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ABSTRACT

In this paper, we propose a k-step second derivative hybrid linear multistep formula
of maxima order for solution of stiff and non-stiff initial value problems in ordinary
differential equations. The method is motivated by second derivative formulas:

k
Yoek = Vopsit T hZB_,‘_V;Hj +kary;+k—r +h2py:+fc W <1’ Step size h
. =0

in which the control parameter r is specified in advance.and the step size is h.

~We, in our attempt, allowed this parameter r to assume its exact value by solving the

resulting non-linear equations of the co-efficients. The resultant formulas are A-stable
and of maxima order 2k+1 when k is even and 2k+2 when k is odd. The formulas are
derived, analyzed and implemented for k=1 and k=2. The experimental results show a
high degree of accuracy.

1. INTRODUCTION
The solution of initial value problems of ordinary differential equations of the form :

V= ), w(x) =y, (1.1)

where y, f € R", x € [a,b], has been discussed by various authors
(Lambert (1973), Gear (1971)). Enright (1974(a)) developed the second
derivative multi-step formulas:

k
Vnsk = Vasky + h zoﬂ_;y:wj + hz.py;Hc (] 2)
j=

to solve problems of the form (1.1), in which the parameters B’s and p, determine the
order of accuracy of the method. But Enright”and Hull (1975) indicated that the
second derivative code was relatively inefficient.

Ademiluyi (1987) considered how this inefficiency might be improved and came up
with the second derivative hybrid formulas:
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k ,
Yusk = Ynuk-t T 1 Zo_ﬂjykﬂ LB s R e O], SEpSize h (1.3)
Jl:

The idea is'to include more analytic properties of y and f at some on-step and off-step

points.
In his approach, the value of the controlling parameters T is specified in advance in

order to reduce the complexity of the resulting non-linear equations to be solved at the

expense of the order of accuracy. However in this paper, we optimized the order of

the accuracy of the scheme by aillowing the parameters t0 take their exact values '

which will guarantee adequate stability and convergence properties and also ensure
acceptable results. The computation of these parameters is discussed in the next
section.

e

2. DETERMINATION OF PARAMETERS
In this section we give an outline of the calculation of the

parameters Bys, B,, p and r for cases k=1 and k=2. The same procedure can be

used for k>2.
Now, define an operator L associated with the scheme (1.3) as:

k
L[y("')' h] = -v(xn+k) - y(xn+k-i) = hZﬁ_;}"(xnﬂ )'hBry'(xm-k—r)— thy'(xrnk) i
1=0 .
@2.1)

for W(x)e C?" [a. b]. y(x,,+ ,,) = y(x, +hp) ab peRr

If v(x) represents the true solution of (1.1) and we adopt Ta lor series expansion of
functions Y(X,.x ) y(x,,4) and the derivatives y’i:,,+ J{ j =00k, Y (xnakor)

and y"(x,,,*) about x=x, weget;forkz21

s e Vo
Hxnai) = iu—)lk— VO =y 22)
s=0

s!
x ey, ik -1
y(xlxirk-l): Z E (x"') ) (23)
¥=0 S.l
-1 '(!] -l
PR T 3 e a1 AR EY XA @4)
s=1 (3-') $ .




MAXIMUM ORDER SECOND DEKjVATiVE. v

P Copeger ) m@ &4?! ; | @s)
k1 (s-2) (.r)( )kcfz
L) o y xn 3
¥ beni )= Xy 2.6)

Substituting (2.2) - (2.6) into (2.1) and combining terms of equal powers of h, we get:

1 =Goplos) +G P s) + G, o G 35,554 ) i)

2.7)
where
= CQ=O
k
G=1-X f,-5,:
i=0
_ 1[2 2] = . :
G = W ~=1F |- 2 /8, ~(k=r)B, - p; 238)
1y J=
- L it il 1 k gl . e ~ kq-2

q=2

The values’of the unknown parameters B;’s, B, pand r are obtained
by setting:

¢=0, g=I(1)k+3 (2.9)

’ ( ll)fcq+1h”’“y(“'”](xn) + ofn+2) 10
g=1]!

(a) First Step Method
For case k=1, (2.8) - (2.10) yield the following system of non-linear

- equations

j( with the principal truncation error
IP Br+BI+ BO =1
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(1-1)B+Bitp =1/2 (2.11)
(1-rY’B+Pi+2p =1/3
(1-1)Be+Bit3p =1/4

A cursory look at (2.11) reveals that the parameters exceed the number of
equations, therefore solving (2.11) in terms of a free parameter Bo gives

3 (1-4po)
4 (1-3p,)

16 (1-3p, ) ‘ 8
.16 2.
RS, ' fig
8 = _1_(!1—99{50+21663)

Y] -8B, +16p2 )
1 (1—650)

18 (1-4B,)

The scheme is optima when the free parameter B, is set at zero.
Using this value of By in (2.12) we have

R =3/4

B, =16/27 (2.13)
B=11/27

p =-1/18

These values satisfy (2.7) with
C,=C,=Cy=C:=C4=0 and Cq-- -1 1920 7 (2.14)

Hence we obtained a fourth order optima second derivative method of the
torm:

.

