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ABSTRACT
A test statistic called the Wy statistic as introduced by Ogbonmwan (1983),

which is based on functions of ranks, forms the basis of this work. The test statistic
involves a Multi-Sample Testing Procedure (M-STP) that takes into consideration all
the observations of the combined p =2 samples (treatments) in a one-way analysis of
variance (ANOVA) problem. The work here provides the. exact (permutation)
distribution for the Wy statistic.

1. INTRODUCTION
Let n;, i = 1(1)p be the number of observations in the ith sample (treatment)

of a one-way ANOVA problem.
Let %;1, Xizy ---» Xini : i="1(1)p be the ordered observations of‘the ith sample

from a populaﬁon with continuous cumulative distribution function (cdf) Fi(x), i =
1(Dp.

Let Ay = ’%, (=n/N) (.1
.
where N = } n; (1.2)
i=1
LetF(x)=1/n;(#ofx;jSX,j=12,...,ni) (1.3)

where # stands for “number”, be the sample cdf of the n; observations in the ith
sample. Therefore, the combined sample cdf is:

Hx) = A ih (")‘”L 1\:21:2(")"'"”*'}L ~eFp (x)z Zh wif (x)

For the formulation of the class of rank order statistic, which is used in the
development of W)y, statistic, we let *

Xi = (X“, Xi2yesey Xini ), i= ](l}p (14)
EN = (ENI’ EN];---, EN‘p ) (1'5)

Where
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_ o _
E =] .1 £a<N 1.6
“Na N ('N+ ]J a (1.6)
and Jy is defined as in Ogbonmwan (1983), either as:
Jy(u)=u { Wilcoxon version )
or Ju(v) =7 (u) (VanDe Warden version )
Let us write
£ 1 N
E =— YE 17
. N az=l He (-0
N —
and 4} = ﬁ'— SEL, -« Bh (1.8)
a=|

Let Z,(\',?a = 1, if the o th smallest observation in the combined ranking of all
the N observations (in the data formation) is from the ith sample and

| e z%) =0 otherwise for @ = 1(I)N.

We now consider (for the ith sample) the following class of Chernoff-Savage
type of rank order statistics:

1
hN (xl} = T

",

itz

Eng Z, 1= 1(Dp (1.9)

It is convenient to consider the Wilcoxon version of the definition of Jn
which is given as J\(u) - u. Thus:

o " "
Eii'= i and hence (1.9) simplifies to

[ N
hy (X)) - TEEE z), =1 (1.10)
From Ogbonmwan (1983).
{(pha(X) £ A —As N1

where Ex and A arc normalisimg constants.
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Now, for i = 1(1)p samples, the Wy statistic is given as:

Wy =12 [n%/{;\} [n (xi)- sw(x,-]] (L1
or Wy = n}éA,Ql[math(X, )-min hy (X,)], i=1(1)p (1.12)

Observe that hy(X;) is the function of ranks of a particular sample in any
configuration. This presupposes that all the distinct configurations must be obtained
first. This involves the permutation of the elements of a matrix.’ E

In Ogbonmwan (1983), the asymptotic distribution for the Wy, statistic was
given via the following theorem:

Theorem 1.1 .
Assume that Equations (1.1) — (1.12) are satisfied, then under the null
hypothesis

Hy: Fi(x) =Fy(x)=... =Fy(x) for all real x

lim Prob{Wy <t}=z,(t) (1.13)

where y p(t) is the cdf of the sample range in a sample of size p drawn from a

standardized normal distribution.

There has been no theoretical proof for the exact distribution of the Wy
statistic. However, there exist a permutation approach for the exact distribution of the
Wy statistic. But, due to the difficulty in generating all the configurations needed in
the permutation approach, the discussions on it have ended in the realm of
“speculation”. ;

The focus of this work was inspired by the use of a computer-aided
algorithm to generate the exact (permutation) distribution for the Wy statistic. This
algorithm has made us to realise the unthinkable and the needed desire to go beyond
the realm of speculation.

