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1.1  BACKGROUND OF STUDY 
In this study, we are aiming at finding the dynamic buckling loads of some imperfect elastic structures having 

light viscous damping but trapped by a periodic load with slowly varying circular frequency. The analysis is 

based on already existing theory derived by [1] and [2]. The two structures studied by [3] are the simple cubic 

elastic model structure and an imperfect elastic spherical cap  whose normal displacement is regarded as the 

summation of the modes, that is, pre-buckling, an axis symmetric and non-axis symmetric modes, all having time 

dependent amplitudes. The theory is here developed through the simple cubic elastic model structure followed by 

a practical application on an elastic spherical cap, where all deformations (failures) are controlled within elastic 

range. The problems derived are non-linear which need to be solved but there is no simple analytical method to 

handle the solutions. We choose perturbation method to handle the problem because of the presence of two small 

mathematically independent parameters through which a two-timing perturbation scheme is formed. In the same 

vein, the problem now becomes a two–small parameter non-linear problem, which the solution here can be 

approached analytically using regular perturbation and asymptotic methods. 
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This investigation is centred on an analytical determination of the dynamic 

buckling loads formula of some viscously damped elastic structures 

pressurized by a periodic load with slowly varying circular frequencies. 

The formulation has two small but mathematically independent 

parameters which allow the use of asymptotic expansions of the variables. 

In addition, a two-timing regular perturbation procedure is used to analyze 

the relevant equations which contain some degrees of nonlinearities in 

their formulation. The dynamic buckling load,𝝀𝑫 lies between 0 and 1, 0 

<𝝀𝑫<< 1. 
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In most countries of the world we often hear of collapse of buildings, bridges and other material structures. These are 

forms of material failures which are dangerous in nature and should be prevented by all cost. Great investigations and 

efforts have been done by Engineers and Applied Mathematicians to determine the maximum loads that structures can 

carry before buckling occurs but still, buckling of elastic structures still comes to play from time to time. The dynamic 

buckling analysis of imperfect spherical shell with light viscous damping trapped by a periodic load with slowly 

varying frequency, is a real life problem, yet, it does not seem, to our knowledge, that a lot of analytical investigations 

have been done on the subject matter. Most of the earlier works done on this area, used numerical methods (Finite 

Element methods) for the analysis of buckling. In this study, we are carrying out investigations using purely analytical 

methods to investigate the dynamic buckling and stability of two viscously damped elastic structures, namely, a simple 

cubic model and an imperfect elastic spherical shell pressurized by a periodic load that has a slowly varying frequency. 

In addition, we investigate the effect of light viscous damping on the dynamic stability of the structures. 

The concept of dynamic buckling is presently an interesting area of research which many researchers have gone into 

based on the reality that it is closely related to some other fields of human endeavor. Structural elastic materials have 

the tendencies of undergoing deformations and other instabilities when loaded either statically or dynamically. One of 

the major concerns of structural Engineers and Applied Mathematicians is to know the load carrying capacity of a 

given elastic material before buckling. Many researchers have worked on dynamic stability of structures by subjecting 

these materials to various loading conditions .We recall that [1] studied the step loading, impulse loading, rectangular 

loading and triangular loading while [2] analyzed the impact of periodic loading on elastic structures. Based on 

researches conducted by many investigators some of which are [1],[2] and others, it has become clear that initial 

imperfections, the loading history (i.e. the nature of the loading), the time duration and the elastic characteristics of 

materials affect the dynamic buckling loads of structures.  To our knowledge, periodic loading with slowly varying 

circular frequency is not commonly discussed in the area of buckling. It is however quite pertinenent to mention that 

the concept of periodic forcing with slowly varying frequency in the time variables was discussed by [4]. In that study, 

the frequency was assumed to have a slow cubic variation with time and was discussed in the context of a weakly 

damped and weakly non-linear excitation involving Duffing’s equation. 

Currently, most studies on dynamic buckling appear to centre on beams, plates, columns, spherical shells and 

cylindrical shells with extensive literatures and the techniques adopted are mostly numerical approach. In view of this, 

mention must be made of [5], who studied the dynamic buckling of thin – walled viscoplastic columns while [6], 

similarly studied some aspects of dynamic buckling of plates under in-plane pulse compression. In the same way, [7], 

studied some important parameters in dynamic buckling analysis of plated structures subjected to impulse loading, [8], 

investigated Asymptotic investigation of the buckling of a cubic-quintic nonlinear elastic model structure stressed by 

static load and a dynamic step load, [9] studied the imperfect Bifurcation with a slowly – vary control parameter while 

[2], studied the buckling of impulsively loaded prismatic cores. Worthy of mentioning are [10], who investigated the 

stability of transverse vibration of rod under longitudinal step wise loading, [11] who investigated advances in shell 

buckling theory and experiments, [2], studied dynamic buckling estimates and [12] who investigated the influence of 

uncertainties on the dynamic buckling loads of structures liable to Asymmetric post buckling behavior. The study of 

buckling behavior of beams and columns was studied by [13], a study on buckling – waves was carried out by [14] 

while [15] dealt on the dynamic buckling of a model structure with quadratic non-linearity struck by a step load 

superposed on Quasi- static load. The investigation into the dynamic effects of lateral buckling of high 

temperature/High pressure offshore pipelines was carried out by [16], while [17] investigated the  dynamic buckling of 

shallow pin-ended arches under a sudden central concentrated load. In the same manner, [18] carried out investigation 

on elastic buckling of steel columns under axial compression, [19] studied elastic buckling of columns with end 

restraint effects, [20] conducted an investigation on analytic approach for exactly determining critical loads of buckling 

of non-uniform columns while [21], investigated the buckling of variables section columns under axial loading. 

The following investigations are equally of relevance in this work : [22] who studied perturbation technique in the 

buckling of some elastic materials struck by a periodic load with slowly varying frequency in which this work is an 

obvious extension by assuming light viscous damping, [23] investigated the dynamics of rods under axial impact, [24] 

embarked on numerical methods for determining strongest cantilever beam with constant volume, [25] studied 

nonlinear stochastic dynamical post buckling analysis of uncertain cylindrical shells, [26] investigated dynamic 

buckling of composite cylindrical shell subjected to axial impulse while [27] conducted a research on numerical and 

experimental stability of buckling of advanced fibre composite cylinders under axial compression.In the same vein, 
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[28] investigated dynamic buckling of an inclined structure, [29] studied the dynamic buckling of thin thermovisplastic 

rectangular plate, [30] researched on the buckling of a clamped viscously damped column trapped by a step load, [39] 

researched on the buckling load of elastic quadratic non-linear structures by an axial impulse while [31] worked on 

analysis of tilt- buckling of Euler columns with varying flexural stiffness using homotopy perturbation method. 

Furthermore, [32] made remarkable contributions to the field on vibration analysis of cracked frame structures, [33] 

conducted research on the comparison of critical buckling load in regression, fuzzy logic and ANN based estimations 

while [34] studied buckling analysis of a beam-column using multilayer perception neural network technique. We note 

that [35] investigated the determination of buckling loads and mode shapes of heavy vertical column under its own 

weights using variational iteration method , [36] carried out a research on buckling of axially loaded castellated steel 

columns while [37] made a contribution on a simple method to determine the critical loads for axially in- homogenous 

beams with elastic restraints, [38] carried out an investigation on the  buckling of Euler columns with a continuous 

elastic restraint via homotopy analysis method,  [39] gave the solution for the problem of a new FEM procedure for 

transverse and longiditunal vibration analysis of thin rectangular plates subjected to a variable velocity moving load 

along an arbitrary trajectory and [40] investigated the asymptotic analysis of an improved quadratic model structure 

subjected to static loading. In the same way, [41] investigated the shape optimization of damaged columns subjected to 

conservative and non-conservative forces, [42] made investigation on maximum load factor corresponding to a slightly 

asymmetric bifurcation point, [43] studied an analytical formulation for local buckling and postbuckling analysis of 

stiffened laminated panels, [44] investigated the optimal design of clamped columns for stability under combined axial 

compression and torsion while [8] studied the asymptotic analysis of  the static buckling of infinitely long and 

harmonically imperfect column lying on quadratic- cubic elastic foundations.  

 

2.0 METHODOLOGY 

The methodology applied in this work is anchored on regular perturbation and asymptotic analysis. The type of 

problem solved automatically demands the use of these methods. The two problems confronted in this work are non- 

linear and so, we cannot determine their exact analytical solutions in a closed form. The formulations in both cases 

have two small mathematically independent parameters in which asymptotic series expansions are used in this work. 

To get a uniformly valid asymptotic solution in each case, we shall apply two-timing regular perturbation techniques in 

the two problems. Expansions are asymptotic and are valid in the limit as the two small parameters become very small 

compared to unity. Usually, in most multi-timing perturbation problems, the use of two timing procedure converts the 

ordinary differential equations in which the problems were originally posed, to partial differential equations. 

In each of these two problems, our initial intention is to get the displacement, and later, the maximum 

displacement,𝜂𝑎.The condition for buckling (i.e. at maximum displacement), as in [2] is 
𝑑𝜆

𝑑𝜂𝑎
= 0                                                                                                  (2.1) 

This is to be evaluated to get the dynamic buckling, 𝜆𝐷. 
The dynamic buckling load𝜆𝐷 is the largest load parameter for the problem to have a bounded solution. 

2.1   FORMULATION OF THE SIMPLE MODEL PROBLEM 

DETERMINATION OF THE DYNAMIC BUCKLING LOAD IN THE CASE OF CUBIC MODEL 

STRUCTURE 
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SIMPLE CUBIC MODEL STRUCTURE 

We consider a simple model in the form of two bars of equal length L which fixed at both ends to the rigid wall as 

shown in the figure 1 above. The bars are subjected to a horizontal load P(T) applied shortly after time T =0. The bar 

must be rigid to avoid deformation when load is applied. A mass M is suspended at the meeting point of the two arms 

of the bars whose movement is regulated by a non-linear (cubic) spring that gives a restoring force Fs per unit length of 

KL (X-bX3), b>0 where K is a spring constant, where X is the additional displacement from the point of     equilibrium. 

Let �̅� be the imperfection parameter   when the two arms of the bars are joined in the horizontal direction. Let Q be the 

tension (force) on the each arm of the bars and θ be the angle between the horizontal direction and each arm of the 

bars. 

We assume that θ must be small relative to unity .Therefore we make the following approximations  

𝑆𝑖𝑛 𝜃 =  
�̅� +  𝑋

𝐿
, sin 𝜃 ≅  𝜃 

∴  𝜃 =  
�̅�+𝑋

𝐿
  (2.2) 

It is to be noted that P(T) on the horizontal axis relates with the tension Q on each arm of the bars. For equilibrium of 

the forces on the axial direction where P(T) acts, we obtain  

𝐶𝑜𝑠 𝜃 =  
𝑃(𝑇)

𝑄
, P(T)  =  Q𝐶𝑜𝑠 𝜃     (2.3a,b) 

For equilibrium of forces in the vertical direction, where mass M acts, we have  

𝐹𝑦 = 2𝑄 𝑆𝑖𝑛𝜃                                                                                          (2.4) 

The restoring force of the spring is, 

𝐹𝑠 = 𝐾𝐿 (
𝑋

𝐿
− 𝑏 (

𝑋

𝐿
)

3

)                                                                                                           (2.5) 

The net vertical force is, 

F = Fy – Fs (2.6) 

According to Newton’s law of motion  

𝐹 = 𝑀𝑎 =
𝑀

𝐿

𝑑2 𝑋

𝑑𝑇2  (2.7a) 

𝑤ℎ𝑒𝑟𝑒 𝑎 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛, hence, (3.7a) becomes,  
𝑀

𝐿

𝑑2 𝑋

𝑑𝑇2 = 𝐹                                                                                         (2.7b) 

Substituting (2.4), (2.5) in (2.6), gives,  

𝐹 = 2𝑄𝑆𝑖𝑛𝜃 − 𝐾𝐿 (
𝑋

𝐿
− 𝑏 (

𝑋

𝐿
)

3
) (2.8) 

Hence, substituting (2.8) in (2.7b), gives,  
𝑀

𝐿

𝑑2𝑋

𝑑𝑇2 = 2𝑄𝑆𝑖𝑛𝜃 − 𝐾𝐿 (
𝑋

𝐿
− 𝑏 (

𝑋

𝐿
)

3
)                                                                        (2.9) 

Then, (2.3b), becomes, 

𝑃(𝑇) =  𝑄  (2.10) 

Substituting (2.2) and (2.10) in (2.9), gives  

𝑀

𝐿

𝑑2 𝑋

𝑑𝑇2
= 2𝑃(𝑇) (

�̅� + 𝑋

𝐿
) −  𝐾𝐿 (

𝑋

𝐿
− 𝑏 (

𝑋

𝐿
)

3

) = 2𝑃(𝑇)
�̅�

𝐿
+ 2𝑃(𝑇)

𝑋

𝐿
− 𝐾𝐿

𝑋

𝐿
+ 𝑏𝐾𝐿 (

𝑋

𝐿
)

3

 

= 2𝑃(𝑇)
�̅�

𝐿
+  𝐾𝐿

𝑋

𝐿
(

2𝑃(𝑇)

𝐾𝐿2
− 1) +  𝑏𝐾𝐿 (

𝑋

𝐿
)

3

                                                             (2.11) 

𝐹𝑟𝑜𝑚 (2.11), 𝑤𝑒 𝑚𝑎𝑘𝑒 2𝑃(𝑇)
�̅�

𝐿
 𝑡ℎ𝑒 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑎𝑛𝑑 𝑔𝑒𝑡 

𝑀

𝐿

𝑑2𝑋

𝑑𝑇2
+ 𝐾𝐿 (1 −

2𝑃(𝑇)

𝐾𝐿2
)

𝑋

𝐿
− 𝑏𝐾𝐿 (

𝑋

𝐿
)

3

=
2𝑃(𝑇)�̅�

𝐿
                                                                               (2.12) 

 Now it is pertinent to introduce the following non-linear dimensional equations,  

𝜂 =
𝑋

𝐿
;  𝜖 =

�̅�

𝐿
; 𝑡 = 𝑇√

𝐾𝐿

𝑀
,   0 < 𝜖 ≪ 1                                                 (2.13) 

 Let, 
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2𝑃(𝑇) =  
2𝑃(𝑇)𝑃(0)

𝑃(0)
= 2𝑓(𝑡)𝑃(0)(2.14) 

where, 

𝑓(𝑡) =  
𝑃(𝑇)

𝑃(0)
;  𝜆 =

2𝑃(0)

𝐾𝐿2
; 𝑃(0) ≠ 0                                                                                           (2.15) 

Substituting (2.13), (2.14) and (2.15) in (2.12), the results gives 

𝑀 (
𝐾𝐿2

𝑀
)

𝑑2 𝜂

𝑑𝑡2
+ 𝐾𝐿 (1 −

2𝑓(𝑡)𝑃(0)

𝐾𝐿2 ) 𝜂 − 𝐾𝐿𝑏(𝜂)3 = 2𝜖𝑓(𝑡)𝑃(0) 

This implies that, 

𝐾𝐿2
𝑑2𝜂

𝑑𝑡2
+ 𝐾𝐿2 (1 −

2𝑓(𝑡)𝑃(0)

𝐾𝐿2 ) 𝜂 − 𝐾𝑏𝐿2𝜂3 = 2𝜖𝑓(𝑡)𝑃(0)                                   (2.16) 

After simplifying (2.16) using (2.13)-(2.15), (2.16) becomes, 

𝑑2𝜂

𝑑𝑡2
+  (1 − 𝜆𝑓(𝑡))𝜂 − 𝑏𝜂3 = 𝜆𝜖𝑓(𝑡); 𝑡 > 0                                                             (2.17𝑎) 

𝜂(0) =
𝑑𝜂(0)

𝑑𝑡
                                                                                                                   (2.17𝑏) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛(2.17𝑎) 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑜𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡𝑦𝑝𝑒𝑠 𝑜𝑓 𝑙𝑜𝑎𝑑𝑖𝑛𝑔𝜆𝑓(𝑡). It was first derived by [2] 

For our work, 𝜆𝑓(𝑡) is periodic load with slowly varying frequency with amplitude 𝜆. We let,   
𝑓(𝑡) = 𝐶𝑜𝑠 (𝜔(𝛿𝑡)); 0 < 𝑡 <  ∞; 0 < 𝛿 ≪ 1                                                                               (2.18) 

𝑤ℎ𝑒𝑟𝑒 𝜔(𝛿𝑡)𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑠𝑙𝑜𝑤𝑙𝑦 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  
𝑤𝑖𝑡ℎ 𝑟𝑖𝑔ℎ𝑡 ℎ𝑎𝑛𝑑 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 𝑜𝑓 𝑎𝑙𝑙 𝑜𝑟𝑑𝑒𝑟𝑠 𝑎𝑡 𝑡 = 0 𝑎𝑛𝑑 𝑖𝑠 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  
𝜔(0) = 0;  |𝜔(𝛿𝑡)| ≪ 1; 0 < 𝛿 << 1. 
Then, the relevant equation of motion (2.17a), which is here adjusted to include a light viscous damping now becomes 

𝑑2𝜂

𝑑𝑡2
+ 2𝛿

𝑑𝜂

𝑑𝑡
+ (1 − 𝜆cos (𝑤(𝛿𝑡))𝜂 − 𝑏𝜂3 = 𝜆𝜖 cos(𝑤(𝛿𝑡))                              (2.19𝑎) 

where b is the imperfection - sensitivity parameter and 2𝛿
𝑑𝜂 

𝑑𝑡
 is the damping term with coefficient 2𝛿.The damping is 

said to be light because of the coefficient 2𝛿 is such that 0 < 𝛿 << 1. 
We now let, 

𝜏 = 𝛿𝑡                                                       (2.19b) 

∴ 𝜔 = 𝜔(𝛿𝑡) =  𝜔(𝜏)(2.20𝑎) 

The general equation (2.19a) forms a second order non-linear, non-homogenous differential equation with slowly 

varying time-dependent and periodic co-efficient where 𝜏 is a slow time scale and  𝛿 is small compared to unity . 

