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ABSTRACT

We study a scheme for the time~discretization of parabolic variat-
ional inequalities that is often easier to use than the classical
method of Rothe. We show that if the data are compatible in a cer-
tain sense, then this scheme is of order greater thanor equal to 3o

1o INTRODUCTION

Let V and H be Hilbert spaces satisfying V € H = H'C V', with
continuous and dense inclusions. We use (eyes) to denote both the
inner pyoduct of H (with associated norm |o|) and the duality bet-
ween V' and V, while ||« || will denote the norm of V. Let A : V—
V' be a linear function such that 3 M > 0, ¢ » O such that

(Avyv) 2 c|v 12 ¥v €V (1)
; |(avy2)| & Mlv | = | ¢¥v,z €V (2)

Given a closed convex subset K of V, we consider the following pr-
oblem:
u(0) = uy

uGt)ie K

(ut (£) + Au(t) - £(£),u(t) -v)) €0 ¥v EK, ¥t € (0,T)
Naturally, the existence and the properties of the solution tothis
problem depend on the function space in which the selution is sought
and on the data f and u_. Results on these questions can be found
in [8,2,7] , while the®numerical solution of the problem is stud-
ied in {6,9,10,12]. See also the numerous references cited inthese

works. One of the simplest methods for discretizing this problem is
the method of Rothe (cf [31):

(8]
=
We K ()

P |

(('ﬁz - i A"u;. E{: - x)

s (f{:',ﬁ;: - x) V‘x E-K| n = 1|.--'N

_where k » T/N and
nle
£ (‘1/k)g r(t)dt.
(ne1)k
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Let ﬁk denote the step function whose value on the interval ({(n -
1)k, nk) is ﬁa (we will adopt an analogous notation for other fun-
ctions Puk' fk' etc) and let X denote the closure of K in H. A
result due to Baiocchi [3] states that if uj €K and £ € L,(0,T,
H), then

|, - uliw(O,T.H) + [~ "ie(o.r.v) = 0(k) (5)
In the same paper, it is also shown that if uOE. Ky £ eLa(o.m.v).

f* € L_(0,T7,V') and Auy = £(0) € H, then we have the first order
error estimate:

2 ~ 2
[t - vt (0,1, m) * %, - w "La(O,T.V) = 0(x%) (6)

The semi-discrete problems (4) are elliptic variational inequalities
possessing unique solutions [4,11]. But it is not often clemr how
to obtain the numerical solutions of these elliptie problems. If P
denotes the orthogonal projection from H to XK, then we discretize
eq (3) using the alternative method ug =5,

uﬁ - hJ]r:—" + kAuE = kle:' n-= 1‘.'-'N (?)
This method is clearly easier to use than eq (4) whenever the pro-
jection P is explicitly known (this occurs, for instance, for obs-
tacle problems: cf [4]). The semi-discrete problems (7) are ellip-
tic equations which can be discretized using iy of the standard
methods for space discretization (see, for ex:rple, [1,13]) and
solved using the standard methods for solving systems of linear
equations, This scheme generalizes a method used in [1‘6] (it is
referred to in [9] as the "implicit in equation" scheme). For this
reason, we call it the method of Trémoligres. The main purpose of
this paper is to prove an error estimate analogous to (5) for this
method, We consider only time discretization. However, our estima-
tes can be combined with known error estimates for the space disc-
retization [1,14] of elliptic equations to obtain error estimates
for the simultaneous space and time discretization. The similtane-
ous space and time discretization - with error estimates - of some
parabolic variational inequalities has been studied in (6,10]. [10]
solves a problem of the type (3) using the method of Rothe for the
time discretization and the finite element method for the discre-
tization in space, while [6] solves a problem of the same type
using a finite element space discretizatiqn and time discretization
of the form (5) with Aﬁ; replaced by AUE~'e

2, RESULTS
We assume that
vE V=>Pv EV, and 3w € H such that }

ve V=—b(v -Pv, &Pv -w) 2 O (8)
This hypothesis holds in many applications. For example, let 1 ve
a bounded open set inIR" with smooch boundary, H = La(fl). vV =

E;iiiIIIlIIIIiIIIIiIIIIIiiIIIIIIIlIIIIIIIIIIIIIIIIlIllIIIIIIIIIIIIIIIIIIIIIII"
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Hg(ﬂ) and let Y € #({)) satisfy \le_ £ 0 (in the sense of

traces). If we set A= -A and K= {vE€ V:v 2 YJ}, then (8)
holds with w = AW, In fact, we have (ef [11 +53 s

Pv=v+(¥/-v)+.