2. A PERMUTATION METHOD FOR THE Wy STATISTIC

A permutation method of evaluating the exact distribution of Wy is as
follows:

Let X, =(Xyp, XX, ) i=10)p
and let us write

XN = (xh st x:h teny XP)
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s I Xp

Xop Loy wiitsenens x5g
ie Xy = :

A T Xpp

Under the null hypothesis, Xy is composed of N independent and identically
distributed random vatiables and hence conditioned on any given Xy, all the possible
(N!) permutations of the variates among themselves are equally likely.

Therefore, we have, '

—
T(n; )!
i=l
possible partitionings (configurations) of those N variables of p subsets of size n;, i =
1(1)p which are equally likely, each having the conditional probability,

N! _
ili("i)! _

Consider the set of all these partitionings and for each one of them, compute
the value of Wy and-hence consider the probability of the different values of Wy,
Thus we have the table

Wy
P(Wy)

A point to worry about in the realisation of this exact (permutation)
distribution of Wy is that the amount of computations needed for the implementation
is considerably enormous. For example. a data set consisting of just four treatments

; 16!
with four observations per treatment demands as much as P = 63,063,000
partitionings for a complete enumeration.
Considering this associated complexity in partitionings for a complete
enumeration, we now offer a mathematical algorithm that will ensure that a complete
and systematic enumeration of the partitionings is carried out.
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2.1 Mathematical Formulation of the Algorithm: (Balanced cases, where
I = Ny =n;=n,=n)
Two Treatments
For all possible partitionings of the N variables of p subsets of size n; i= 1(1)p,
we have to systematically develop a pattern necessary for the algorithm.

Let us examine a matrix of two variables. We are expected to have

[5)7)  in
D3 . partitionings
i=o\ 1 A i

- where n is the number of variates in each treatment (column) if we assume that the
two samples have equal number of variates.
For unequal samples, the number of partitionings is:

min(n],nz) n; | n,
:'=Z{) [ 1A
It follows therefore that for any matrix with two columns,

I 1

i=0
whether the samples are of equal or unequal sizes.

min(ni.n2) (n, Y'n, ) . .
b3 .| .7 p can be used in enumerating all the configurations, regardiess of

Three Treatments

First permute the elements of any two of the treatments, and then find the
number of ways we can permute any n; elements of the 3 treatments.

Expressing the above mathematically, a complete enumeration-yields,

WHeY

where n is the numbeér of elements in any treatme-
Four Treatments _
By following the same procedure as dous <~ the case of three treatments, we

= have that a complete enumeration of all the configusations for four treatments is
achieved by using '

(=]

49



OGBONMWAN, S. M. and ODIASE, J. L.

HiwHbY

Continuing in this manner, for p 2 3 treatments, we have that the number of
configurations is

8@ 500-500 80

n [n : 2n
But, 2 [] = ( J [see Feller (1968)].

=0 1 n

Therefore, for p = 3 treatments, number of configurations is
P (jn){2n P (jn
Filn n Flin

Theorem 2.1
The number of partitionings of the elements of p samples of equal sizes

. ; P ()n
required for the distribution of the Wy ‘statistic is given by }—I_i ( & ] , where n is the

number of eléments in each sample.

vroof/(By Induction)

P [n N!
We simply need to show that I:I ~x = npumber of possible
Frin 1
I(n;!)

i=1
partitionings of N variates of p subsets. each of size n;, which are equally likely.
Consider ihefbalanced case for whichn, =n,=...=m=n.

jn |
[ ] =["J=f,'_'_= N .where N=nforp=1
n n A

I
-Jak s = | I
Take P I ,—Ii



*258 pasue|eq 3yl 10} 131[18d PIALIAP UOISSaIdNI I Y w ERRTRETRIITE

u \1=!
ARy M (SZ) Ut YU = 7 = U= TU = TU = U MO W JLIEY 281N ()
uf |5 4 : {
"u e 7R Ty "u \r_:,
. IEVR S T R (I L 1= |
(gZ) .tuz EJI_ Juz i[fl Juz J“SJIJJ
! t ¢ !