Here,𝜆 𝑖𝑠 𝑙𝑜𝑎𝑑 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟, 𝑓𝑜𝑟 0 < 𝜆 < 1, 𝜂 𝑖𝑠𝑡ℎ𝑒 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛(𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡)  
Now, we let, 
𝑑�̃�

𝑑𝑡
= [1 − 𝜆cos (𝜔(𝛿𝑡))]

1
2⁄  = [1 − 𝜆cos (ω(𝜏))]

1
2⁄ (2.20𝑏) 

�̂� = �̃� +
1

𝛿
{∑ 𝜇𝑖(𝜏)𝜖𝑖

𝑛

𝑖=1

}  = �̃� +
1

𝛿
[𝜇1(𝜏)𝜖 + 𝜇2(𝜏)𝜖2 + ⋯ ]                             (2.20𝑐) 

𝑤ℎ𝑒𝑟𝑒, 
𝜇𝑖(0) = 0; 𝑖 = 1,2,3, … 

Therefore, we have, 

𝑑𝜂

𝑑𝑡
=

𝜕𝜂

𝜕�̂�

𝜕�̂�

𝜕�̃�

𝜕�̃�

𝜕𝑡
+

𝜕𝜂

𝜕�̂�

𝜕�̂�

𝜕𝜏

𝑑𝜏

𝑑𝑡
+

𝜕𝜂

𝜕𝜏

𝑑𝜏

𝑑𝑡
                                                                                    (2.21𝑎) 

We note that, 

𝜕𝜂

𝜕�̂�
= 𝜂,�̂�    ;  

𝜕�̂�

𝜕�̃�
= 1; 

𝜕𝜂

𝜕𝜏
= 𝜂,𝜏  ;  

𝑑𝜏

𝑑𝑡
= 𝛿 

𝜕�̂�

𝜕𝜏
=

1

𝛿
(𝜇1

′  𝜖 +  𝜇2
′ 𝜖2 +  𝜇3

′ 𝜖3 + ⋯ )                                                                       (2.21𝑏) 

 Here a subscript following a comma indicates partial differentiation and 
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𝑑(… )

𝑑𝜏
= (… )′ 

Substituting (2.21b) in (2.21a), we obtain,  
 𝑑𝜂

𝑑𝑡
= (1 − 𝜆 cos(𝜔(𝜏))

1
2 ⁄ 𝜂,�̂�+

1

𝛿
(𝜇,

′𝜖 + 𝜇2 
′ 𝜖2 + 𝜇3

′ 𝜖3 + ⋯ )𝛿𝜂,�̂�+ 𝛿𝜂,𝜏 

= (1 − 𝜆cos (𝜔(𝜏))
1

2⁄  𝜂,�̂�+ (𝜇1
′ 𝜖 + 𝜇2

′ 𝜖2 + 𝜇3
′ 𝜖3 + ⋯ )𝜂,�̂�  + 𝛿𝜂,𝜏                   (2.21𝑐) 

𝐻𝑒𝑛𝑐𝑒 𝑓𝑜𝑟𝑡ℎ, 𝑤𝑒 𝑠ℎ𝑎𝑙𝑙 𝑤𝑟𝑖𝑡𝑒 cos(𝜔(𝜏)) 𝑠𝑖𝑚𝑝𝑙𝑦 𝑎𝑠 cos(𝜔) 

Then, it follows that, 

𝑑2𝜂

𝑑𝑡2
= (1 − 𝜆 cos(𝜔))𝜂,�̂��̂�+ 2(1 − 𝜆 cos(𝜔))

1
2⁄ (𝜇1

′ 𝜖 +  𝜇2
′ 𝜖2 + ⋯ )𝜂,�̂��̂� 

+ (𝜇1
′ 𝜖 + 𝜇2

′ 𝜖2 + ⋯ )2𝜂,�̂��̂�+ 2𝛿(1 − 𝜆cos (𝜔))
1

2⁄ 𝜂,�̂�𝜏+ 2𝛿(𝜇1
′ 𝜖 + 𝜇2

′ 𝜖2 + 𝜇3
′ 𝜖3 + ⋯ )𝜂,�̂�𝜏 

+
𝛿𝜆𝜔′ sin(𝜔)

2(1 − 𝜆 cos(𝜔))
1

2⁄
𝜂, �̂� + 𝛿2𝜂,𝜏𝜏+ (𝜇1

" 𝜖 + 𝜇2
" 𝜖2 + 𝜇3

" 𝜖3 + ⋯ )𝜂,�̂�                            (2.22𝑎) 

𝐼𝑡 𝑖𝑠 𝑡𝑜 𝑏𝑒 𝑟𝑒𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑟𝑒𝑙𝑒𝑣𝑎𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠, 
𝑑2𝜂

𝑑𝑡2
+ 2𝛿

𝑑𝜂

𝑑𝑡
+ (1 − 𝜆cos (𝜔))𝜂 − 𝑏𝜂3 = 𝜆𝜖 cos(𝜔)                                                            (2.22𝑏) 

Substituting (2.21c) and (2.22a) in (2.22b), leads to, 

[(1 − 𝜆cos (𝜔))𝜂,�̂��̂�+ 2(1 − 𝜆cos (𝜔))
1

2⁄ (𝜇1
′ 𝜖 + 𝜇2

′ 𝜖2 + 𝜇3
′ 𝜖3 + ⋯ )𝜂,�̂��̂� 

+(𝜇1
′ 𝜖 + 𝜇2

′ 𝜖2 + 𝜇3
′ 𝜖3 + ⋯ )2𝜂,�̂��̂�+ 2𝛿(1 − 𝜆 cos(𝜔))

1
2⁄ 𝜂,�̂�𝜏 + 2𝛿(𝜇1

′ 𝜖 + 𝜇2
′ 𝜖2 

+𝜇3
′ 𝜖3 + ⋯ )𝜂,�̂�𝜏+

𝜆𝛿𝜔′ sin(𝜔)

2(1 − 𝜆 cos(𝜔))
1

2⁄
𝜂,�̂� +𝛿2𝜂,𝜏𝜏+ (𝜇1

" 𝜖 + 𝜇2
" 𝜖2 + 𝜇3

" 𝜖3 + ⋯ )𝜂,�̂� ] 

+2𝛿 [(1 − 𝜆 cos(𝜔))
1

2⁄ 𝜂,�̂�+ (𝜇1
′ 𝜖 + 𝜇2

′ 𝜖2 + 𝜇3
′ 𝜖3 + ⋯ )𝜂,�̂�+ 𝛿𝜂,𝜏 ] 

+(1 − 𝜆 cos(𝜔))𝜂 − 𝑏𝜂3 = 𝜆𝜖 cos(𝜔)(2.23) 

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 (2.23) 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑏𝑦 (1 − 𝜆 cos(𝜔)) 𝑔𝑖𝑣𝑒𝑠, 

[𝜂,�̂��̂�+
2

1 − 𝜆cos (𝜔)
1

2⁄
(𝜇1

′ 𝜖 + 𝜇2
′ 𝜖2 + 𝜇3

′ 𝜖3 + ⋯ )𝜂,�̂��̂�+
1

(1 − 𝜆cos (𝜔))
(𝜇1

′ 𝜖 + 𝜇2
′ 𝜖2 + 𝜇3

′ 𝜖3 + ⋯ )𝜂,�̂��̂� 

+
2𝛿

(1 − 𝜆 cos(𝜔))
1

2⁄
𝜂,�̂�𝜏+

2𝛿

(1 − 𝜆cos (𝜔))
(𝜇1

′ 𝜖 + 𝜇2
′ 𝜖2 + 𝜇3

′ 𝜖3 + ⋯ )𝜂,�̂�𝜏 

+
𝜆𝛿𝜔′ sin(𝜔) 𝜂,�̂�

2(1 − 𝜆cos (𝜔))
3

2⁄
+

𝛿2

(1 − 𝜆cos (𝜔))
𝜂,𝜏𝜏+

1

(1 − 𝜆cos (𝜔))
(𝜇1

" 𝜖 + 𝜇2
" 𝜖2 + 𝜇3

" 𝜖3 + ⋯ )𝜂,�̂� ] 

+ [
2𝛿

(1 − 𝜆 cos(𝜔))
1

2⁄
𝜂,�̂�+

2𝛿

(1 − 𝜆 cos(𝜔))
(𝜇1

′ 𝜖 + 𝜇2
′ 𝜖2 + 𝜇3

′ 𝜖3 + ⋯ )𝜂,�̂�+
2𝛿2

(1 − 𝜆 cos(𝜔))
𝜂,𝜏 ] 

+𝜂 −
𝑏

(1 − 𝜆cos (𝜔))
𝜂3 =

𝜆𝜖cos (𝜔)

(1 − 𝜆cos (𝜔))
                                                                                (2.24) 

𝑁𝑜𝑤 𝑖𝑡 𝑖𝑠 𝑝𝑒𝑟𝑡𝑖𝑛𝑒𝑛𝑡 𝑡𝑜 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠 

𝜂(�̂�, 𝜏) =  ∑ ∑ 𝜂𝑖𝑗

∞

𝑗=0

(�̂�, 𝜏)

∞

𝑖=1

𝜖𝑖𝛿𝑗(2.25) 

Where ij on 𝜂𝑖𝑗 indicates superscript but not powers 

𝑂𝑛 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛, (2.25) 𝑙𝑒𝑎𝑑𝑠 𝑡𝑜, 
𝜂(�̂�, 𝜏) = 𝜖 (𝜂10 + 𝛿𝜂11 + 𝛿2𝜂12 + ⋯ ) +  𝜖2(𝜂20 + 𝛿𝜂21 + 𝛿2𝜂22 + ⋯ ) 

+ 𝜖3(𝜂30 + 𝛿𝜂31 + 𝛿2𝜂32 + ⋯ ) + ⋯                                                                     (2.25) 

Equating equations of orders (𝜖𝑖𝛿𝑗) 𝑖𝑛 (2.24) 𝑢𝑠𝑖𝑛𝑔 (2.25) 𝑎𝑛𝑑 (2.26), gives the following equations, 

𝑂(𝜖): 𝜂,�̂��̂�
10 +  𝜂10 =  

𝜆 cos (𝜔)

1 − 𝜆cos (𝜔)
                                                                                      (2.27𝑎) 
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𝑂(𝜖𝛿): 𝜂,�̂��̂�
11 + 𝜂11 =

−2𝜂,�̂��̂�
10

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜂,�̂��̂�
10

(1 − 𝜆cos (𝜔))
1

2⁄
−

𝜆𝜔′sin (𝜔)𝜂,�̂�
10

2(1 − 𝜆cos (𝜔))
3

2⁄
                  (2.27𝑏) 

𝑂(𝜖𝛿2): 𝜂,�̂��̂�
12 + 𝜂12

=
−2𝜂,𝜏

10

(1 − 𝜆cos (𝜔))
1

2⁄
−

𝜂.𝜏𝜏
10

(1 − 𝜆cos (𝜔))

−2𝜂,�̂�𝜏
11

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜂,�̂�
11

(1 − 𝜆cos (𝜔))
1

2⁄

−
𝜆𝜔′sin (𝜔)𝜂,�̂�

11

2(1 − 𝜆cos (𝜔))
3

2⁄
                                                                                                                 (2.27𝑐) 

𝑂(𝜖3): 𝜂′�̂��̂�
30 + 𝜂30 =  

𝑏(𝜂10)
3

(1−𝜆cos (𝜔))
−

2𝜇2
′ 𝜂,�̂��̂�

10

(1−𝜆cos 𝜔))
                                       (2.27d) 

𝑂(𝜖3𝛿): 𝜂,�̂��̂�
31 + 𝜂31 =  

3𝑏(𝜂10)2𝜂11

(1 − 𝜆 cos(𝜔))
−

2𝜇2
′ 𝜂,�̂��̂�

11

(1 − 𝜆 cos(𝜔))
1

2⁄
−

2𝜇2
′ 𝜂,�̂�

30

(1 − 𝜆 cos(𝜔))
1

2⁄
−

2𝜂,�̂�𝜏
30

(1 − 𝜆 cos(𝜔))
1

2⁄
 

−
2𝜇2

′ 𝜂,�̂�𝜏
10

(1 − 𝜆cos (𝜔))
  −

2𝜇2
′ 𝜂,�̂�

10

(1 − 𝜆cos (𝜔))
−

𝜇2
" 𝜂,�̂�

11

(1 − 𝜆cos (𝜔))
−

𝜆𝜔′sin (𝜔)𝜂,�̂�
30

2(1 − 𝜆cos (𝜔))
3

2⁄
                 (2.27𝑒) 

𝑂(𝜖3𝛿2): 𝜂,�̂��̂�
32+ 𝜂32 =

3𝑏

(1 − 𝜆 cos(𝜔))
{𝜂10(𝜂11)2 + (𝜂10)2𝜂12} −

2𝜇2
′ 𝜂,�̂��̂�

12

(1 − 𝜆 cos(𝜔))
1

2⁄
 

−
2𝜂,�̂�𝜏

31

(1 − 𝜆 cos(𝜔))
1

2⁄
−

𝜂,�̂�
31

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
1𝜂,�̂�𝜏

11

(1 − 𝜆cos (𝜔))
−

2𝜇2
1𝜂,�̂�

11

(1 − 𝜆cos (𝜔))
−

𝜂2
11𝜂,�̂�

11

(1 − 𝜆cos (𝜔))
 

− 
2𝜂,𝜏

30

(1 − 𝜆cos (𝜔))
−

𝜂,𝜏𝜏
30

(1 − 𝜆cos (𝜔))
   −

𝜆𝜔′sin (𝜔)𝜂,�̂�
31

2(1 − 𝜆cos (𝜔))
3

2⁄
                                                         (2.27𝑓) 

The initial conditions are, 

𝜂(0) =  
𝑑𝜂(0)

𝑑𝑡
=       0                                                                                                                             (2.28𝑎) 

However, realizing the fact that, 
𝑑𝜂

𝑑𝑡
= (1 − 𝜆cos (𝜔))

1
2⁄ 𝜂,�̂� + (𝜇2

′ (𝜏)𝜖2 + 𝜇3
′ (𝜏)𝜖3 + ⋯ )𝜂,�̂� +  𝛿𝜂,𝜏                                              (2.28𝑏) 

𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 
𝑑𝜂

𝑑𝑡
= 0 𝑖𝑛 (2.28𝑏) 𝑏𝑒𝑐𝑜𝑚𝑒𝑠, 

𝜂,�̂� + (1 − 𝜆 cos(𝜔))
−1

2⁄ {𝜇2
′ 𝜖2 +  𝜇3

′ 𝜖3 + ⋯ }𝜂,�̂� + 𝛿(1 − 𝜆 cos(𝜔))
−1

2 ⁄ 𝜂,𝜏  = 0                 (2.29) 

𝑇𝑎𝑘𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, (2.29) 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑡𝑜 

𝜂,�̂� (0,0) + (1 − 𝜆)
−1

2⁄ {𝜇2
′ 𝜖2 + 𝜇3

′ 𝜖3 + ⋯ }𝜂,�̂� (0,0) + 𝛿(1 − 𝜆)
−1

2 ⁄ 𝜂,𝜏 (0,0) = 0               (2.30)  

Other initial conditions in orders of (𝜖𝑖𝛿𝑗) are, 

𝜂𝑖𝑗(0,0) = 0 ∀ 𝑖, 𝑗                                                                                                                  (2.31𝑎) 

𝑂(𝜖): 𝜂10(0,0) =  𝜂,�̂�
10(0,0) = 0                                                                                          (2.31𝑏) 

𝑂(𝜖𝛿): 𝜂,�̂�
11(0,0) + (1 − 𝜆)

−1
2⁄ 𝜂,𝜏

10 = 0                                                                                            (2.31𝑐) 

𝑂(𝜖𝛿2): 𝜂,�̂�
12(0,0) + (1 − 𝜆)

−1
2⁄ 𝜂,𝜏

11 = 0                                                                                         (2.31𝑑) 

𝑂(𝜖3): 𝜂,�̂�
30(0,0) +  (1 − 𝜆)

−1
2⁄ 𝜇2

′ (0)𝜂,�̂�
10 = 0                                                              (2.31𝑒) 

𝑂(𝜖3𝛿): 𝜂,�̂�
31(0,0) +  (1 − 𝜆)

−1
2⁄ {𝜇2

′ (0)𝜂,�̂�
11(0,0) +  𝜂,𝜏

30(0,0)} = 0                      (2.31𝑓) 

𝑂(𝜖3𝛿2): 𝜂,�̂�
32(0,0) + (1 − 𝜆)

−1
2⁄ {𝜇2

′ (0)𝜂,�̂�
12(0,0) +  𝜂,𝜏

31 (0,0)} = 0                     (2.31𝑔) 

3.1Solution of the equations of orders 𝜼𝒊𝒋 𝒐𝒇 𝒕𝒉𝒆 𝑴𝒐𝒅𝒆𝒍 𝑷𝒓𝒐𝒃𝒍𝒆𝒎 

𝐹𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (2.27𝑎), 𝑤𝑒 ℎ𝑎𝑣𝑒 

𝜂,�̂��̂�
10 +  𝜂10 =

𝜆cos (𝜔)

(1 − 𝜆cos (𝜔))
 

