculations suggest that the
possibility of pair formation is enhanced in the parameter regimé where U/4t is
sufficiently negative.
The t - * — U model in this parameter regime may thus be suitable for
superconductivity studies. On the other hand when U/4t is sufficiently positive
the two electrons prefer to stay as far apart as possible. The t —t" — U model in
this parameter regime may thus be suitable for magnetic studies.

It was found in the course of this study that sensible results were
obtained when the parameter t'/t lies in the range — 0.5 </t <+ 05. This result

is in accord with the work of Lin and Hirsch 71
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