Ly o e
X g
Wy f u)w

Ty z
U
-uonanpur A ooid | , B = =
101pur AqQ §1J001d u%] [Zu-}lu)
I 1 )o= u Yeor
((2d) S R =t = sSuuoniued Jo J3quInN
tu){lluw u$ I'a

aAey am ‘sazis [enbaun jo ‘sajdwes d Aue 10} ‘Jauuell siy) ul Suinupuo)
-ase a[dures anoj e 10} suonen3yu0d JO Jaquinu ) S| (€2

‘ IATERLE l|1=1 g=f

e | (=)l 43 g | H-
1 1ot f“ﬂ P?:J i 1 o=t [}LJ tu
[zu)['uj% ‘U§ ’u$ Z[ZUJ(‘U):é JH’_;’\ [*u+fu+zu+lu]

SABY M ‘SJUDWIIEA) INOJ JOj Jajed 0) (7'7) Sundopy
SIUUID2L] IN0]

-ase0 adwes 90y} € 10] suoieInSiuod jo Iaquinu ayy saAlg yoiym
_ | ISR AAL=I-A N BAT=Ta
D tul Ty % w |\ tu )\ lu % fu+ lu+lu
€

‘1°1‘gSVYIAO Pue "W 'S ‘NVMIWNOED0



89
530024

(1'7) “syusunean g 0 ungsmne: *ad 1IN0 PUAIXS AM USYM JBY) JAIISQO IM
SpuAINAL] 3241 ]

. [q)
v<qio) 0=|
aours

Zu 10 'u — u MOJJe 2 J1 0 osje st 3] “(%u ) Ul = U JeY) SaWNSse (1°2) 12w 210N

I 1 \o=!
(5] 3 ["HI l'u]g =

osa ajdwes-om) © Joj suoneinuwLiad Jo Joquunu oy ‘3jdwies Yt 3y

U1 SIPELIRA JO JOQUINU = ‘U 3DE} M JI ‘358D PISUE[eq Syj Uf UA3S Apeale sy
SIUDUMIDAL], OM]

(renba q[e jou a.e s 'u 31IYM)
:sa8w7) ooue[BqU() 10] WYILIOS[Y JO UOHE[NULIO] [eanBWAYIBIAl i 4

*Jesousd ur sny 9ouay pue [+ = d J0J any OS[E ST W3I03Y} 3 ‘sny,

5 1=!
(W) Sk
T T (GREN

'(i“)[];f (im)iu J‘"ﬁi[“‘(”")“l‘“ -
R GEE I G

(i“)w' u u =] (uef
"ﬁ*g[(w)u){(w)u][(ur]%‘]‘(ur‘ja%

_ 1+q=d o4
1

;(i“)ﬁ o\
LA

TEACVE

(i9)

= N aIloym‘
s § iN

5

y=d 107900 SWNSSY
1=

" s;am‘(iunzl BLLE (u) (u Iﬁf o7
E= NP N “i(w) \wg)lu) \uf)z

“NOLLNERLSId (NOLLY.LNANEd) LOVXH




.

EXACT (PERMUTATION) DISTRIBUTION...

Theorem 2.2
The number of partitionings of the elements of p samples of umequal sizes

J
P an

‘ required for the distribution of the Wy statistic is given by =l

7= ‘
n;

Proof (By Induction)
s . A :v_,n = N
Again, we simply need to show that []| 5"

I\ n j ﬁ (n,- !)
i=l

partitionings of N variates of p subsets, each of size n;, which are equally likely and
all the n;’s are not equal.