𝑤𝑖𝑡ℎ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 (2.31𝑎)𝑎𝑛𝑑                                                                            (2.31𝑏) 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 (2.27𝑎), results to, 
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𝜂10(�̂�, 𝜏) = 𝑎10(𝜏)𝑐𝑜𝑠�̂� + 𝑏10(𝜏)𝑠𝑖𝑛�̂� + 𝐵(𝜏)                                                             (3.1𝑎) 

where, 

𝐵(𝜏) =
𝜆cos (𝜔)

(1−𝜆cos (𝜔))
                                                                                                (3.1b) 

𝑼𝒔𝒊𝒏𝒈𝒕𝒉𝒆𝒊𝒏𝒊𝒕𝒊𝒂𝒍𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔(𝟐. 𝟑𝟏𝒂, 𝒃)𝒊𝒏(𝟐. 𝟑𝟐), 𝒈𝒊𝒗𝒆𝒔 

𝜂10(0,0) = 𝑎10(0) +  𝐵(0) = 0 

∴ 𝑎10(0) = −𝐵(0) = −
𝜆

1 − 𝜆
 

𝐹𝑟𝑜𝑚(2.31𝑏), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡, 

𝜂,�̂�
10(0,0) = 𝑏10(0) = 0 

∴ 𝑏10(0) = 0 

𝑁𝑒𝑥𝑡, 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 (2.27𝑏), 𝑔𝑖𝑣𝑒𝑠, 

𝜂,�̂��̂�
11 + 𝜂11 =

−2

(1 − 𝜆 cos(𝜔))
1

2⁄
{𝜂,�̂�𝜏

10 +  𝜂,�̂�
10} −

𝜆𝜔′ sin(𝜔) 𝜂,�̂�
10

2(1 − 𝜆cos (𝜔))
3

2⁄
(3.2𝑎) 

𝑤𝑖𝑡ℎ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, 

𝜂11(0,0) = 0, 𝜂,�̂�
11(0,0) + (1 − 𝜆)

−1
2⁄ 𝜂,𝜏 (0,0) = 0. 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝜂,�̂�
10 𝑎𝑛𝑑 𝜂,�̂�𝜏

10  𝑖𝑛 (2.2𝑎), 𝑔𝑖𝑣𝑒𝑠, 

𝜂,�̂��̂�
11 + 𝜂11 =  {

2(𝑎10
′ +𝑎10)

(1−𝜆 cos(𝜔))
1

2⁄
+

𝑎10𝜆𝜔′ sin(𝜔)

2(1−𝜆 cos(𝜔))
3

2⁄
} 𝑠𝑖𝑛�̂� − {

2(𝑏10
′ +𝑏10)

(1−𝜆 cos(𝜔))
1

2⁄
+

2(𝑏10
′ +𝑏10)

(1−𝜆 cos(𝜔))
1

2⁄
} 𝑐𝑜𝑠�̂� (3.2𝑏) 

To ensure a uniformly valid asymptotic solution in �̂�, it is necessary to equate to zero the coefficients of 

𝑠𝑖𝑛�̂� 𝑎𝑛𝑑 𝑐𝑜𝑠𝑡 �̂� respectively in (3.2b). 

Thus, it follows from the coefficients of 𝑠𝑖𝑛�̂�, that, 
2(𝑎10

′ + 𝑎10)

(1 − 𝜆cos (𝜔))
1

2⁄
+ 

𝑎10𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
=  0                                                                                                 (3.2𝑐) 

𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑐𝑜𝑠�̂�, 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑖𝑠 
2(𝑏10

′ + 𝑏10)

(1 − 𝜆cos (𝜔))
1

2⁄
+

𝑏10𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝑤))
3

2⁄
 = 0                                                                                                 (3.2𝑑) 

Solving (3.2c), gives, 
𝑎10

′

𝑎10
+

𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
= −1                                                                                                                   (3.2𝑒) 

𝑁𝑜𝑤 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠(4.23𝑒) 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝜏, 𝑔𝑖𝑣𝑒𝑠  

𝐼𝑛𝑎10 + 1
4⁄ 𝐼𝑛(1 − 𝜆 cos(𝜔)) = −𝜏 + 𝐶1 

where𝐶1 is an arbitrary constant. 

𝑖. 𝑒    𝐼𝑛𝑎10(1 − 𝜆cos (𝜔))
1

4⁄ = −𝜏 + 𝐶1, ∴ 𝑎10(1 − 𝜆cos (𝜔))
1

4⁄ = 𝑒−𝜏+𝑐1 

𝑎10(1 − 𝜆 cos(𝜔))
1

4⁄ = 𝐴𝑜𝑒−𝜏 , ∴ 𝑎10(𝜏) =
𝐴0𝑒−𝜏

(1−𝜆 cos(𝜔))
1

4⁄
, 𝑤ℎ𝑒𝑟𝑒 𝐴𝑜 = 𝑒𝑐1(constant) 

𝑎10(0)(1 − 𝜆)
1

4⁄ = 𝐴0 = −𝐵(0)(1 − 𝜆)
1

4⁄ , ∴ 𝑎10(𝜏) = −𝐵(0)𝑒−𝜏 [
1−𝜆

(1−𝜆cos (𝜔))
]

1
4⁄

 

Similarly, solving (3.2d), gives, 
𝑏10

′

𝑏10

+  
𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
= −1                                                                                                                         (3.2𝑓) 

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (3.2𝑓)𝑤. 𝑟. 𝑡 𝜏, 𝑔𝑖𝑣𝑒𝑠, 

𝐼𝑛𝑏10 +
1

4
𝐼𝑛(1 − 𝜆 cos(𝜔)) = −𝜏 + 𝐶2 

where𝐶2 is an arbitrary constant. 

𝑖. 𝑒    𝐼𝑛𝑏10(1 − 𝜆cos (𝜔))
1

4⁄ = −𝜏 + 𝐶2and𝑏10(𝜏)(1 − 𝜆cos (𝜔))
1

4 ⁄ = 𝑒−𝜏+𝑐2 = 𝐴1𝑒−𝜏 

𝑤ℎ𝑒𝑟𝑒 𝐴1 = 𝑒𝑐2and for 𝜏 = 0 

𝑏10(0)(1 − 𝜆)
1

4⁄ = 𝐴1 = 0 𝑎𝑛𝑑 𝑏10(𝜏) = 0 
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𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑏10(𝜏)𝑖𝑛 (3.1), 𝑔𝑖𝑣𝑒𝑠  

𝜂10(�̂�, 𝜏) = 𝑎10(𝜏) cos �̂� + 𝐵(𝜏)                                                                                                 (3.3) 

𝐹𝑢𝑟𝑡ℎ𝑒𝑟𝑚𝑜𝑟𝑒, 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3.2𝑏) 𝑔𝑖𝑣𝑒𝑠 

𝜂11(�̂�, 𝜏) = 𝑎11(𝜏)𝑐𝑜𝑠𝑡 �̂� +  𝑏10(𝜏)𝑠𝑖𝑛�̂�                                                                                   (3.4𝑎) 

𝑇ℎ𝑒𝑛, 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 (2.31𝑏), 𝑔𝑖𝑣𝑒𝑠 

𝜂11(0,0) = 𝑎11(0) = 0, ∴ 𝑎11(0) = 0 

𝐹𝑟𝑜𝑚 𝜂,�̂�
11 (0,0) = 𝑏11(0) = 0, thus, 𝑏11(0) = 0 

 𝑁𝑜𝑤 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 (2.27𝑐), 𝑔𝑖𝑣𝑒𝑠 

𝜂,�̂��̂�
12+ 𝜂12 =

−2

(1 − 𝜆 cos(𝜔))
1

2⁄
{𝜂,�̂�𝜏

11+  𝜂,�̂�
11 }     −

1

(1 − 𝜆cos (𝜔))
1

2⁄
{𝜂,𝜏𝜏

10+  2𝜂𝜏
10}   −

𝜆𝜔′ sin(𝜔) 𝜂,�̂�
11

2(1 − 𝜆cos (𝜔))
3

2⁄
(3.4𝑏) 

with the initial conditions 

𝜂12(0,0) = 0 𝑎𝑛𝑑 𝜂,�̂�
12 (0,0) + (1 − 𝜆)

−1
2⁄  𝜂,𝜏

11 𝜏(0,0) = 0                          (3.4c) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝜂,�̂�
11 , 𝜂,�̂�𝜏

11 , 𝜂,𝜏
10  𝑎𝑛𝑑 𝜂,𝜏𝜏

10  𝑖𝑛 (2.27𝑐), 𝑔𝑖𝑣𝑒𝑠 

𝜂,�̂��̂�
12 + 𝜂12 = {

2(𝑎11
′ + 𝑎11)

(1 − 𝜆 cos(𝜔))
1

2⁄
+

𝑎11𝜆𝜔′ sin(𝜔)

2(1 − 𝜆 cos(𝜔))
3

2⁄
−

(𝑏10
" + 2𝑏10

′ )

(1 − 𝜆 cos(𝜔))}  𝑠𝑖𝑛�̂� 

− {2 (
𝑏11

′ + 𝑏11

(1 − 𝜆cos (𝜔))1/2
+

𝑏11𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))3/2
−

(𝑎10
" + 2𝑎10

′ )

(1 − 𝜆cos (𝜔))
)} 𝑐𝑜𝑠�̂�   −

(𝐵"(𝜏) + 2𝐵′(𝜏))

(1 − 𝜆cos (𝜔))
                 (3.5𝑎) 

𝑇𝑜 𝑒𝑛𝑠𝑢𝑟𝑒 𝑎 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑣𝑎𝑙𝑖𝑑 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑛 �̂�, 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑒𝑞𝑢𝑎𝑡𝑒 𝑡𝑜 𝑧𝑒𝑟𝑜 

 𝑡ℎ𝑒  𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓  𝑠𝑖𝑛�̂� 𝑎𝑛𝑑 𝑐𝑜𝑠𝑡 �̂� 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝑖𝑛 (3.5𝑎) . 

𝑇ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑠𝑖𝑛�̂�, 𝑔𝑖𝑣𝑒𝑠 

2(𝑎11
′ + 𝑎11)

(1 − 𝜆cos (𝜔))
1

2⁄
+

𝑎11𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
−

(𝑏10
" + 2𝑏1𝑜′)

(1 − 𝜆cos (𝜔))
= 0                                        (3.5𝑏) 

 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑐𝑜𝑠�̂�, 𝑡ℎ𝑒 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑔𝑖𝑣𝑒𝑠 

2(𝑏11
′ + 𝑏11)

(1 − 𝜆cos (𝜔))
1

2⁄
+

𝑏11𝜆𝜔1sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
−

(𝑎10
" + 2𝑎10

′ )

(1 − 𝜆cos (𝜔))
= 0                                        (3.5𝑐) 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3.5𝑏), 𝑔𝑖𝑣𝑒𝑠  
2(𝑎11

′ + 𝑎11)

(1 − 𝜆cos (𝜔))
1

2⁄
+

𝑎11𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
= 0                                                                (3.5𝑑) 

𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑏10(𝜏) = 0, 𝑡ℎ𝑒𝑛, 𝑏10
′ = 𝑏10

′′ = 0 

𝑖. 𝑒    
𝑎11

′

𝑎11
+

𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
= −1                                                                                    (3.5𝑒) 

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (3.5𝑑)𝜔. 𝑟. 𝑡. 𝜏, 𝑔𝑖𝑣𝑒𝑠 

𝐼𝑛𝑎11 +
1

4
𝐼𝑛(1 − 𝜆cos (𝜔)) = −𝜏 + 𝐶3 

Where 𝐶3 is an arbitrary constant. 

𝑖. 𝑒      𝐼𝑛𝑎11(1 − 𝜆cos (𝜔))
1

4⁄ = −𝜏 + 𝐶3 

𝑎11(𝜏)(1 − 𝜆 cos(𝜔))
1

4⁄ = 𝑒−𝜏+𝐶3 = 𝐴3𝑒−𝜏(𝑤ℎ𝑒𝑟𝑒 𝐴3 = 𝑒𝐶3) 

𝑎11(0)(1 − 𝜆)
1

4⁄ = 𝐴3 = 0, ∴ 𝑎11(𝜏) = 0 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 (3.5𝑐), 𝑔𝑖𝑣𝑒𝑠 

2(𝑏11
′ + 𝑏11)

(1 − 𝜆cos (𝜔))
1

2⁄
+

𝑏11𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
=

(𝑎10
" + 2𝑎10)

(1 − 𝜆cos (𝜔))
                                                  (3.5𝑓) 

𝑖. 𝑒 𝑏11
′ + 𝑏11 {1 +

𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
}  =

(𝑎10
" + 2𝑎10)

2(1 − 𝜆cos (𝜔))
                                                     (3.5𝑔) 
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𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (3.5𝑔) 𝑔𝑖𝑣𝑒𝑠, 

𝑏11(𝜏) 𝑒𝜏(1 − 𝜆cos (𝜔))
1

4⁄ = [∫
𝑒𝑠(𝑎10

" + 2𝑎10
′ )𝑑𝑠

2(1 − 𝜆cos (𝜔))
1

4⁄
+ 𝐶4

𝜏

0

] (3.5𝐼) 

𝑏11(0) = (1 − 𝜆)
−1

4⁄ [0 + 𝐶4] = 𝐶4(1 − 𝜆)
−1

4⁄ = 0, 𝜏 = 0, ∴ 𝐶4 = 0 

𝐻𝑒𝑛𝑐𝑒, 

𝑏11(𝜏) = 𝑒−𝜏(1 − 𝜆 cos(𝜔))
−1

4⁄ [∫
𝑒𝑠(𝑎10

" + 2𝑎10
′ )𝑑𝑠

2(1 − 𝜆cos (𝜔))
1

2⁄

𝜏

0

] 

∴ 𝜂11(�̂�, 𝜏) = 𝑏11
(𝜏)𝑠𝑖𝑛�̂�; (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑎11

(𝜏) = 0 )                                                  (3.6) 

There remaining part of equation (3.5a) is 

𝜂,�̂��̂�
12 + 𝜂12 = − (

𝐵"(𝜏) + 2𝐵′(𝜏)

(1 − 𝜆𝑐𝑜𝑠(𝜔))
)                                                                                (3.7𝑎) 

Solving (3.7a), the result gives 

𝜂12(𝑡, 𝜏) = 𝑎12(𝜏)𝑐𝑜𝑠�̂� + 𝑏12(𝜏)𝑠𝑖𝑛�̂� − (
𝐵"(𝜏) + 2𝐵′(𝜏)

(1 − 𝜆 cos(𝜔))
)                                   (3.7𝑏) 

Applying the initial conditions (2.31a) and (2.31d) in (3.7b), gives 

𝜂12(0,0) = 𝑎12(0) −
𝐵"(0)

(1 − 𝜆)
= 0 ; 𝑏𝑒𝑐𝑢𝑎𝑠𝑒𝐵′(0) = 0 

∴ 𝑎12(0) =
𝐵"(0)

(1 − 𝜆)
=

𝐵(0)𝜔′2(0)(2𝜆 − 1)

(1 − 𝜆)2
 𝑎𝑛𝑑 𝑏12(0) = 0                                            (3.7𝑐) 

3.2 Solution of the equations of orders 𝜼3𝒋, 𝒋 = 𝟎, 𝟏, 𝟐 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒐𝒅𝒆𝒍 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 

The next solution contains terms such as (𝜂10)3 which need to be evaluated before substitution. 