'h Y he
f Py et o ! 10 . 5
o __\,,+17(n_\,,,1+1m oh |t (2.15)

with the principal error term T« -1 1920 h*
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b) Two-Stage Method
Case k=2

for k=2, equations (2.8)-(2.10) now yield

B+ Bt PrtPo=1

(2-1) Br + 2By + Bi +p=3/2 _

(1) By + 4B, + Bi +4p=T7/3 (2.16)
(21 B, + 8B, + By + 12p = 15/4

(-1 B, + 16B, + By +32p=31/5

Just as the case k=1 leads to a system of non-linear equations with more
parameters than the number of equations. We also have the system
of non - linear equations with more parameters than the number of
equations. So, we also express other parameters in terms of a free
parameter Bgto get

3 (1+160B,)

© 5 (1+48B,)
125 . (1+48B,)°

Br == R—
216 (1-120B, N1+1608, )
) 2
e 8 + 3981B, + 377 280[30 @17
27(1+ 1608, )
125(1 + 48p, )* 8 + 3981, + 3772808,
B =(1-By)- >+
216(1 — 1208, )1 + 1608, ) 27(1 + 1608,
_ 1 (1+5528,)
36 (1+160B,)
To obtain the method of maxima order, we set B, = 0, thus we have
R=3/5
B= 125216
B:= 8/27 (2.18)
Bi=1/8
p =-1/36

Substituting (2.18) into (2.7) yields
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Cy=C,=C»=C;=C,=Cs=0 and Cs=-1/36000 (2.19)
Thus, the resultant fifth order maxima method is of the form:

2

h L § [} r h "
Pirs =Vl +Ei—6—[64yn+2 +27y,4 +I25yn+%J—-3—é-yn+2 (2.20)

with the principal error term T¢= -1/3600 h°

3 CONVERGENCE AND STABILITY ANALYSIS

We, in this section, discuss the stability and convergence properties of the
integration scheme (1.3). We limit the discussion to the case k=1 since the procedure
is the same for cases k>1.
By applying the integration formula (2.15) to the standard stability test initial value
problem:

y' =2y,  ¥(X)=Yo (3.1
where A is a complex constant satisfying Re(A)<0,
we have
nel =¥n + HE + EE = b 3.2
¥oer T ¥n 27 Yasl 37 yn+: 18y|1+| ( » )
where
h=2h
Approximating v,., 4 by
boollion e, o~ g
o=l = ——+0lh) v 3.3
.lnq. L + 4+:'4: +3"4j‘ (1) il.\li (JJ)
and substituting it into (3.2) vields, after simplification
Yhal T ¢’(HL|1 (34}

where
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TABLE 2
NUMERICAL SOLUTION OF PROBLEM (4.2) WITH STEPSIZE h = 0.5 AND
TOLERANCE 10° USING HYBRID FORMULA.

X Iyg 2VE 1yn ¥ e e
0.00 0.1681038245 -1.336207649 -0.638918D-7 -0.20096D1 0.62546D-10 -0.195980D-3
0.50 | 0.09027982676 | -0.8194403465 -0.168268D00 -0.133752D1 -0.164725D-4 -0.130935D-3
1.00 02915092167 0.4169815666 0.903685D-1 -0.320243D0 0.884654D-5 -0.802970D-4
1,50 04482268232 -0.1035463537 0.291795D0 -0.417390D0 0.285650D-4 -0.406600D-4
2,00 05702786178 -0.1405572356 0.44856D0 -0.103645D0 0.439218D-4 -0.101465D-4
2,50 0.665332651 0.3306653021 0.570838D0 0.140695D0 0.558816D-4 0.137732D-4
3.00 0.7393608066 0.4787216131 0.665985D0 0.330990D0 0.651960D-4 0.32401D-4
3.50 0.7970139921 0.5940279841 0.640085D0 0.479191D0 0.724500D-4 0.46910D-4
4.00 0.8419143381 06838286761 0.797795D0 0.594610D0 0.780994D-4 0.58208D-4
4.50 0.8768827627 0.7537655254 0.847739D0 0.684499D0 0.824992D-4 0.670084D-4
5.00 0.9041161992 0.8082323983 0.677742D0 0.684499D0 0.859258D-4 0.738615D-4
5.50 0.9253256208 0.8506512417 0.905002D0 0.754504D0 0.885944D-4 0.791987D-4
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FIG 1

NUMERICAL SOLUTION OF PROBLEM (4.1) OVER THE INTERVAL (0,1) WITH THE BASIC
STEP SIZE H = 0.1 USING HYBRID FORMULA (2.15)
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05 t

05

285

FIG 2 , e

NUMERICAL SOLUTION OF PROBLEM (4.2) WITH STEP SIZE H = 0.5 AND TOLERANCE 10° |
USING HYBRID FORMULA (2.15) :
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