= number of possible

J
1 n ! !
Take p=1; I Elnr =( ]J=£1—r= 1N ,whercN=n1forp=l
i n I

J=1 n, 1) M .H(n."!)

i=

J 1 2
Ll Xn n n mYm+n) (nm+n
Take p=2 I’Ir=1f=£lr E'r=( | ety
J=l ’ n_"_ n nz g Hy \ n2
n;+n,)! N!
( 1 2) ,whereN=n,+nzf°|-P=2
nllnzl rp[(nj) 4 a 2
X &
Assume true for p=k
RS>
J n
k an — r=l g
l:II r=1 T
= H'(”f!)
Now, letus take p=k+1
k+ f kf k é
#* n n n
H r=1 "= r=l " H r=1 "
I n; e \'7|
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" [Z ; k+l ' k \
K+1 H . 3
an r—]nrj! (rglnrJ l:r%_:lnr:,

r=| %" &=

Mkl .n(nJ!) [kilnr_nkn]!nke-l!ﬁ(nj!)
=1

k k+1
i} [ [5:)
_ =] r=1

1l

k k+1
i [0)
- r=| r=]
[l
k+l
n, !
=[r_: 'J __N
i) T,
J=1 J=1

This shows that the theorem is also true for p =k + 1 and hence we conclude that the
theorem is true in general.

3. IMPLEMENTATION OF THE ALGORITHM

We now present an illustrative implementation of the algorithm to generate
all the possible partitionings of the N variates into p subsets of size n;,i=1(1)p.

Let us examine a matrix of two variables, each with two variates, i.e.

B D
The partitionings are as follow:

4 C 4 .
. We expect to have 5B 6 configurations

No{! 2 3 4 5 6

Configuration A C"C Al CaA, B

B DB DIB A!C D
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Observe that configuration (1) is the original matrix, configurations (2) to (5)
are configurations obtained by using the elements of the first column to interchange
the elements of the second column, each in turn. Configuration (6) is obtained by
interchanging the columns.

| A D
Let us examine a matrix of 2 variables, each with 3 variates, ie. | B E |.

c F
6! .
We expect to have EYET] =20 configurations

The configurations are as follow:

No Config. No Config. No Config.
A D A C D A
1 B E 8 B E 15 B E
C F D F E ©
e b ccsdesees s The elements in
D A A D E D the parenthesis
2 B E 9 B C 16 B A were those used
c Fl° E F F C for interchange
________ NS o SN, AN WP S S Ly SR
; = wcy| of elements of
B A8 A B second column
3 B A 10 B E 17 D C
C F I E F
F | B A A B
4 B E il E B 18 D E
. . T I c F 1 _____ F L
A B D A ATD
5 D E 122 F E 19 E. B
_C¢El . ¢cB | _FC__
A D E D D A
6 E B 13 F A 20 E B
C_.F L W EL .
A D] D AWET]TTTTTT
7 F E 14 B C
C B E F

N
wn
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Observe that configuration (1) is the original matrix, configurations (2) to
(10) are obtained by using the elements of the first column to interchange the
elements of the second column, one at a time. Configurations (11) to (19) are obtained
by using 2 elements of the first column to interchange the elements of the second
column. The elements used (A,B), (A,C) and (B,C) are indicated in parenthesis on
top of configurations 11, 14, and 17. Lastly, configuration (20) is obtained by
interchanging the columns.