Doing this, the following is obtained 

(𝜂10)3 = (𝑎10𝑐𝑜𝑠�̂� + 𝐵)3 = (𝐵3 +
3𝑎10

2 𝐵

2
) + (

3𝑎10
3

4
+ 3𝑎10𝐵2) 𝑐𝑜𝑠�̂� 

+
3

2
𝑎10

2 𝑐𝑜𝑠2�̂� +
𝑎10

3

4
𝑐𝑜𝑠3�̂�                           (3.8) 

Substituting (3.8) in (2.28d), gives 

𝜂�̂��̂�
30 + 𝜂30 =

3𝑏

(1 − 𝜆cos (𝜔))
[(𝐵3 +

3𝑎10
2 𝐵

2
) + (

3𝑎10
3

4
+ 3𝑎10𝐵2) 𝑐𝑜𝑠�̂� +

3

2
𝑎10

2 𝑐𝑜𝑠2�̂� +
𝑎10

3

4
𝑐𝑜𝑠3�̂�] 

+
2𝜇2

′ 𝑎10𝑐𝑜𝑠�̂�

(1 − 𝜆cos (𝜔))
1

2⁄
                                                                   (3.9) 

𝑤𝑖𝑡ℎ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, 

𝜂30(0,0) = 0; 𝜂,�̂�
30(0,0) + (1 − 𝜆)

1
2⁄ [𝜇2

′ (0)𝜂,�̂�
10(0,0)] = 0 

𝐸𝑛𝑠𝑢𝑟𝑖𝑛𝑔 𝑎 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑣𝑎𝑙𝑖𝑑 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑛 �̂�, 𝑛𝑒𝑒𝑑𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡𝑜 𝑧𝑒𝑟𝑜 𝑡ℎ𝑒 

 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠  𝑜𝑓 sin �̂� 𝑎𝑛𝑑 𝑐𝑜𝑠�̂� 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦  𝑖𝑛 (3.9). 
𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑐𝑜𝑠�̂�, 𝑔𝑖𝑣𝑒𝑠 

3𝑏

(1 − 𝜆cos (𝜔))
{

𝑎10
3

4
+ 𝑎10𝐵2} +

2𝜇2
′ 𝑎10

(1 − 𝜆cos (𝜔))
1

2⁄
= 0                                                      (3.10)  

𝐹𝑟𝑜𝑚 (3.10), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 

𝜇2
′ =

−3𝑏(𝑎10
2 + 4𝐵2)

8(1 − 𝜆cos (𝜔))
1

2⁄
                                                                                                      (3.11) 

𝑇ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  (3.9) 𝑖𝑠 

𝜂,�̂��̂�
30 + 𝜂30 =

𝑏

(1 − 𝜆 cos(𝜔))
[(

3

2
𝑎10

2 𝐵 + 𝐵3) +
3

2
𝑎10

2 𝐵𝑐𝑜𝑠2�̂� +
3

4
𝑎10

3 𝑐𝑜𝑠3�̂�]       (3.12𝑎) 
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𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 (3.12𝑎) 𝑖𝑠 

𝜂30(�̂�, 𝜏) = 𝑎30(𝜏)𝑐𝑜𝑠�̂� + 𝑏30(𝜏)𝑠𝑖𝑛�̂�  +
𝑏

(1 − 𝜆cos (𝜔))
[(

3𝑎10
2 𝐵

2
+ 𝐵3) −

𝐵𝑎10
2

2
𝑐𝑜𝑠2�̂�  −

3𝑎10
3 𝑐𝑜𝑠3�̂�

32
] 

(3.12𝑏) 

𝜂30(�̂�, 𝜏) = 𝑎30(𝜏)𝑐𝑜𝑠�̂� + 𝑏30(𝜏)𝑠𝑖𝑛�̂� + 𝑏[𝑆0 (𝜏) + 𝑆1(𝜏)𝑐𝑜𝑠2�̂� + 𝑆2 (𝜏)𝑐𝑜𝑠3�̂�]        (3.12𝑐) 

where, 

𝑆0(𝜏) =
1

(1 − 𝜆cos (𝜔))
(

3

2
𝐵𝑎10

2 + 𝐵3)                                                            (3.12𝑑) 

𝑆1(𝜏) =
−𝐵𝑎10

2

2(1 − 𝜆cos (𝜔))
  ;  𝑆2(𝜏) =

−3𝑎10
3

32(1 − 𝜆cos (𝜔))
                                            (3.12𝑒) 

𝑎𝑛𝑑 𝑤ℎ𝑒𝑟𝑒,  

𝑆0(0) =
5𝐵3(0)

2(1 − 𝜆)
  ; 𝑆1(0) =

−𝐵3(0)

2(1 − 𝜆)
  ; 𝑆2(0) =

3𝐵3(0)

32(1 − 𝜆)
                                 (3.12𝑓) 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 (3.12𝑐), 𝑔𝑖𝑣𝑒𝑠 

𝜂30(0,0) =   𝑎30(0) +  𝑏[𝑆0(0) + 𝑆1(0) + 𝑆2(0)] = 0 

∴ 𝑎30(0) = −𝑏 [
5𝐵3(0)

2(1 − 𝜆)
−

𝐵3(0)

2(1 − 𝜆)
+

3𝐵3(0)

32(1 − 𝜆)
] = −

67 𝑏𝐵3(0)

32(1 − 𝜆)
; 𝑏30(0) = 0       (3.12𝑔) 

𝐼𝑛 𝑡ℎ𝑒 𝑛𝑒𝑥𝑡 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑡ℎ𝑒𝑟𝑒 𝑠ℎ𝑎𝑙𝑙 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑒𝑒𝑑 𝑓𝑜𝑟 𝑡𝑒𝑟𝑚𝑠 𝑙𝑖𝑘𝑒 𝐵′(0), 𝑆0
′ (0), 𝑆1

′(0)𝑎𝑛𝑑 𝑆2
′ (0) 

𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑛𝑒𝑐𝑐𝑒𝑠𝑠𝑎𝑟𝑦 𝑎𝑛𝑑 𝑎𝑟𝑒 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒𝑑 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 

𝐵′(𝜏) =  (1 − 𝜆cos (𝜔)) [
−𝜆𝑤′ sin(𝜔) − 𝜆2𝜔′sin (𝜔)cos (𝜔)

(1 − 𝜆cos (𝜔))2
] ;   ∴ 𝐵′(0) = 0 

𝑆0
′ (𝜏) =

1

(1 − 𝜆cos (𝜔))
[
3

2
(2𝐵𝑎10𝑎10

′ + 𝐵′𝑎10
2 + 3𝐵2𝐵) + (

3𝐵𝑎10
2

2
+ 𝐵3) (

−𝜆𝜔′sin (𝜔)

(1 − 𝜆cos (𝜔))2)] , 𝑆0
′ (0) = 0 

𝑆1
′(𝜏) = −

1

2
[(

𝐵′𝑎10
2 + 2𝐵𝑎10 𝑎10

′

(1 − 𝜆cos (𝜔))
) + (

𝐵𝑎10
2 𝜆𝜔′sin (𝜔)

(1 − 𝜆cos (𝜔))2)] , 𝑆1
′(0) = 0 

𝑆2
′ (𝜏) =

−3

32
[

3𝑎10
′ 𝑎10

2

(1 − 𝜆cos (𝜔))
−

𝑎10
3 𝜆𝜔′sin (𝜔)

(1 − 𝜆cos (𝜔))2
] ,     𝑆2

′ (0) = 0 

𝑇ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑜𝑛 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑖𝑛 (2.27𝑒) 

𝜂,�̂��̂�
31+ 𝜂31 =

3𝑏(𝜂10)2𝜂11

(1 − 𝜆 cos(𝜔))
−

2𝜇2
′ 𝜂,�̂��̂�

11

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜂,�̂�
30

(1 − 𝜆 cos(𝜔))
1

2⁄
−

2𝜂,�̂�𝜏
30

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
′ 𝜂,�̂�𝜏

10

(1 − 𝜆 cos(𝜔))
 

−
𝜇2

" 𝜂,�̂�
10

(1 − 𝜆cos (𝜔))
−

2𝜇2
′ 𝜂10

(1 − 𝜆cos (𝜔))
−

𝜆𝜔′sin (𝜔)𝜂,�̂�
30

2(1 − 𝜆cos (𝜔))
3

2⁄
                                             (3.13) 

𝑤𝑖𝑡ℎ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, 

𝜂31(0,0) = 0 𝑎𝑛𝑑𝜂,�̂�
31 (0,0) + (1 − 𝜆)

1
2⁄ [𝜇2

′ (0)𝜂,�̂�
11(0,0) + 𝜂,𝜏

30(0,0)] = 0 

𝑁𝑒𝑥𝑡, 𝑖𝑡 𝑖𝑠 𝑛𝑒𝑐𝑐𝑒𝑠𝑠𝑎𝑟𝑦 𝑡𝑜 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑡ℎ𝑒 𝑡𝑒𝑟𝑚 (𝜂10)2𝜂11𝑓𝑖𝑟𝑠𝑡, 𝑏𝑒𝑓𝑜𝑟𝑒 𝑔𝑜𝑖𝑛𝑔 𝑓𝑜𝑟𝑤𝑎𝑟𝑑 

The following is obtained in this case, 

(𝜂10)2𝜂11 = 𝑏11 (
𝑎10

2

4
+ 𝐵) 𝑠𝑖𝑛�̂� + 𝑏11𝐵𝑎10𝑠𝑖𝑛2�̂� +

𝑏11𝑎10
2 𝑠𝑖𝑛3�̂�

4
                        (3.14) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 (3.14) 𝑖𝑛 (3.13), 𝑔𝑖𝑣𝑒𝑠 

𝜂�̂��̂�
31 + 𝜂31 =

3𝑏

(1 − 𝜆cos (𝜔))
[𝑏11 (

𝑎10
2

4
+ 𝐵2) 𝑠𝑖𝑛�̂� + 𝑏11𝐵𝑎10𝑠𝑖𝑛2�̂� +

𝑏11𝑎10
2 𝑠𝑖𝑛3�̂�

4
] +

2𝜇2
′ 𝑏11𝑠𝑖𝑛�̂�

(1 − 𝜆cos (𝜔))
1

2⁄
 

−2

(1 − 𝜆cos (𝜔))
1

2⁄
{(−𝑎30𝑠𝑖𝑛�̂� + 𝑏30𝑐𝑜𝑠𝑡)̂ + 𝑏 (−2𝑆1𝑠𝑖𝑛2�̂� − 3𝑆2𝑠𝑖𝑛3�̂�)} 
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−2

(1 − 𝜆 cos(𝜔))
1

2⁄
[−𝑎30

′ 𝑠𝑖𝑛�̂� + 𝑏30
′ 𝑐𝑜𝑠�̂� + 𝑏(−2𝑆1

′𝑠𝑖𝑛2�̂� − 3𝑆2
′ 𝑠𝑖𝑛3�̂�)] +

2𝜇2
′ 𝑎10

1 𝑠𝑖𝑛�̂�

(1 − 𝜆 cos(𝜔))
 

+
𝜇2

” 𝑎10𝑠𝑖𝑛�̂�

(1 − 𝜆 cos(𝜔))
+

2𝜇2 
′ 𝑎10𝑠𝑖𝑛�̂�

(1 − 𝜆 cos(𝜔))
−  

𝜆𝜔′ sin(𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
{−𝑎30𝑠𝑖𝑛�̂� + 𝑏30𝑐𝑜𝑠�̂� 

+𝑏(−2𝑆1𝑠𝑖𝑛2�̂�  − 3𝑆2𝑠𝑖𝑛3�̂�}                                                                       (3.15) 

𝑇𝑜 𝑒𝑛𝑠𝑢𝑟𝑒 𝑎 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑣𝑎𝑙𝑖𝑑 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑛 �̂�, 𝑖𝑡 𝑛𝑒𝑐𝑐𝑒𝑠𝑠𝑎𝑟𝑦 𝑡𝑜 𝑒𝑞𝑢𝑎𝑡𝑒 𝑡𝑜 𝑧𝑒𝑟𝑜 

 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 sin �̂� 𝑎𝑛𝑑 𝑐𝑜𝑠�̂� 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦  𝑖𝑛 (3.15). 

𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑠𝑖𝑛�̂�, 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 
3𝑏𝑏11

4(1 − 𝜆cos (𝜔))
(𝑎10

2 + 4𝐵2) +
2𝜇2

′ 𝑏11

(1 − 𝜆cos (𝜔))
1

2⁄
+

2𝑎30

(1 − 𝜆cos (𝜔))
1

2⁄
+

2𝑎30
′

(1 − 𝜆cos (𝜔))
1

2⁄
 

+
2𝜇2

′ 𝑎10
′

(1 − 𝜆cos (𝜔))
+

𝜇2
′′𝑎10

(1 − 𝜆cos (𝜔))
+

2𝜇2  
′ 𝑎10

(1 − 𝜆cos (𝜔))
+

𝑎30𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
= 0                        (3.16𝑎) 

𝐹𝑜𝑟 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑐𝑜𝑠�̂�, 𝑖𝑡 𝑒𝑎𝑠𝑖𝑙𝑦 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 
2𝑏30

′

(1 − 𝜆cos (𝜔))
1

2⁄
+

2𝑏30

(1 − 𝜆cos (𝜔))
1

2⁄
+

𝑏30𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
= 0                                          (3.16𝑏) 

𝐴 𝑟𝑒𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 (3.16𝑎) 𝑔𝑖𝑣𝑒𝑠 
2𝑎30

′

(1 − 𝜆cos (𝜔))
1

2⁄
+

2𝑎30

(1 − 𝜆cos (𝜔))
1

2⁄
+

𝑎30𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄

= − [
3𝑏𝑏11

4(1 − 𝜆cos (𝜔))
(𝑎10

2 + 𝐵2) +
2𝜇2

′ 𝑏11

(1 − 𝜆cos (𝜔))
1

2⁄
 

+
2𝜇2

′ 𝑎10
′

(1 − 𝜆cos (𝜔))
+

2𝜇2
′ 𝑎10

(1 − 𝜆cos (𝜔))
+

𝜇2
" 𝑎10

(1 − 𝜆cos (𝜔))
] 

𝑖. 𝑒    𝑎30
′ +  𝑎30 (1 +

𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
) = 𝑞1 (𝜏)                                                       (3.16𝑐) 

where, 

𝑞1 (𝜏) = − (
1−𝜆cos (𝜔)

2
)

1
2 ⁄

[
3𝑏𝑏11

(1−𝜆𝜆cos (𝜔))
1

2⁄
(𝑎10

2 + 𝐵2) +
2𝜇2

′ 𝑏11

(1−𝜆𝜆cos (𝜔))
1

2⁄
+

2𝜇2
′ 𝑎10

′

(1−𝜆cos (𝜔))
+

𝜇2
′′𝑎10

(1−𝜆cos (𝜔))
+

2𝜇2
′ 𝑎10

(1−𝜆cos (𝜔))
1

2⁄
](3.16d) 

Solving (3.16c) gives, 

∴ 𝑎30(𝜏) = 𝑒−𝜏(1 − 𝜆cos (𝜔))
−1

4⁄ [∫ 𝑞1(𝑠)𝑒𝑠(1 − 𝜆𝑐𝑜𝑠𝜔)
1

4⁄ + 𝐶5

𝜏

0

] 

𝑎30(0) = (1 − 𝜆)−1
4⁄ [0 + 𝐶5]; 𝐶5 =

67𝑏𝐵3(0)

32(1 − 𝜆)
3

4⁄
; (𝑏𝑒𝑐𝑎𝑢𝑠𝑒  𝑎30(0) = −

67𝑏𝐵3(0)

32(1 − 𝜆)
) 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 (3.16𝑏) 𝑔𝑖𝑣𝑒𝑠, 

𝑏30
′ + 𝑏30 (1 +

𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
) = 0                                                                          (3.16𝑓) 

Solving (3.16f) gives, 

𝑏30(1 − 𝜆cos (𝜔))
1

4⁄ 𝑒 𝜏 = 𝐶6;  ∴ 𝑏30(𝜏) = 𝐶6(1 − 𝜆cos (𝜔))
−1

4 ⁄ 𝑒−𝜏;𝑏30(0) = 0; ∴ 𝐶6 = 0 
Hence,  

𝑏30(𝜏) = 0 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑏30(𝜏)𝑖𝑛 (3.12𝑐) , 𝑔𝑖𝑣𝑒𝑠 

𝜂30(�̂�, 𝜏) = 𝑎30(𝜏)𝑐𝑜𝑠�̂� +  𝑏 [𝑆0(𝜏) + 𝑆1(𝜏)𝑐𝑜𝑠2�̂� + 𝑆2(𝜏)𝑐𝑜𝑠3�̂�]                         (3.16ℎ) 

𝑇ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3.15) 𝑖𝑠 𝑠𝑜𝑙𝑣𝑒𝑑 𝑡𝑜 𝑔𝑒𝑡 

𝜂31(�̂�, 𝜏) = 𝑎31(𝜏)𝑐𝑜𝑠�̂� + 𝑏31(𝜏)𝑠𝑖𝑛�̂� −
𝑆3

3
𝑠𝑖𝑛2�̂� −

𝑆4𝑠𝑖𝑛3�̂�

8
                                      (3.16𝑖) 

𝑤ℎ𝑒𝑟𝑒, 
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𝑆3(𝜏) =
3𝑏𝑏11𝐵𝑎10

(1 − 𝜆cos (𝜔))
+

𝑏𝑆1𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
+

4𝑏𝑆1

(1 − 𝜆𝑐𝑜𝑠𝜔)
1

2⁄
+

4𝑏𝑆1
′

(1 − 𝜆𝑐𝑜𝑠𝜔)
1

2⁄
                      (3.17𝑎) 

𝑆4(𝜏)=
  3𝑏𝑏11𝑎 10

2

4(1−𝜆 cos(𝜔))
+

3𝑏𝑆2𝜆𝜔′ sin(𝜔)

2(1−𝜆cos (𝜔))
3

2⁄
+

6𝑏𝑆2

(1−𝜆𝑐𝑜𝑠𝜔)
1

2⁄
+

6𝑏𝑆2
′

(1−𝜆𝑐𝑜𝑠𝜔)
1

2⁄
                     (3.17𝑏) 

𝑆3 (0) =
20𝑏𝐵3(0)

(1 − 𝜆)
1

2⁄
= 𝑏𝐵3(0)𝑆5; 𝑆5 =

20

(1 − 𝜆)
1

2⁄
;  𝑆4(0) =

−18𝑏𝐵3(0)

32(1 − 𝜆)
1

2⁄
= 𝑏𝐵3(0)𝑆6; 𝑆6 =

−18

32(1 − 𝜆)
1

2⁄
 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛, 𝜂31(0,0) = 0 𝑖𝑛 (3.16ℎ), 𝑔𝑖𝑣𝑒𝑠, 

𝜂31(0,0) = 𝑎31(0) = 0; ∴ 𝑎31(0) = 0 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 (2.31𝑓) 𝑖𝑛 (3.16ℎ), 𝑔𝑖𝑣𝑒𝑠 

𝑏31(0) −
2

3
𝑆2 (0) −

3

8
𝑆3(0) + (1 − 𝜆)

−1
2⁄ [𝑎30(0) + 𝑏(𝑆0

′ (0) + 𝑆1
′(0) + 𝑆2

′ (0))] = 0 

∴ 𝑏31(0) = 0; (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑆0
′ (0) = 𝑆1

′(0) = 𝑆2
′ (0) = 0) 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔  𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  (3.27𝑓)𝑔𝑖𝑣𝑒𝑠 