If v € V, then since v ].on = 0 (in the sense of traces) and
Ylha £ 0, we have (Y - v)¥ € V. Therefore, Pv € V. Also, it
follows from |11, theorem A1] that

Y (x) = Yvlx) in {xe fl: Y(x) - v(x) > o}

VY - 9= 2{\1
0 in {xe L Y(x) - v(x) & o}

Therefore, we have

(Pv - v, APV = W) = L?(\F - (Tv- VY + V'(\U-v)*b)d.x

= S V(Y - v (Vv -TY + WY -v))ax
W(x)=v(x) > 0

= 0.
Therefore, (8) holds, in this case. We now begin the study of the
scheme (7). In the sequel, G will designate a series of constants,
not having the same value in any two places.
Theorem 1: 1f f & LZ(O,T,H) then

2 2 2 2
| - Puk'LZ(O,T,H) S (tiILaﬁo,T,H) + w9 9
2 2
| - Puk'Lm(O,'l‘,H) | - puk”La(O,T,V)
2 2
< Gk(’fILe(O,T,H) + |w|%) (10)

Proof: Taking the scalar product with u; - Py in (7), we obtain
(PuKn-Pu.E-‘l,u;:-Pukn) + k(= wy e = Pul) + [
- Pl P4 k(] - vy uy - PU.
Using the definition of P, we obtain
O v i - )+ - PR S (L - vy - D,
If we rewrite this in the form
k(APu.E—w,ui—PuE) +k(Au§-Ami,ui-P1{'c)
s |l - Pl P L k(e - Wy v - Pu)
and use (8), we obtain
T B R B R R PR S Lok
This yields n n e n n 2 2 2
ko [Jue = Py || + B - P [ & 27|y - vl
EIR PR L Pl
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From this, we easily obtain (9) and (10). We now give the error
estimate of the approximation (7).
Theorem 2: If u, € Kand f € L (O,T H), then there exists u €

I.. (0,T,V) such that u solves (3) and
Py —— u in Lo (0,T,H) (11)

w —>u in L,(0,T,V) (12)
Furthermore, we have the estimate

5 2
[P - ule(O v *ollm - v “L (g,z,v) = 0K (13)

Proof: The proof is based on the known propert:l.es of the Euler app-
roximation (4). It follows from the results of [3] that (3) has a
unique solution u to which U U, converges strongly in the norm

I' |Lm(0,T,H) - I o we have, respect=

ively,
BRI, R oV APV S R S I
+ (g = Pu)/k, Pug - %) 0
(G - ﬁk“' )/km“uk“,"ukn Pu{;) (f“ - Pup).

Adding these inequalities, we obtain

(Puﬁ—ﬁ+kmﬁ{“—m§1,pukn_

and

hi
3 B:I.mplie: an|2 =1 ~n-— 2 n -~n2
#Pu - B° - 3|p [rern, = ||
<k<ﬁuk-ﬁ"'“"*ﬁ P"k“
Henoe n -1 2 n ~n|2
3Pk = Bl® - A2l - NP e g - |
S [|ug - lllluk-“kllo

Therefore, using (10), we obtain

Flpug - &% + de Z!Iuk s |
< taf/2c) ;"u{: ama 2

2 2 <
£ ak( If]La(O,T,H) +#[wl®) M1 &n &
This inequality, and the error estimate (5), imply that
2 o
[P, - ule(O,T,H) +lwy - v ”La(O,T,V)

galr

= T |2 + 2l - uft
RS o, (0,0, H) Y L (0,7, H)
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~ 2
+ 2 [|wy, - % "La(o.m,v)_

o 2
*2 "“k R “LE(O,T.V) = 0(k).

Equations (11) and (12) follow easily from this. In econclusion, we
remark that the regularity assumption we made, nemely £ € La(O,'.E,

H) and u. € X, yielded an exrror estimate which is analogous tothe
estimate(3), which holds for the method of Rothe under the same
conditions. We do not kmow if the stronger conditions u, e kK f

e1,0,1,0, ' € L,(0,2,V"), and £(0) = Au, € H will yield an

error estimate of order ome, as 4 the case with the method of
Rothee In |15), a more general variational inequality has been
studied, using a discretization method that generalizes (7). How-
ever, the compatibility condition used in that paper does not red-
nee to (8) as a special case.
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