4. TEST PROCEDURE
The multiple comparison test procedure for P 22 samples (treatments) may
now be formulated as stated in Ogbonmwan (1983) as follows:

W= g h el . 3] =
B Compute Wy: Wy = n/2 4 [max By (X,)— min /1, (X ,)], 1=1(hp

2, Compute the value of Wy in (1), then, consider the probability P(W\) of the
different values of Wy. Pick out the value Wi (a,,) of Wy corresponding

to the preassigned QL , -level of significance under Ho : F, = F, = b= ~By

F(x) is assumed to be continuous (so that the probability of ties may be
ignored).

he (X)), i= 1(Dp. are all rank order statistics. it follows that the permutation
distribution of W., derived in the manner described above will surely give
the exact null distribution of W, for large n; s,

& To check whether the p treatments come from the same population, we

regard the p treatments to be significantly different if
o
w2 43 fma g (x, )=minhy (X)) 2 Wyp(a, ). i=1(1)p

4 It the null hypothesis of “no difference™ between the P treatments is rejected,
the following procedure is used to verify the treatment(s) that are
sigaificantly different from the others. Test using steps (1), (2) and (3)
above. the sets of (p-1) treatments: sets of (p-2) treatments, ..., sets of 2 .
treatments. all taken from the p treatments,
IFany set of Kk <p treatments is found not to be significantly different, then
any subset of the k treatments are also not significantly different.

LB DISTRIBUTION OF THE W\ STATISTIC

By gencrating the partitionings using the algorithm described above, and
computing the value of W, tor each partitioning, Tables 1A and 1B give the
distubution of the W, statistic with two and three treatments respectively.

S0
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EXACT (PERMUTATION) DISTRIBUTION. ..

Table 1B (Cont): Exact Distribution of Wy Statistic for p treatments, k variates (p=3)

p=3,k=6 p=3, k=6 (Contd.)
Wy P(Wy) Wy P(Wy)
0 001517 3.06886 .012686
07868 000024 3.14755 011367
15737 .008889 3.22624 010336
23606 008828 3.30493 .009101
31475 008928 3.38362 007931
39344 017304 3.46231 007135 -
47213 017184 3.541 006104
.55082 016924 3.61969 .005307
62951 024782 3.69838 004599 |
& 7082 024172 3.77706 003915
78688 023976 3.85575 .003285
86557 .030569 3.93444 002814
. 94426 02988 4.01313 .002319
1.02295 .029051 4.09182 .00193
1.10164 034823 4.17051 001575
1.18033 033433 4.2492 001284
1.25902 032677 4.32789 001029
133771 03677 4.40658 000814
1.4164 .03545 4.48526 000076
1.49508 017135 4.48527 000545
1.49509 01677 | 4.56395 000478
1.57377 037112 4.64264 .000354
1.65246 035037 4.72133 .000262
1.73115 033641 4.80002 000186
1.80984 035279 4.87871 000131
1.88853 .033405 4.9574 000088
1.96722 03137 5.03609 000059
2.04591 03239 5.11478 000037
2.1246 .03002 5.19347 000024
2.20329 02825 5.27215 000013
2.28197 028125 5.35084 .000007
2.36066 .026078 5.42953 .000004
2.43935 .023984 5.50822 .000002
2.51804 023629 5.58691 0
2.59673 021423 5.6656 0
2.67542 019703 5.74429 0
2.75411 018769
2.8328 016996
" 2.91149 01527
. 2.99017 006373
2.99018 .007998
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OGBONMWAN, S. M. and ODIASE, J. L.

. {ORCLUSION

In Dehonmwan (1983), the Wy statistic was introduced, the asymptotic

distribution was proved but there was no theoretical proof for the exact distribution.
‘The exact distribution was however considered via a permutation approach which
was nol implemented empirically. In this work, the exact probability distribution
table has been provided for small sample sizes. The mathematical formulation of
the algorithin for generating the configurations are fully discussed and explained in
Section 2. Theorems concerning the number of partitionings of the elements of p
samples for equal and unequal sizes required for the distribution of the W statistic
were stated and proved. Furthermore, the algorithms were implemented giving rise
to the statistical table for the exact distribution of Wy statistic for p treatments and k
variates: p=2,3;k=2,3, 4, ..., 10. These have never been given elsewhere.

The results of this work conclude the introduction of the Wy as a test

statistic for handling p-sample problems
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