𝜂,�̂��̂�
32+ 𝜂32 =

3𝑏

(1 − 𝜆cos (𝜔))
[𝜂10(𝜂11)2 + (𝜂10)2𝜂12] −

𝜆𝜔′ sin(𝜔) 𝜂,�̂�
31

2(1 − 𝜆cos (𝜔))
3

2⁄
−

2𝜂,�̂�𝜏
31

(1 − 𝜆cos (𝜔))
1

2⁄
 

−
2𝜂,�̂�

31

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
′ 𝜂,�̂��̂�

12

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
′ 𝜂,�̂�𝜏

11

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
′ 𝜂,�̂�

11

(1 − 𝜆 cos(𝜔))
−

𝜂,𝜏𝜏
30

(1 − 𝜆 cos(𝜔))
 

−
2𝜂,𝜏

30

(1 − 𝜆 cos(𝜔))
   _      

2𝜇2
" 𝜂,�̂�

11

(1 − 𝜆 cos(𝜔))
                                                             (3.18𝑎) 

𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, 

𝜂32(0,0) = 0 𝑎𝑛𝑑𝜂,�̂�
32 (0,0) + (1 − 𝜆)

−1
2⁄ [𝜇2

′ (0)𝜂,�̂�
12 (0,0) + 𝜂,𝜏

31 (0,0)] = 0 

𝑊𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑒𝑣𝑙𝑢𝑎𝑡𝑒 𝜂10(𝜂11)2 + (𝜂10)2𝜂12𝑓𝑖𝑟𝑠𝑡 𝑏𝑒𝑓𝑜𝑟𝑒 𝑝𝑟𝑜𝑐𝑒𝑒𝑑𝑖𝑛𝑔 𝑎𝑛𝑑 𝑜𝑏𝑡𝑎𝑖𝑛 

𝜂10(𝜂11)2 + (𝜂10)2𝜂12 = [2𝐵𝑎10𝑎12 −
𝐵"

(1 − 𝜆𝑐𝑜𝑠𝜔)
(

𝑎10
2

2
+ 𝐵2) +

𝐵𝑏11
2

2
] + [𝑎12 (

𝑎10
2 + 2𝐵2

2
) 

−
2𝐵𝐵”𝑎10

2

(1 − 𝜆𝑐𝑜𝑠𝜔)
+

𝑎10
2

4
+

𝑏11
2 𝑎10

4
] 𝑐𝑜𝑠�̂� + [2𝐵𝑎12𝑎10 −

𝐵”𝑎10
2

(1 − 𝜆𝑐𝑜𝑠𝜔)
−

𝐵𝑏11
2

2
] 𝑐𝑜𝑠2�̂� 

+ [
𝑎12𝑎10

2

4
−

𝑏10
2 𝑎10

4
] 𝑐𝑜𝑠�̂�                                                                (3.18𝑏) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 (3.18𝑏) 𝑖𝑛 (3.18𝑎) 𝑔𝑖𝑣𝑒𝑠 

𝜂,�̂��̂�
32+ 𝜂32 =

3𝑏

(1 − 𝜆𝑐𝑜𝑠𝜔)
[{(2𝐵𝑎10𝑎12 −

𝐵"

(1 − 𝜆 cos(𝜔))
) (

𝑎10
2 + 2𝐵2

2
)  + 𝐵𝑏11

2 } + {𝑎12 (
𝑎10

2 + 2𝐵2

2
) 

−
2𝐵𝐵"𝑎10

2

(1 − 𝜆 cos(𝜔))
+

𝑎10
2

4
+

𝑏11
2 𝑎10

4
} 𝑐𝑜𝑠�̂�] + {{2𝐵𝑎12𝑎10 −

𝐵"𝑎10
2

(1 − 𝜆cos (𝜔))
−

𝐵𝑏11
2

2
}} 𝑐𝑜𝑠2�̂� 

+ {(
𝑎12𝑎10

2

4
−

𝑏11
2 𝑎10

4
)} 𝑐𝑜𝑠�̂�  −

𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
{−𝑎31𝑠𝑖𝑛�̂� + 𝑏31𝑐𝑜𝑠�̂� −

2

3
𝑆3𝑐𝑜𝑠2�̂� −

3

8
𝑆4𝑠𝑖𝑛3�̂�} 

−
2

(1 − 𝜆cos (𝜔))
1

2⁄
{−𝑎31

′ 𝑠𝑖𝑛�̂� + 𝑏31
′ 𝑐𝑜𝑠�̂� − 2𝑆3

′ 𝑐𝑜𝑠2�̂� + 3𝑆4
′ 𝑐𝑜𝑠3�̂�} −

2

(1 − 𝜆cos (𝜔))
1

2⁄
{−𝑎31𝑠𝑖𝑛�̂� 

+𝑏31𝑐𝑜𝑠�̂� + 2𝑆3𝑐𝑜𝑠2�̂� + 3𝑆4𝑐𝑜𝑠3�̂�} −
2𝜇2

′

(1 − 𝜆cos (𝜔))
1

2⁄
{−𝑎12𝑐𝑜𝑠�̂� − 𝑏12𝑠𝑖𝑛�̂�} −

2𝜇2
′ 𝑏11

′ 𝑐𝑜𝑠�̂�

(1 − 𝜆cos (𝜔))
1

2⁄
 

−
𝜇2

" 𝑏11𝑐𝑜𝑠�̂�

(1 − 𝜆 cos(𝜔))
−

2

(1 − 𝜆𝑐𝑜𝑠𝜔)
{𝑎30

′ 𝑠𝑖𝑛�̂� + 𝑏30
′ 𝑐𝑜𝑠�̂� + 𝑏(𝑆0

′ + 𝑆1
′𝑐𝑜𝑠2�̂� + 𝑆2

′ 𝑐𝑜𝑠3�̂�)}(3.19𝑎) 

𝐸𝑛𝑠𝑢𝑟𝑖𝑛𝑔 𝑎 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑣𝑎𝑙𝑖𝑑 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑛 �̂� 𝑖𝑠 𝑎𝑐ℎ𝑖𝑒𝑣𝑒𝑑 𝑏𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡𝑜 𝑧𝑒𝑟𝑜 

 𝑡ℎ𝑒  𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓𝑐𝑜𝑠�̂� 𝑎𝑛𝑑 𝑠𝑖𝑛�̂� 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦  𝑖𝑛 (3.19𝑎). 
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𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑐𝑜𝑠�̂�, 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 

3𝑏

(1 − 𝜆cos (𝜔))
[𝑎12 (

𝑎10
2 + 2𝐵2

2
) −

2𝐵𝐵"𝑎10
2

(1 − 𝜆cos (𝜔))
+

𝑎10
2

4
+

𝑏11
2 𝑎10

4
] −

𝑏31𝜆𝜔′sin (𝜔)

(1 − 𝜆𝜆cos (𝜔))
3

2⁄
−

2𝑏31
′

(1 − 𝜆cos (𝜔))
1

2⁄
 

−
2𝑏31

(1 − 𝜆cos (𝜔))
1

2⁄
+

2𝜇2
′ 𝑎12

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
′ 𝑏11

′

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
′ 𝑏11

(1 − 𝜆cos (𝜔))
−

2𝑏30
′

(1 − 𝜆cos (𝜔))
 

−
𝜇2

′ 𝑏11

(1 − 𝜆cos (𝜔))
−

𝑎30
"

(1 − 𝜆cos (𝜔))
−

𝑏30
′

(1 − 𝜆cos (𝜔))
−

𝜇2
′ 𝑏11

(1 − 𝜆cos (𝜔))
   = 0                        (3.19𝑏) 

𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑠𝑖𝑛�̂�, 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡  
𝑎31 𝜆𝜔′sin (𝜔)

2(1 − 𝜆cos (𝜔))
3

2⁄
+

2 𝑎31
′

(1 − 𝜆cos (𝜔))
1

2⁄
+

2 𝑎31

(1 − 𝜆cos (𝜔))
1

2⁄
 +

2𝜇2
′ 𝑏12

(1 − 𝜆cos (𝜔))
1

2⁄
−

2 𝑎30
′

(1 − 𝜆 cos(𝜔))
= 0   (3.19𝑐) 

𝐴 𝑟𝑒_𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3.19𝑏) 𝑔𝑖𝑣𝑒𝑠 

𝑏31
′ + 𝑏31 (1 +

𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
) =  𝑞3(𝜏)                                                                (4.19𝑑) 

𝑤ℎ𝑒𝑟𝑒, 

𝑞3(𝜏) (
1 − 𝜆𝑐𝑜𝑠𝜔

2
)

1/2

[
3𝑏

(1 − 𝜆cos (𝜔))
{𝑎12 (

𝑎10
2 + 2𝐵2

2
) −

2𝐵𝐵"𝑎10
2

(1 − 𝜆cos (𝜔))
+

𝑎10
2

4
+

𝑏11
2 𝑎10

4
} +

2𝜇2
′ 𝑎12

(1 − 𝜆cos (𝜔))
1

2⁄

−                             
2𝜇2

′ 𝑏11
′

(1 − 𝜆cos (𝜔))
1

2⁄
−

2𝜇2
′ 𝑏11

(1 − 𝜆cos (𝜔))
−

𝑎30
′

(1 − 𝜆𝑐𝑜𝑠𝜔)
−

2𝑏30
′

(1 − 𝜆𝑐𝑜𝑠𝜔)

−
𝜇2

" 𝑏11

(1 − 𝜆cos (𝜔))
] 

Solving (3.19d), gives, 

𝑏31(𝜏)𝑒𝜏(1 − 𝜆 cos(𝜔))
1

4⁄ = [∫ 𝑞3 (𝑠)
𝜏

0

𝑒𝑠(1 − 𝜆 cos(𝜔))
1

4⁄ 𝑑𝑠 + 𝐶7] 

∴ 𝑏31(𝜏) =  𝑒−𝜏(1 − 𝜆cos (𝜔))
−1

4⁄ [∫ 𝜌3 (𝑠)
𝜏

0

𝑒𝑠(1 − 𝜆 cos(𝜔))
1

4⁄ 𝑑𝑠 + 𝐶7] 

𝑏31(0) = (1 − 𝜆)
−1

4⁄ [0 + 𝐶7] = 0; ∴ 𝐶7 = 0; (𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑏31(0) = 0) 

𝑇ℎ𝑒𝑛, It follows that 

𝑏31(𝜏) =  𝑒−𝜏(1 − 𝜆 cos(𝜔))
−1

4⁄ [∫ 𝜌3 (𝑠)
𝜏

0

𝑒𝑠(1 − 𝜆 cos(𝜔))
1

4⁄ 𝑑𝑠]                 (3.19𝑓) 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 (3.19𝑐) 𝑔𝑖𝑣𝑒𝑠 

𝑎31
′ + 𝑎31 (1 +

𝜆𝜔′sin (𝜔)

4(1 − 𝜆cos (𝜔))
) = 𝜌4 (𝜏)                                                                       (3.20𝑎) 

𝑤ℎ𝑒𝑟𝑒,   

𝜌4 (𝜏) = (
1 − 𝜆cos (𝜔)

2
)

1

2

[
𝑎30

′

(1 − 𝜆 cos(𝜔))
−

2𝜇2
′ 𝑏12

(1 − 𝜆cos (𝜔))
1

2⁄
] 

Solving (3.20a), gives, 

𝑎30(𝜏)𝑒𝜏(1 − 𝜆cos (𝜔))
1

4⁄ = [∫ 𝜌4 (𝜏)𝑒𝑠(1 − 𝜆cos (𝜔))
1

4⁄ 𝑑𝑠 + 𝐶8

𝜏

0

] 

𝑎31(0) = (1 − 𝜆)
−1

4⁄ [0 + 𝐶8] = 0 ∴ 𝐶8 = 0; (𝑠𝑖𝑛𝑐𝑒 𝑎31(0) = 0) 

𝑇ℎ𝑒𝑛,it follows that,  

𝑎31(𝜏) = 𝑒−𝜏(1 − 𝜆 cos(𝜔))
−1

4⁄ [∫ 𝜌4 (𝑠)𝑒𝑠(1 − 𝜆 cos(𝜔))
1

4⁄ 𝑑𝑠
𝜏

0

]             (3.20𝑏) 

𝑇ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3.20𝑎) 𝑖𝑠  
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𝜂,�̂��̂�
32+ 𝜂32 = 𝑆7(𝜏) + 𝑆8(𝜏)𝑐𝑜𝑠2�̂� + 𝑆9(𝜏)𝑠𝑖𝑛2�̂� + 𝑆10(𝜏)𝑐𝑜𝑠3�̂� + 𝑆11(𝜏) 𝑠𝑖𝑛3�̂�       (3.21) 

𝑤ℎ𝑒𝑟𝑒; 

𝑆7(𝜏) =
3𝑏

(1 − 𝜆𝑐𝑜𝑠𝜔)
[2𝐵 𝑎10𝑎12 −

𝐵"

(1 − 𝜆cos (𝜔))
(

𝑎10
2 + 2𝐵2

2
) +

𝐵𝑏11
2

2
−

2𝑏𝑠0
′

(1 − 𝜆𝑐𝑜𝑠𝜔)
]         (3.22𝑎) 

𝑆8(𝜏) =
3𝑏

(1 − 𝜆cos (𝜔))
[2𝐵𝑎12𝑎10 −

𝐵"𝑎10
2

(1 − 𝜆cos (𝜔))
−

𝐵𝑏11
2

2
] −

2𝑆3𝜆𝜔′sin (𝜔)

6(1 − 𝜆cos (𝜔))
3

2⁄
+

4𝑆3
′

(1 − 𝜆cos (𝜔))
1

2⁄
 

−
4𝑆3

(1 − 𝜆cos (𝜔))
1

2⁄
  −

2𝑆1
′

(1 − 𝜆cos (𝜔))
                                                                               (3.22𝑏) 

𝑆9 (𝜏) =
2𝑆1

′(𝜏)

(1 − 𝜆 cos(𝜔))
                                                                                                                    (3.22𝑐) 

𝑆10(𝜏) = (
𝑎10

2 𝑎12 − 𝑏11
2 𝑎10

4
) +

6𝑆4
′

(1 − 𝜆cos (𝜔))
1

2⁄
−

6𝑆4

(1 − 𝜆cos (𝜔))
1

2⁄
−

𝑆2
′

(1 − 𝜆cos (𝜔))
                      (3.22𝑑) 

𝑆11(𝜏) =
3𝑆2

′

(1 − 𝜆 cos(𝜔))
(3.22𝑒) 

𝐵𝑢𝑡, 

𝑆7(0) = −3𝑏𝐵2(0)𝑆12;  𝑆12 = {
6𝜔′2(0) + 𝐵(0)(1 − 𝜆)

2(1 − 𝜆)2 } ;  𝑆8(0) = 3𝑏 𝐵(0)𝑆13              (3.23𝑎, 𝑏) 

𝑤ℎ𝑒𝑟𝑒, 

𝑆13 = [{
−4𝐵"(0) − 2𝐵(0)𝐵"(0) − 𝐵2(0)(1 − 𝜆)

2(1 − 𝜆)2 } +
4𝑏𝐵2(0)𝑆12

(1 − 𝜆)
1

2⁄
−

4𝑏𝐵2(0)𝑆5

(1 − 𝜆)
1

2⁄
] 

𝑆9(0) = 𝑆11(0) = 0,   𝑆10(0) = 𝑏2𝐵𝑆14(3.23𝑐) 

𝑤ℎ𝑒𝑟𝑒       𝑆14 = [{
𝐵"(0) + 𝐵(0)(1 − 𝜆)

4(1 − 𝜆)
} +

6𝑏𝐵(0)𝑆13

(1 − 𝜆)
1

2⁄
−

6𝑏𝐵(0)𝑆6

(1 − 𝜆)
1

2⁄
] 

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 (3.21) 𝑖𝑠 

𝜂32(�̂�, 𝜏) = 𝑎32(𝜏)𝑐𝑜𝑠�̂� + 𝑏32(𝜏)𝑠𝑖𝑛�̂� + 𝑆7 (𝜏) −
𝑆8 (𝜏)

3
𝑐𝑜𝑠�̂� 

 −
𝑆9(𝜏)𝑠𝑖𝑛2�̂�

3
−

𝑆10(𝜏)

8
𝑐𝑜𝑠3�̂� −

𝑆11(𝜏)𝑠𝑖𝑛3�̂�

8
                            (3.24) 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠, (3.31𝑎)𝑎𝑛𝑑 (3.31𝑔) 𝑖𝑛 (4.24), 𝑔𝑖𝑣𝑒𝑠 

𝜂32(0,0) = 𝑎32(0) + 𝑆7(0) −
𝑆8 (0)

3
−

𝑆10(0)

8
= 0;  ∴ 𝑎32(0) = 3𝑏𝐵(0)𝑆15 

𝑤ℎ𝑒𝑟𝑒, 

𝑆15 = [
−24𝐵(0)𝑆12 + 8𝑆13 + 𝐵(0)𝑆14

24
] 

4.3    The Maximum Displacement of the Model Problem 

 The displacement of 𝜂(�̂�, 𝜏) can be written as  

𝜂(�̂�, 𝜏) = 𝜖(𝜂10 + 𝛿𝜂11 + 𝛿2𝜂12 + ⋯ ) +  𝜖2(𝜂20 + 𝛿𝜂21 + 𝛿2𝜂22 + ⋯ ) 

+𝜖3(𝜂30 + 𝛿𝜂31 +  𝛿2𝜂32 + ⋯ ) + …                                                (3.25𝑎) 

𝐵𝑢𝑡 𝜂2𝑗 = 0, 𝑗 = 0,1,2, 
𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒(3.25𝑎)𝑦𝑖𝑒𝑙𝑑𝑠, 

𝜂(�̂�, 𝜏) = 𝜖 (𝜂10 + 𝛿𝜂11 + 𝛿2𝜂12 + ⋯ ) +  𝜖3(𝜂30 + 𝛿𝜂31 + 𝛿2𝜂32 + ⋯ ) + ⋯   (3.25𝑏) 

𝑇ℎ𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑙𝑜𝑎𝑑 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠  
𝑑𝜆

𝑑𝜂𝑐
    = 0                                                                                                        (3.26) 

𝑤ℎ𝑒𝑟𝑒 𝜂𝑐  𝑖𝑠 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑜𝑓 𝜂(�̂�, 𝜏) 𝑎𝑛𝑑 𝜂𝑐𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝜂(�̂�𝑐 , 𝜏𝑐), 𝑤ℎ𝑒𝑟𝑒 �̂�𝑐𝑎𝑛𝑑 𝜏𝑐 𝑎𝑟𝑒  
𝑡ℎ𝑒 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 �̂� 𝑎𝑛𝑑 𝜏 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝑎𝑡 𝑚𝑎𝑥𝑚𝑖𝑢𝑚 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡. 𝑊𝑒 ℎ𝑜𝑤𝑒𝑣𝑒𝑟 



Moses F.N. et. al. - Transactions of NAMP 19 (2024) 185-206 
 

200 
 

𝑛𝑒𝑒𝑑 𝑡𝑜 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝜂𝑐  𝑓𝑖𝑟𝑠𝑡 𝑏𝑒𝑓𝑜𝑟𝑒 𝑖𝑛𝑣𝑜𝑘𝑖𝑛𝑔(3.26). 𝐼𝑡 𝑖𝑠 𝑡𝑜 𝑏𝑒 𝑟𝑒𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑎𝑡, in terms o𝑓 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑡 −
𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒, 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑚𝑎𝑥𝑖𝑚𝑢𝑚  𝑖𝑠  

𝑑𝜂

𝑑𝑡
= 0 

𝐻𝑜𝑤𝑒𝑣𝑒𝑟, 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑖𝑛𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 �̂� 𝑎𝑛𝑑 𝜏 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝜂,�̂� + (
𝜇2

′ 𝜖2 + 𝜇3
′ 𝜖3 + ⋯

(1 − 𝜆𝑐𝑜𝑠(𝜔))
1

2⁄
) 𝜂,�̂� +

𝛿𝜂,𝜏

(1 − 𝜆cos (𝜔))
1

2⁄
= 0                                                             (3.27) 

 𝐼𝑡 𝑖𝑠 𝑝𝑒𝑟𝑡𝑖𝑛𝑒𝑛𝑡 𝑡𝑜 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠 

�̂�𝑐 = (�̂�0 + 𝛿�̂�01 + 𝛿2�̂�02 + ⋯ ) + 𝜖(�̂�10 + 𝛿�̂�11 + ⋯ ) + 𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ ) + ⋯   (3.28) 

From (2.19b), we get,  

𝜏𝑐 = 𝛿𝑡𝑐                                                                                                            (3.29𝑎) 

𝑤ℎ𝑒𝑟𝑒 𝑡𝑐𝑖𝑠 𝑡ℎ𝑒 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡 𝑎𝑡 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡. 𝐸𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓 𝑡𝑐 

𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦, 𝑔𝑖𝑣𝑒𝑠 

𝑡𝑐 = (𝑇0 + 𝛿 𝑇01 + 𝛿2𝑇02 + ⋯ ) + 𝜖(𝑇10 + 𝛿 𝑇11 + ⋯ ) + 𝜖2(𝑇20 + 𝛿𝑇21 + ⋯ ) + ⋯  (3.29𝑏) 

 ∴ 𝜏𝑐 = 𝛿𝑡𝑐 = 𝛿[(𝑇0 + 𝛿 𝑇01 + ⋯ ) +  𝜖(𝑇10 + 𝛿 𝑇11 + ⋯ ) + 𝜖2(𝑇20 + 𝛿𝑇21 + ⋯ )]       (3.29𝑐) 

𝐴𝑡 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑝𝑜𝑖𝑛𝑡𝑠, 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3.27) gives 

𝜂, �̂�(�̂�𝑐,𝜏𝑐) + [
𝜇2

′ (𝜏𝑐)𝜖2 + 𝜇3
′ (𝜏𝑐)𝜖3 + ⋯

(1 − 𝜆𝑐𝑜𝑠𝜔(𝜏𝑐))
1

2⁄
] 𝜂, �̂�(�̂�𝑐,𝜏𝑐) +

𝛿

(1 − 𝜆𝑐𝑜𝑠𝜔(𝜏𝑐))
1

2⁄
 𝜂, 𝜏 (�̂�𝑐,𝜏𝑐) = 0           (3.30) 

𝑇ℎ𝑒 𝑛𝑒𝑥𝑡 𝑡ℎ𝑖𝑛𝑔 𝑖𝑠 𝑡𝑜 𝑒𝑥𝑝𝑎𝑛𝑑 (3.30) 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦𝑢𝑠𝑖𝑛𝑔 𝑢𝑠𝑖𝑛𝑔 (3.28), (3.29𝑏, 𝑐) 𝑎𝑛𝑑 𝑜𝑏𝑡𝑎𝑖𝑛 

𝜖[𝜂,�̂�
10 + {(𝛿�̂�01 + 𝛿2�̂�02 + ⋯ ) + 𝜖(�̂�10 + 𝛿𝑠�̂�11 + 𝛿2�̂�12 + ⋯ ) + 𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )}𝜂,�̂��̂�

10 

+
1

2
{(𝛿�̂�01 + 𝛿2�̂�02 + ⋯ ) + 𝜖(�̂�10 + 𝛿�̂�11 + 𝛿2�̂�12 + ⋯ ) + 𝜖2(�̂�20 + 𝛿�̂�21 + 𝛿2�̂�22 + ⋯ )}2𝜂,�̂��̂��̂�

10  

+𝛿{(𝑇0 + 𝛿 𝑇01 + ⋯ ) + 𝜖(𝑇10 + 𝛿 𝑇11 + ⋯ ) + 𝜖2(𝑇20 + 𝛿 𝑇21 + ⋯ )}𝜂,�̂�𝜏
10 

+2𝛿{(𝑇0 + 𝛿 𝑇01 + ⋯ ) + 𝜖(𝑇10 + 𝛿 𝑇11 + ⋯ ) + 𝜖2(𝑇20 + 𝛿 𝑇21 + ⋯ )}{𝛿�̂�01 + ⋯ 

+𝜖(�̂�10 + 𝛿�̂�11 + ⋯ ) + 𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )}𝜂,�̂��̂�𝜏
10 + 𝛿2{𝑇0 + ⋯ +𝜖(𝑇10 + ⋯ ) 

+𝜖2(𝑇20 + ⋯ )}2𝜂,�̂�𝜏𝜏
10 ] + 𝜖𝛿[𝜂,�̂�

11 {(𝛿�̂�01 + ⋯ + 𝜖(�̂�10 + 𝛿�̂�11 + ⋯ ))+𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )}𝜂,�̂��̂�
11 

+𝛿{𝑇0 + ⋯ + 𝜖(𝑇10 + ⋯ +) + 𝜖2(𝑇20 + ⋯ +)}𝜂,�̂�𝜏
10 +

1

2
{(𝛿�̂�01 + ⋯ ) + 𝜖(�̂�10 + 𝛿�̂�11 + ⋯ ) 

+𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )}2𝜂,�̂�
11 + 2𝛿{(𝑇0 + ⋯ ) + 𝜖(𝑇10 + ⋯ ) + 𝜖2(𝑇20 … +)}{𝛿�̂�01 + ⋯ 

+𝜖(�̂�10 + 𝛿�̂�11) + 𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )}𝜂,�̂��̂�𝜏
11 ] + 𝜖𝛿2[𝜂,�̂�

12 +{(𝛿�̂�01 + 𝛿2�̂�02 + ⋯ ) 

+𝜖(�̂�10 + ⋯ ) + 𝜖2(�̂�20 + ⋯ )}𝜂,�̂��̂�
12 + ⋯ ] + 𝜖3[𝜂,�̂�

30 + {(𝛿�̂�01 + 𝛿2�̂�02 + ⋯ )}𝜂,�̂��̂�
30 + 𝛿{𝑇0 + 𝛿𝑇01 

+ ⋯ }𝜂,�̂�𝜏
30+{𝛿�̂�01 + ⋯ }2𝜂,�̂��̂�𝜏

30 + ⋯ ] + 𝜖3𝛿2[𝜂,�̂�
30 + ⋯ ] + 𝜖3 [

𝜇2
′ (0)𝜂,�̂�

10

(1 − 𝜆)
1

2⁄
+

𝜇2
′ (0)

(1 − 𝜆)
1

2⁄
{𝛿�̂�01 

+𝛿2�̂�02 + ⋯ }𝜂,�̂��̂�
10+𝛿 (

𝜇2
′ (0)𝜂�̂�

10

1 − 𝜆cos (𝜔)
1

2⁄
)

, 𝜏 {𝑇0 + 𝛿𝑇01 + ⋯ } + 𝛿 (
𝜇2

′ (0)

1 − 𝜆cos (𝜔)
1

2⁄
) {𝑇0 + 𝛿𝑇01 + ⋯ } 

+
1

2
(

𝜇2
′ (0)

1 − 𝜆cos (𝜔)
1

2⁄
) {𝛿�̂�01 + 𝛿2�̂�02 + ⋯ }𝜂,�̂��̂��̂�

10 + 2𝛿 (
𝜇2

′ (𝜏)𝜂�̂��̂�
10

1 − 𝜆cos (𝜔)
1

2⁄
)

,𝜏

{𝑇0 + ⋯ }{𝛿�̂�01 + ⋯ }] 

+𝛿2 {(
𝜇2

′ (𝜏)𝜂,�̂�
10

1 − 𝜆cos (𝜔)
1

2⁄
)

,𝜏𝜏

(𝑇0 + ⋯ )2} + ⋯ + 𝜖2𝛿 [
𝜇2

′ (0)𝜂,�̂�
11

(1 − 𝜆)
1

2⁄
+

𝜇2
′ (0)

(1 − 𝜆)
1

2⁄
{𝛿�̂�01 + ⋯ }𝜂,�̂��̂�

11 

+𝛿 (
𝜇2

′ (𝜏)𝜂�̂�
11

1 − 𝜆cos (𝜔)
1

2⁄
)

,𝜏

{𝑇0 + ⋯ } +
1

2
(

𝜇2
′ (𝜏)

1 − 𝜆cos (𝜔)
1

2⁄
) {𝛿�̂�01 + ⋯ }𝜂,�̂��̂��̂�

11  
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+2𝛿 (
𝜇2

′ (𝜏)𝜂�̂��̂�
11

1 − 𝜆cos (𝜔)
1

2⁄
)

,𝜏

(𝑇0 + ⋯ )] + 𝜖3𝛿2 [
𝜇2

′ (0)𝜂�̂�
12

(1 − 𝜆)
1

2⁄
]               = 0                         (3.31) 

The next step is to proceed by equating (3.31) to zero in orders of  (𝜖𝑖𝛿𝑗)and obtain the following equations. 

𝑂(𝜖): 𝜂,�̂�
10 = 0;  𝑂(𝜖𝛿): �̂�01𝜂,�̂��̂�

10 + 𝑇0𝜂,�̂�𝜏
10 + 𝜂�̂�

11 +
𝜂, 𝜏

(1 − 𝜆)
1

2⁄
= 0                     (3.32𝑎, 𝑏) 

𝑂(𝜖𝛿2): �̂�02𝜂,�̂��̂�
10 + 𝑇0𝜂,�̂�𝜏

11 +
�̂�02

2
𝜂,�̂��̂��̂�

10 + �̂�01𝜂,�̂��̂�
11 + 𝜂,�̂�

12 +
�̂�01𝜂,�̂�𝜏

10

(1 − 𝜆)
1

2⁄
 

+
𝜂,𝜏

11

(1 − 𝜆)
1

2⁄
+ 𝑇0𝜂,�̂�𝜏

10 + 2𝑇0�̂�01𝜂,�̂��̂�𝜏
10 = 0                                                     (3.32𝑐) 

𝑂(𝜖2): �̂�01𝜂,�̂��̂�
10 = 0;  𝑂(𝜖3): �̂�20𝜂,�̂��̂�

10 + 𝜂,�̂�
30 +

𝜇2
′ (0)𝜂�̂�

10

(1 − 𝜆)
1

2⁄
= 0                        (3.32𝑑, 𝑒) 

𝑂(𝜖3𝛿): �̂�21𝜂,�̂��̂�
10 + 𝑇20𝜂,�̂�𝜏

10 + 2(𝑇0�̂�20 + 𝑇10�̂�10)𝜂,�̂��̂�𝜏
10 + �̂�20𝜂,�̂�

11 + �̂�01𝜂,�̂��̂�
30 + 𝑇0𝜂,�̂�𝜏

30 + 𝜂,�̂�
31 

+
�̂�01𝜇2

′ (0)𝜂,�̂��̂�
10

(1 − 𝜆)
1

2⁄
+ 𝑇0 (

𝜇2
′ (𝜏)𝜂,�̂�

10

(1 − 𝜆 cos(𝜔))
1

2⁄
)

,𝜏

+ 2 𝑇0�̂�01 (
𝜇2

′ (𝜏)𝜂,�̂��̂�
10

(1 − 𝜆 cos(𝜔))
1

2⁄
)

,𝜏

+
𝜇2

′ (0)𝜂,�̂�
10

(1 − 𝜆)
1

2⁄
 

+
�̂�20𝜂,�̂�𝜏

10

(1 − 𝜆)
1

2⁄
+

𝜂,𝜏
30

(1 − 𝜆)
1

2⁄
= 0                                                                          (3.32𝑓) 

𝑂(𝜖3𝛿2): �̂�22𝜂,�̂��̂�
10 + 𝑇21𝜂,�̂�𝜏

10 + 2�̂�21𝑇0𝜂,�̂��̂�𝜏
10 + 𝑇10

2 𝜂�̂��̂�𝜏
10 + �̂�21𝜂,�̂��̂�

11 + 𝑇20𝜂,�̂�𝜏
11 + �̂�20𝜂,�̂�

12 + �̂�02𝜂,�̂��̂�
30 

+�̂�01𝜂,�̂��̂�
31 + 𝑇0𝜂,�̂�𝜏

31 + 𝜂,�̂�
32 +

𝜇2
′ (0)�̂�02𝜂,�̂��̂�

10

(1 − 𝜆)
1

2⁄
+  𝑇01 (

𝜇2
′ (𝜏)𝜂,�̂�

10

(1 − 𝜆cos (𝜔))
1

2⁄
)

,𝜏

+ (
𝜇2

′ (𝜏)

(1 − 𝜆cos (𝜔))
1

2⁄
)

�̂�01

2
𝜂,�̂��̂��̂�

10  

+2𝑇0�̂�01 (
𝜇2

′ (𝜏)𝜂,�̂��̂�
10

(1 − 𝜆cos (𝜔))
1

2⁄
)

,𝜏

+ 𝑇0
2 (

𝜇2
′ (𝜏)𝜂,�̂�

10

(1 − 𝜆cos (𝜔))
1

2⁄
)

,𝜏

+ �̂�01 (
𝜇2

′ (0)

(1 − 𝜆)
1

2⁄
) 𝜂,�̂��̂�

11 + 𝑇0 (
𝜇2

′ (𝜏)𝜂,�̂�
11

(1 − 𝜆cos (𝜔))
1

2⁄
)

,𝜏

 

+
𝜇2

′ (0)𝜂,�̂�
11

(1 − 𝜆)
1

2⁄
+

�̂�21𝜂,�̂�𝜏
10

(1 − 𝜆)
1

2⁄
+

�̂�20𝜂,�̂�𝜏
11

1 − 𝜆)
1

2⁄
+

𝜂,𝜏
31

(1 − 𝜆)
1

2⁄
= 0                                            (3.32𝑔) 

𝑂𝑛 𝑠𝑜𝑙𝑣𝑖𝑛𝑔  (3.32𝑎). 𝑡ℎ𝑎𝑡 𝑖𝑠, 

          𝜂,�̂�
10 = 0 𝑎𝑛𝑑 𝑛𝑜𝑡𝑖𝑛𝑔 𝜂10(�̂�, 𝜏) = 𝑎10(𝜏)𝑐𝑜𝑠�̂� + 𝐵(𝜏) 

𝐻𝑒𝑛𝑐𝑒,  

     𝜂�̂�
10(�̂�0,0) = −𝑎10(0)𝑠𝑖𝑛�̂�0 = 0; 𝑠𝑖𝑛�̂�0 = 0 𝑏𝑢𝑡 𝑎10(0) ≠ 0; ∴ �̂�0 = 𝑛𝜋; 𝑛 = 0, 1,2, … 

Since the aim is to look for a nontrivial solution, it is here necessary to take the 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑛𝑜𝑛 −
𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑛; 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑛 = 1, 𝑎𝑛𝑑 𝑜𝑏𝑡𝑎𝑖𝑛 

�̂�0 = 𝜋(3.32ℎ) 

𝑇ℎ𝑒 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 (3.32𝑏) 𝑖𝑠 

�̂�01 =
1

𝜂,�̂��̂�
10 [𝑇0𝜂,�̂�𝜏

10 + 𝜂,�̂�
11 +

𝜂,𝜏
10

(1 − 𝜆)
1

2⁄
] (�̂�0,0) 

𝑆𝑖𝑛𝑐𝑒 𝜂,�̂�𝜏
10(�̂�0,0) = 𝑏11(0) = 𝜂,𝜏

10 = 0 

∴ �̂�01 = 0                                                                                                           (3.32i) 

𝐼𝑡 𝑖𝑠 𝑛𝑜𝑡𝑒𝑑 𝑡ℎ𝑎𝑡, 

𝜂11(�̂�0,0) = 𝑏11(0)𝑐𝑜𝑠�̂�0 = 0 ; 𝑏11(0)𝑐𝑜𝑠�̂� = 0 ; 𝑏11(0) = 0 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 (3.32𝑑), 𝑔𝑖𝑣𝑒𝑠 

�̂�10𝜂�̂��̂�
10(𝑡0,0) = 0; ∴ �̂�10 = 0 𝑏𝑢𝑡 𝜂,�̂��̂�

10 ≠ 0, 𝑎𝑙𝑠𝑜 �̂�02 = �̂�10 = �̂�11 = �̂�12 = �̂�20 = �̂�21 = �̂�22 = 0 

𝑇ℎ𝑒 𝑠𝑢𝑚𝑚𝑎𝑟𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑠𝑜 𝑓𝑎𝑟 𝑖𝑠 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠; 
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𝜂(�̂�, 𝜏) =  𝜖(𝜂10 + 𝛿𝜂11 + 𝛿2𝜂12 + ⋯ ) + 𝜖3(𝜂30 + 𝛿𝜂31 + 𝛿2𝜂32 + ⋯ ) + ⋯     (3.33) 

𝐿𝑒𝑡 𝜂𝐶 = 𝜂(�̂�𝑐 , 𝜏𝑐)𝑏𝑒 𝑡ℎ𝑒 𝑚𝑎𝑥𝑚𝑖𝑢𝑚 𝑜𝑓 𝜂(�̂�, 𝜏) 𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 (3.33), 𝑖𝑡 𝑖𝑠 𝑒𝑣𝑖𝑑𝑒𝑛𝑡 𝑡ℎ𝑎𝑡, 
𝜂𝑐 = 𝜂(�̂�𝑐,𝜏𝑐) =  𝜖 (𝜂𝑐

10 + 𝛿𝜂𝑐
11 + 𝛿2𝜂𝑐

12 + ⋯ ) + 𝜖3(𝜂𝑐
30 + 𝛿𝜂𝑐

31 + 𝛿𝜂𝑐
32 + ⋯ ) + ⋯ (3.34) 

𝑤ℎ𝑒𝑟𝑒; 

𝜂𝑐
𝑖𝑗 = 𝜂𝑖𝑗(�̂�𝑐,𝜏𝑐)                                                                                                                  (3.35) 

𝐸𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑒𝑎𝑐ℎ 𝑡𝑒𝑟𝑚 𝑜𝑓 (3.35) 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦, 𝑔𝑖𝑣𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 

𝜖𝜂𝑐
10 = 𝜖[𝜂10(�̂�00) +  𝜂,�̂�

10{(𝛿�̂�01 + 𝛿2�̂�02 + ⋯ ) +  𝜖(�̂�10 + 𝛿�̂�11 + 𝛿2�̂�12 + ⋯ ) 

+ 𝜖2(�̂�20 + 𝛿�̂�21 + 𝛿2�̂�22 + ⋯ )} + 𝜂.𝜏
10 𝛿{(𝑇0 + 𝛿𝑇01 + ⋯ ) + 𝜖(𝑇10 + 𝛿𝑇11 + ⋯ ) 

+𝜖2(𝑇20 + 𝛿𝑇21 + ⋯ )} +
1 

2  
{𝜂.�̂��̂�

10{𝛿�̂�01 + 𝛿2�̂�02 + ⋯ } + 𝜖(�̂�01 + 𝛿�̂�11 + 𝛿2�̂�12 + ⋯ ) 

+𝜖2(�̂�20 + 𝛿�̂�21 + 𝛿2�̂�22 + ⋯ )}2 + 𝛿𝜂.�̂�𝜏
10 {(𝑇0 + 𝛿𝑇11 + ⋯ ) + 𝜖(𝑇10 + 𝛿𝑇11 + ⋯ ) 

+𝜖2(𝑇20 + 𝛿𝑇21 + ⋯ )}{𝛿�̂�01 + ⋯ + 𝜖(�̂�01 + 𝛿�̂�01+. . ) + 𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )} 

+𝛿2𝜂,𝜏𝜏
10 {(𝑇0 + ⋯ ) + 𝜖(𝑇10 + ⋯ ) + 𝜖2(𝑇20 + ⋯ )}]                                     (3.36) 

𝜖𝛿𝜂𝑐
11 = 𝜖𝛿[𝜂11(�̂�0,0) + 𝜂,�̂�

11{(𝛿�̂�01 + ⋯ ) + 𝜖(�̂�10 + 𝛿�̂�11 + ⋯ ) + 𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )} 

+𝜂,𝜏
11𝛿{(𝑇0 + ⋯ ) + 𝜖(𝑇10 + ⋯ ) + 𝜖2(𝑇20 + ⋯ )} +

 1

2
{𝜂,�̂��̂�

11{(𝛿�̂�01 + ⋯ )} + 𝜖(�̂�10 + 𝛿�̂�11 + ⋯ ) 

+𝜖2(�̂�20 + 𝛿�̂�21 + ⋯ )}2 + 2𝛿𝜂,�̂�𝜏
10{(�̂�0 + ⋯ ) + 𝜖(�̂�10 + ⋯ ) + 𝜖2(�̂�20 + ⋯ )} 

+𝛿2𝜂,𝜏𝜏
12{(𝑇0 +  … ) +  𝜖(𝑇10 + ⋯ ) + 𝜖(𝑇20 + ⋯ )}]                                (3.37) 

𝜖𝛿2𝜂𝑐
12 = 𝜖𝛿2[𝜂12(�̂�0, 0) + 𝜂,�̂�

12{… + 𝜖(�̂�10 + ⋯ ) + 𝜖2(�̂�20 + ⋯ )}]                              (3.38) 

𝜖3𝜂𝑐
30 = 𝜖3[𝜂30(�̂�0, 0) + 𝜂,�̂�

30{(𝛿�̂�01 + 𝛿2�̂�02 + ⋯ )} + 𝛿𝜂,𝜏
30{(𝑇0 + 𝛿𝑇01 + ⋯ ) + ⋯ }] (3.39) 

𝜖3𝛿𝜂𝑐
31 = 𝜖3𝛿[𝜂31(�̂�0,0) + 𝜂,𝜏

31(𝛿�̂�01 + ⋯ ) + 𝛿𝜂,𝜏
31{(𝑇0 + ⋯ ) + ⋯ } ]                         (3.40) 

𝜖3𝛿2𝜂𝑐
32 = 𝜖3𝛿2[𝜂32(�̂�0, 0) + ⋯ ]                                                                       (3.41) 

𝐺𝑟𝑜𝑢𝑝𝑖𝑛𝑔 (3.36) 𝑡𝑜 (3.41)𝑖𝑛 𝑜𝑟𝑑𝑒𝑟𝑠 (𝜖𝑖𝛿𝑗), 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑡𝑜 

𝜂𝑐 = 𝜖 [𝜂10(�̂�0,0) + 𝛿{�̂�0,𝜂,�̂�
10 + 𝜂11(�̂�0,0) + 𝑇0𝜂,𝜏

10} + 𝛿2 {�̂�02𝜂,�̂�
10 + 𝑇01𝜂,𝜏

10 +
�̂�01

2
𝜂,�̂��̂�

10 

+𝑇0�̂�01𝜂�̂�𝜏
10 +

𝑇0
2

2
𝜂,𝜏𝜏

10 + �̂�01𝜂,�̂�
11 + 𝑇0𝜂,𝜏 

11+ 𝜂12(�̂�0,0) +}] + ⋯ + 𝜖3[�̂�20𝜂,�̂�
10 

+
�̂�01

2
𝜂,�̂��̂�

10 + 𝜂32(�̂�0,0) + 𝛿{�̂�21𝜂,�̂�
10+ 𝑇20𝜂,𝜏 

10 + �̂�11𝜂,�̂�
10+ 𝑇0�̂�20𝜂,�̂�𝜏 

10 + �̂�20𝜂,�̂�
11 

+
�̂�10

2
𝜂,�̂��̂�

11 + �̂�01𝜂,�̂�
30 + 𝑇0𝜂,𝜏 

30 + 𝜂31(�̂�0,0) + 𝛿2{�̂�22𝜂,�̂�
10 + 𝑇21𝜂,𝜏 

10 +
1

2
{{2�̂�01�̂�21 

+2�̂�02�̂�20 + 𝜂31(�̂�0,0) + �̂�11}} 𝜂,�̂��̂�
10 + {2(�̂�01𝑇20 + 𝑇0�̂�21 + �̂�10𝑇11 + 𝑇0�̂�11)}𝜂,�̂�𝜏 

30  

+𝑇10
2 𝜂,𝜏𝜏

2 + �̂�21𝜂,�̂�
11 + 𝑇20𝜂,𝜏 

11 + (�̂�01�̂�20 + �̂�10�̂�11)𝜂,�̂��̂�
11 + (�̂�0�̂�20 + �̂�10

2 )𝜂,�̂�𝜏 
11 + �̂�20𝜂,�̂�

12 

+�̂�02𝜂,�̂�
30 + 𝑇01𝜂,𝜏 

30 + �̂�01𝜂,�̂�
31 + 𝑇0 𝜂,𝜏 

30 + 𝜂32(�̂�0,0)}]                                                 (3.42) 

𝐹𝑢𝑟𝑡ℎ𝑒𝑟 𝑠𝑖𝑚𝑖𝑝𝑙𝑖𝑓𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 (3.42)𝑔𝑖𝑣𝑒𝑠 

𝜂𝑐 =  𝜖 [𝜂10 + 𝛿2 (
𝑇0

2

2
𝜂,𝜏𝜏

10 + 𝑇0𝜂,𝜏
11 + 𝜂12)] (�̂�0,0) 

+𝜖3[𝜂30 + 𝛿(𝑇0𝜂,𝜏
30 + 𝜂31) + 𝛿2(𝑇20𝜂,𝜏

11 + 𝑇01𝜂,𝜏
30 + 𝑇0𝜂,𝜏

31 + 𝜂32)](�̂�0,0) + ⋯          (3.43𝑎) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝜂𝑖𝑗(�̂�0,0)𝑖𝑛 (3.43𝑎), 𝑔𝑖𝑣𝑒𝑠 

𝜂𝑐 = 𝜖 [2𝐵(0)   + 𝛿2 {
𝑇0

2

2
(𝜔′2

(0)𝐵(0) − 𝜔′2
(0)) +

2𝜔′2(0)

(1 − 𝜆)
}] 

+𝜖3 [
67𝐵3(0)𝑏

32(1 − 𝜆)
    −

6𝛿2𝑏

(1 − 𝜆)3 (𝜔′2(0)𝐵(0) − 2𝜔′2(0)𝐵(0))]  + ⋯                           (3.43𝑏) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛(3.43𝑏) 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑡ℎ𝑒 𝑡𝑒𝑟𝑚 𝑇0
2 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑦𝑒𝑡 𝑡𝑜 𝑏𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑. 𝑇ℎ𝑖𝑠 𝑡𝑒𝑟𝑚 𝑖𝑠 𝑛𝑜𝑤 

 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑤𝑖𝑡ℎrecourse to (2.20𝑐) 
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𝑇ℎ𝑢𝑠 𝑎𝑡 𝑚𝑎𝑥𝑚𝑖𝑢𝑚 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡, 𝑡ℎ𝑒 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓  (2. 20𝑐) 𝑔𝑖𝑣𝑒𝑠 

�̂�𝑐 = �̃�𝑐 +
1

𝛿
{𝜇2(𝜏)𝜖2 + 𝜇3(𝜏)𝜖3 + ⋯ }                                                             (3.44𝑎) 

 𝐿𝑒𝑡, 
�̃�𝑐 = �̃�0 + 𝛿 �̃�01 + 𝛿2�̃�02 + ⋯ + 𝜖(�̃�10 + 𝛿�̃�11 + 𝛿2�̃�12 + ⋯ ) + 𝜖2(�̃�20 + 𝛿�̃�21 + ⋯ ) + ⋯ (3.44𝑏) 

𝐸𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 (4.44𝑎), 𝑔𝑖𝑣𝑒𝑠 

�̂�𝑐 = �̃�𝑐 +
𝜖2

𝛿
[𝜇2(0) + 𝜇2

′ (0)(𝛿𝑡𝑐) +
1

2
𝜇2

′′(0)(𝛿𝑡𝑐)2 + ⋯ ] ;   𝜇2(0) = 0                   (3.44𝑐) 

∴ �̂�𝑐 =  �̃�𝑐 + 𝜖2 (𝜇2
′ (0)𝑡𝑐 +

1

2
𝜇2

′′(0)𝛿𝑡𝑐
2 + ⋯ )                                                                    (3.44𝑑) 

𝐸𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (3.44𝑑), 𝑔𝑖𝑣𝑒𝑠 

�̂�0 + 𝛿�̃�01 + 𝛿2�̂�02 + ⋯ + 𝜖(�̂�10 + 𝛿�̂�11 + 𝛿2�̂�12 + ⋯ )+𝜖2(�̂�20 + 𝛿�̂�21 + 𝛿2�̂�22 + ⋯ ) 

= �̃�0 + 𝛿�̃�01 + 𝛿2�̃�02 + ⋯ + 𝜖(�̃�10 + 𝛿�̃�11 + 𝛿2�̃�12 + ⋯ ) +  𝜖2(�̃�20 + 𝛿�̃�21 + 𝛿2�̃�22 + ⋯ ) 

+ 𝜖2[(𝜇2
′ (0)){�̃�0 + 𝛿�̃�01 + ⋯ + 𝜖2(�̃�20 + 𝛿�̃�21 + 𝛿�̃�22 + ⋯ ) + ⋯ }] 

+
𝜇2

′′(0)𝛿

2
[�̃�0 + 𝛿�̃�01 + 𝛿2�̃�02 + ⋯ +  𝜖 (�̃�10 + 𝛿�̃�11 + ⋯ ) +  𝜖2(�̃�20 + 𝛿�̃�21 + ⋯ )]2      (3.45) 

𝑂𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟𝑠 𝑜𝑓 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠, 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑔𝑖𝑣𝑒𝑠 

𝑂(1): �̂�0 = �̃�0; 𝑂(𝛿): �̂�01 = �̃�01; 𝑂(𝛿2):�̂�02 = �̃�02; 𝑂(𝜖): �̂�10 = �̃�10                    (3.46𝑎, 𝑏, 𝑐, 𝑑) 

𝑂(𝜖2): �̂�20 = �̃�20 + 𝜇2
′ (0)�̃�0                                                                                                    (3.46𝑒) 

𝐼𝑡 𝑖𝑠 𝑡𝑜 𝑏𝑒 𝑟𝑒𝑐𝑎𝑙𝑙𝑒𝑑 𝑓𝑟𝑜𝑚(2.20𝑏) 𝑡ℎ𝑎𝑡, 
𝑑�̃�

𝑑𝑡
= [1 − 𝜆cos (𝜔(𝛿𝑡)]

1
2⁄                                                                                 (3.47) 

𝐸𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 ℎ𝑎𝑛𝑑 𝑠𝑖𝑑𝑒 𝑜𝑓 (3.47), 𝑔𝑖𝑣𝑒𝑠 

𝑑�̃�

𝑑𝑡
= [1 − 𝜆 {1 −

𝜔2(𝜏)

2!
+

𝜔4(𝜏)

4!
+ ⋯ }]

1
2⁄

= [(1 − 𝜆) + 𝜆 {
𝜔2(𝜏)

2
−

𝜔4(𝜏)

4!
+ ⋯ }]

1
2⁄

   (3.48𝑎) 

𝐹𝑢𝑟𝑡ℎ𝑒𝑟 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 (4.48𝑎)𝑢𝑠𝑖𝑛𝑔 𝑏𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑔𝑖𝑣𝑒𝑠 

𝑑�̃�

𝑑𝑡
= (1 − 𝜆)

1
2⁄ [1 +

1

2
(

𝜆

1 − 𝜆
) {

𝜔2(𝜏)

2!
−

𝜔4(𝜏)

4!
+ ⋯ } −

1 

8
(

𝜆

1 − 𝜆
)

2

{
𝜔2(𝜏)

2!
−

𝜔4(𝜏)

4!
+ ⋯ }

2

] (3.48𝑏) 

𝑀𝑜𝑟𝑒 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓 (4.48𝑏), 𝑔𝑖𝑣𝑒𝑠 

𝑑�̃�

𝑑𝑡
= (1 − 𝜆)

1
2⁄ [1 +

1 

2
(

𝜆

1 − 𝜆
) {{

𝜔2(0)

2
+

(𝜔2)′(0)

1!
𝛿𝑡 +

(𝜔2)′′(0)

2!
(𝛿𝑡)2 + ⋯ }} 

−
1

8 
(

𝜆

1 − 𝜆
)

2 1

2
{𝜔2(0) +

(𝜔2)′(0)

1!
𝛿𝑡 +

(𝜔2)′′ (0)

2!
(𝛿𝑡)2 + ⋯ }] 

−
1

4!
[𝜔4(0) +

(𝜔4)′(0)𝛿𝑡

1!
+

(𝜔4)′′2
(0)(𝛿𝑡)2

2!
+ ⋯ ] −

1

4!
{𝜔4(0) +

𝜔′4(0)𝛿𝑡

1!
+

𝜔′′4
(0)(𝛿𝑡)2

2!
+. . }

2

(3.48𝑐) 

𝐹𝑢𝑟𝑡ℎ𝑒𝑟 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 (3.48𝑐)𝑔𝑖𝑣𝑒𝑠 

𝑑�̃�

𝑑𝑡
= (1 − 𝜆)

1
2⁄ [{1 +

𝜆

2(1 − 𝜆)
{
1 

2
𝜔2(0) −

1

4!
𝜔4(0)}} −

1 

8
(

𝜆

1 − 𝜆
)

2

{
1

4
𝜔4(0) −

𝜔8(0)

(4!)2
0} 

+ {
−𝜆

2(1 − 𝜆)
(

(𝜔2)′(0)

2
−

(𝜔4)′(0)

4!
) −

1

8
(

𝜆

1 − 𝜆
)

2

}] + {
𝜔2(0)𝜔′2(0)

2
−

𝜔4(0)𝜔′4(0)

288
 

−
𝜔2(0)𝜔′4(0)

1152
−

𝜔′2(0)𝜔4(0)

1152
} 𝛿𝑡 + {{−

1

8
(

𝜆

1 − 𝜆
)

2

{
(𝜔2 )′(0)

3
+

𝜔2(0)(𝜔2)′′(0)

2
} − (

(𝜔4)′(0)

576
)

2
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−
𝜔3(0)𝜔′′4

(0)

576
−

𝜔2(0)𝜔′′4
(0)

24
−

𝜔′2
(0)𝜔2(0)

24
−

𝜔′′2(0)𝜔3(0)

48
}} (𝛿𝑡)2  + ⋯                (3.48𝑑) 

𝑁𝑜𝑤  (3.48𝑑) 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑠𝑖𝑚𝑝𝑙𝑦 𝑎𝑠 
𝑑�̃�

𝑑𝑡
= (1 − 𝜆)

1
2⁄ [𝛽1 + 𝛽2𝛿𝑡 + 𝛽3(𝛿𝑡)2 + ⋯ ]                                                     (3.49) 

𝑤ℎ𝑒𝑟𝑒, 

𝛽1 = [1 +
𝜆

2(1 − 𝜆)
{

𝜔2(0)

2
−

𝜔4(0)

24
} −

1

8
(

𝜆

1 − 𝜆
)

2

{
𝜔4(0)

4
−

𝜔8(0)

576
}]                              (3.50𝑎) 

𝛽2 = [
−𝜆

2(1 − 𝜆)
{

(𝜔2)′(0)

2
−

(𝜔4)′(0)

576
} −

1

8
(

𝜆

1 − 𝜆
)

2

{
𝜔2(0)(𝜔2)′(0)

2
−

𝜔4(0)(𝜔4)′(0)

288
} −

𝜔2(0)𝜔′(0)

1152
] (3.50𝑏) 

𝛽3 = −
1

8
(

𝜆

1 − 𝜆
)

2

[
(𝜔2)′(0)

3
+

𝜔2(0)(𝜔2)′′(0)

2
−

(𝜔4)′(0)

576
−

𝜔4(0)(𝜔4)′′(0)

576
 

−
(𝜔2)′(0)(𝜔4)′′(0)

24
−

(𝜔2)′′(0)𝜔4(0)

488
]                                                  (3.50𝑐) 

From (3.49), it follows that, 

𝑑�̃� = (1 − 𝜆)
1

2⁄ [𝛽1 + 𝛽2𝛿𝑡 + 𝛽3(𝛿𝑡)2 + ⋯ ]𝑑𝑡                                                     (3.51𝑎) 

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (3.51𝑎), 𝑔𝑖𝑣𝑒𝑠 

�̃� = (1 − 𝜆)
1

2⁄ [𝛽1𝑡 +
1

2
𝛽2𝛿𝑡2 +

𝛽3

3
𝛿2𝑡3 + ⋯ ]                                                    (3.51𝑏) 

𝑇ℎ𝑢𝑠, 𝑢𝑠𝑖𝑛𝑔 (3.51𝑏), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡,  

�̃�𝑐 = (1 − 𝜆)
1

2⁄ [𝛽1𝑡𝑐 +
𝛽2𝛿𝑡𝑐

2

2
+

𝛽3𝛿2𝑡𝑐
3

3
+ ⋯ ]                                                         (3.51𝑐) 

𝑇ℎ𝑒 𝑡𝑒𝑟𝑚�̃�𝑐  𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑎𝑛𝑑𝑒𝑑 𝑎𝑠 

�̃�𝑐 = (�̃�0 + 𝛿�̃�01 + 𝛿2�̃�02 + ⋯ + 𝜖(�̃�10 + 𝛿�̃�11 + 𝛿2�̃�12 + ⋯ ) +  𝜖2(�̃�20 + 𝛿�̃�21 + ⋯ ) + ⋯ 

While it is to be recalled from(3.29b) that 

𝑡𝑐 = 𝑇0 + 𝛿𝑇01 + 𝛿2𝑇02 + ⋯ +  𝜖 (𝑇10 + 𝛿2𝑇12 + ⋯ ) +  𝜖2(𝑇20 + 𝛿𝑇21 + 𝛿2𝑇22 + ⋯ ) + ⋯ 

𝐵𝑦 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (3.51𝑐), 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑔𝑖𝑣𝑒𝑠 

�̃�0 + 𝛿�̃�01 + 𝛿2�̃�02 + ⋯ +  𝜖(�̃�10 + 𝛿�̃�11 + 𝛿2�̃�12 + ⋯ ) + 𝜖2(�̃�20 + 𝛿�̃�21 + 𝛿2�̃�22 + ⋯ ) + 

= (1 − 𝜆)
1

2⁄ [𝛽1{𝑇0 + 𝛿𝑇01 + 𝛿2𝑇02 + ⋯ + 𝜖(𝑇10 + 𝛿𝑇11 + 𝛿2𝑇12 + ⋯ ) +  𝜖2(𝑇20 + 𝛿𝑇21 

+𝛿2𝑇22 + ⋯ )}] +
𝛽2𝛿  

2
[(𝑇0 + 𝛿𝑇01 + 𝛿2𝑇02 + ⋯ ) + ⋯ +  𝜖(𝑇10 + 𝛿𝑇11 + 𝛿2𝑇12 + ⋯ ) 

+ 𝜖2(𝑇20 + 𝛿𝑇21 + 𝛿2𝑇22 + ⋯ )]2 +
𝛽3𝛿2

3
[(𝑇0 + 𝛿𝑇01 + ⋯ ) 

+𝜖(𝑇10 + 𝛿𝑇11 + ⋯ ) + 𝜖2(𝑇20 + 𝛿𝑇22 + ⋯ )]3                                             (3.51𝑑) 

𝑂𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟𝑠 𝑜𝑓 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 (4.51𝑑), 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑟𝑒 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 

𝑂(1): �̃�0 = (1 − 𝜆)
1

2⁄ 𝛽1𝑇0; 𝑂(𝛿): �̃�01 = (1 − 𝜆)
1

2⁄ [𝛽1𝑇01 +
𝛽2𝑇0

2
]                    (3.52𝑎, 𝑏) 

𝑂(𝛿2): �̃�02 = (1 − 𝜆)
1

2⁄ [𝛽1𝑇02 + 𝛽2𝑇0𝑇01]; 𝑂(𝜖): �̃�10 = (1 − 𝜆)
1

2⁄ 𝛽1𝑇10                  (3.52𝑐, 𝑑) 

𝑂(𝜖𝛿): �̃�11 = (1 − 𝜆)
1

2⁄ [𝛽1𝑇11 + 𝛽2𝑇0𝑇01]                                                                      (3.52𝑒) 

𝑂(𝜖𝛿2): �̃�12 = (1 − 𝜆)
1

2⁄ [𝛽1𝑇12 + 𝛽2(𝑇0𝑇11 + 𝑇01𝑇10)]; 𝑂(𝜖2): �̃�20 = (1 − 𝜆)
1

2𝛽1𝑇20(3.52𝑓, 𝑔) 

𝑂(𝜖2𝛿): �̃�21 = (1 − 𝜆)
1

2⁄ [𝛽1𝑇21 +
𝛽2

2
(𝑇 10

2 + 2𝑇10𝑇20)]                                              (3.52ℎ) 

𝑂(𝜖2𝛿2): �̃�22 = (1 − 𝜆)
1

2⁄ [𝛽1𝑇22 + 𝛽2(𝑇0𝑇21 + 𝑇10 + 𝑇11 + 𝑇0𝑇21 + 𝑇01𝑇20)]                  (3.52𝐼) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 (3.46𝑎), (3.32𝑏), �̂�0 = 𝜋 𝑖𝑛 (3.52𝑎), 𝑔𝑖𝑣𝑒𝑠, 
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𝑇0 =
𝜋

𝛽1(1 − 𝜆)
1

2⁄
, 𝑎𝑙𝑠𝑜, 𝑇01 =

𝛽2𝜋2

2𝛽1
3(1 − 𝜆)

; 𝑇02 = −
𝛽2𝜋3

2𝛽1
5(1 − 𝜆)

5
2⁄

                          (3.53𝑎, 𝑏, 𝑐) 

𝐹𝑟𝑜𝑚 (3.52𝑑), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡, 
𝑇10 = 0; 𝑠𝑖𝑛𝑐𝑒 �̃�10 = 0, 𝑎𝑙𝑠𝑜, 𝑇11 = 𝑇12 = 𝑇20 = 𝑇21 = 𝑇22 = 0  

𝐻𝑒𝑛𝑐𝑒, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑇0, 𝑇01 𝑎𝑛𝑑 𝑇20 𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑡𝑜 𝑏𝑒 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒𝑑 𝑖𝑛 (3.43𝑎)  
𝑂𝑛 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑜𝑓  (3.43𝑏), 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑔𝑖𝑣𝑒𝑠 

𝜂𝑐 = [2𝐵(0) + 𝛿2 {
𝑇0

2

2
(

𝜔′2
(0)𝐵(0) − 𝜔′2

(0)

(1 − 𝜆)
) +

2𝜔′2
(0)

(1 − 𝜆)
}] 

+𝜖2 [
67𝐵2(0)𝑏

32(1 − 𝜆)
−

6𝛿2𝑏

(1 − 𝜆)3 {𝜔′2
(0)𝐵(0) − 2𝐵2(0)𝜔′2

(0)}] 

𝑇ℎ𝑖𝑠 𝑐𝑎𝑛 𝑏𝑒  𝑟𝑒𝑐𝑎𝑠𝑡𝑒𝑑 𝑎𝑠 

𝜂𝑐 =  𝜖 𝐺1 +  𝜖2 𝐺2 + ⋯                                                                                        (3.54) 

𝑤ℎ𝑒𝑟𝑒, 

𝐺1 = 2𝐵(0) [1 +
𝛿2𝜔′2

(0)

4(1 − 𝜆)𝐵(0)
{𝐵(0) − 1)𝑇0

2 + 4}]                                            (3.55𝑎) 

𝐺2 =
67𝐵3(0)𝑏

32(1 − 𝜆)
[1 +

192𝛿2𝜔′2(0)(2𝐵(0) − 1)

67𝐵2(0)(1 − 𝜆)2
]                                                             (3.55𝑏) 

𝐹𝑢𝑟𝑡ℎ𝑒𝑟 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 (3.55𝑎, 𝑏) 𝑔𝑖𝑣𝑒𝑠; 

𝐺1 = 2𝐵(0)(1 + 𝑑1𝛿2); 𝐺2 =
67𝐵3(0)𝑏

32(1 − 𝜆)
(1 + 𝑑2𝛿2)                                        (3.56𝑎, 𝑏) 

𝑤ℎ𝑒𝑟𝑒, 

𝑑1 =
𝜔′2

(0)

4(1 − 𝜆)𝐵(0)
{(𝐵(0) − 1)𝑇0

2 + 4};  𝑑2 =
192𝜔′2

(0)

67𝐵2(0)(1 − 𝜆)2
(2𝐵(0) − 1)         (3.57𝑎, 𝑏) 

3.4  Dynamic buckling load of the model structure 

𝐴𝑐𝑐𝑜𝑟𝑑𝑖𝑛𝑔 𝑡𝑜 𝐴𝑚𝑎𝑧𝑖𝑔𝑜 𝑎𝑛𝑑 𝐸𝑡𝑡𝑒 (1987), 𝑡ℎ𝑒 𝑝𝑟𝑜𝑐𝑒𝑑𝑢𝑟𝑒 𝑓𝑜𝑟 𝑓𝑖𝑛𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑦𝑛𝑎𝑚𝑖𝑐 

 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑙𝑜𝑎𝑑 𝜆𝐷 ,   𝑖𝑛𝑣𝑜𝑙𝑣𝑒𝑠 𝑓𝑖𝑟𝑠𝑡  𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑛 (3.54)𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 
𝜖 = 𝑘1𝜂𝑐 + 𝑘3𝜂𝑐

3 + ⋯                                                                                                   (3.58) 

Such a reversal of series is required in order to ensure the boundedness of solution after buckling 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝜂𝑐𝑖𝑛 (3.58) 𝑢𝑠𝑖𝑛𝑔 (3.54) 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑡𝑜 

𝜖 = 𝑘1(𝜖𝐺1 + 𝜖3𝐺3 + ⋯ ) +  𝑘3(𝜖𝐺1 + 𝜖3𝐺3 + ⋯ )3 + ⋯                                    (3.59) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝜖 𝑖𝑛 (3.59), 𝑙𝑒𝑎𝑑𝑠 𝑡𝑜 

𝑘1𝐺1 = 1. ∴ 𝑘1 =
1

𝐺1
                                                                                            (3.60𝑎) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝜖3𝑖𝑛 (3.59), 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑡𝑜 

𝑘1𝐺3 + 𝑘3𝐺1
3 = 0. ∴ 𝑘3 = −

𝑘1𝐺3

𝐺1
3 = −

𝐺3

𝐺1
4                                                          (3.60𝑏) 

𝑇𝑜 𝑜𝑏𝑡𝑎𝑖𝑛 𝑡ℎ𝑒 𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑙𝑜𝑎𝑑  𝜆𝐷, 𝑖𝑡 𝑖𝑠 𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑦 𝑡𝑜 𝑖𝑛𝑣𝑜𝑘𝑒(3.26)  𝑎𝑛𝑑 𝑜𝑏𝑡𝑎𝑖𝑛 
𝑑𝜖

𝑑𝜂𝑐
=

𝑑

𝑑𝜂𝑐

[𝑘1𝜂𝑐 +  𝑘3𝜂𝑐
3 + ⋯ ];

𝑑𝜖

𝑑𝜂𝑐
= 0; 𝜖 (𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)                                   (3.61𝑎) 

∴
𝑑(𝑘1)

𝑑𝜆

𝑑𝜆

𝑑𝜂𝑐
𝜂𝑐 +  𝑘1

𝑑𝜂𝑐

𝑑𝜂𝑐
+

𝑑(𝑘3)

𝑑𝜆

𝑑𝜆

𝑑𝜂𝑐
𝜂𝑐

3 +
𝑘3𝑑(𝜂𝑐

3)

𝑑𝜂𝑐
= 0                                            (3.61𝑏) 

𝐹𝑟𝑜𝑚 (3.61𝑏), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 

𝑘1 + 3𝑘3𝜂𝑐
2 + ⋯ = 0; (𝑠𝑖𝑛𝑐𝑒 

𝑑𝜆

𝑑𝜂𝑐
= 0) ; 𝜆 =  𝜆𝐷; 𝑎𝑛𝑑 𝑘1(𝜆𝐷) +  3𝑘3(𝜆𝐷)𝜂𝐶𝐷

2 = 0     (3.61𝑐, 𝑑) 

𝑤ℎ𝑒𝑟𝑒, 

𝜂𝐶𝐷 = 𝜂𝑐(𝜆𝐷) .  ∴ 𝜂𝐶𝐷 = (
−𝑘1(𝜆𝐷)

3𝑘3(𝜆𝐷)
)

1
2⁄

= (
−𝑘1

3𝑘3
)

1
2⁄

                                                          (3.61𝑒) 
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𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑘1𝑎𝑛𝑑 𝑘3𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝑖𝑛 (3.61𝑒), 𝑙𝑒𝑎𝑑𝑠 𝑡𝑜  

𝜂𝐶𝐷 = (
𝐺1

3

3𝐺3
)

1
2⁄

(3.61𝑓) 

where, 𝜂𝐶𝐷 is the displacement at buckling. To determine the dynamic buckling load 𝜆𝐷, there is need to evaluate 

(3.58) at buckling and get,  

𝜖 = 𝑘1(𝜆𝐷)𝜂𝐶𝐷 + 𝑘3(𝜆𝐷)𝜂𝐶𝐷
3 + ⋯                                                                               (3.62) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑘1𝑎𝑛𝑑 𝑘3𝑎𝑛𝑑 𝜂𝐶𝐷𝑖𝑛 (3.62), 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑡𝑜 

𝜖 =
2

3√3
√

𝐺1

𝐺3
;  𝜖 =

2

3√3
[

2𝐵(0)
67𝐵2(0)𝑏

32(1−𝜆)

(
1 + 𝑑1𝛿2

1 + 𝑑2𝛿2)]

1
2⁄

(3.63𝑎, 𝑏) 

𝐹𝑢𝑟𝑡ℎ𝑒𝑟 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 (3.63𝑏)𝑔𝑖𝑣𝑒𝑠 

(1 − 𝜆𝐷)
3

2⁄ =
3√201

16
𝜆𝐷𝑏

1
2⁄ 𝜖 Ζ

1
2⁄  ; and Ζ =  (

1 + 𝑑2𝛿2

1 + 𝑑1𝛿2)                                            (4.64) 

 

CONCLUSION 

Hence, we see that the dynamic buckling load, 𝜆𝐷 depends on the first derivative of the circular frequency evaluated at 

the initial time. We found that the least order of dependence of 𝜆𝐷 on 𝛿 is of the form 𝛿2 (4.64). Hence, if is very small 

compared to unity 𝑖. 𝑒. 0 < 𝛿 << 1, then 𝛿2 is even smaller and generally tends to zero. Thus, periodic loading with 

slowly varying circular frequency tends to a step load. The equation (4.46) is the expected load equation and 𝜆𝐷 is 

dynamic buckling load. 
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