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Abstract

We have constructed Partial Generalized von Neumann Algebra and Conditional
expectations have been defined on it; where we considered weak and unbounded
Conditional Expectations and we found out that the unbounded conditional
expectation is a proper subspace of the weak Conditional Expectation.
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1.1 Introduction

In probability theory, Conditional Expectation plays a very vital role. Conditional expectation is a map which takes values
from an algebra onto its sub- algebra. This implies that the domain of conditional expectation is not equal to the algebra in
which it is acting upon. The study of conditional expectations for O*- algebras was first carried out by [1]. Let M be an O*-
algebra on a dense subspace D of a complex separable Hilbert space H with cyclic and separating vector 2, and N an O*-
subalgebra of M. In their study, [1] defined conditional expectation as a map A — Py A, of M into the closed subspace
Hy of H, where Py is the orthogonal projection of H onto Hy . We call this the vector conditional expectation given by
(N, ). It is important to check the existence of a Conditional expectation. In fact, [2] has shown that conditional
expectation does not necessarily exist for a general von Neumann algebra. But for semi finite von Neumann algebras, here
conditional expectation exists if and only if A%, NAg¥= N where A is the modular automorphism group.

[3, 4] have studied Unbounded Conditional Expectations for operator algebras and O*-algebras. [5] studied Unbounded
Conditional Expectations for Partial O*-algebras where he defined it as a positive linear map E of a Partial O*-algebra M
onto its Partial O*-subalgebra N; thereby generalizing conditional expectations in Operator algebras and O*-algebras for
Partial O*-algebras. In this paper we shall define Conditional Expectations on Partial Generalized von Neumann Algebra M
onto its Partial Generalized von Neumann subalgebra N and compare two classes of Conditional Expectations; Weak
Conditional Expectations and Unbounded Conditional Expectations. Hence the work of [5] has been extended.

2.1 Preliminaries
In order to make the paper self contained, we reproduce the definitions of partial *- algebras, partial O*-algebras and Partial
Generalized von Neumann Algebra. For more details on the subject we refer the reader to [6].
*-algebra: A *-algebra is an algebra 21, together with an involution which enjoys the following properties;
() (x+y) =y +x" (i) (x.y) =y~.x" (iii))x™ = x, (iv) (ax)" = ax™, forall x,y € A, a € C.
Partial *-algebra: A partial *-algebra is a complex vector space 2 with an involution x — x* (that is a bijection x™ = x)
and asubset ' € A x A (a binary relation) such that

(i) (x,y) € Timplies (y*,x*) € T

(i) (x,y1), (x,y,) € T implies (x,ay, + By,) € T, foralla,p € C;

(iii) whenever (x,y) € T, there exists a product x.y € A with the usual properties of the multiplication: x. (y +

az) =x.y+a(x.z)and (x.y)* = y*.x*for (x,y),(x,z) € Tand a €

The element e of A is called a unit if e* =e,(e,x) € T' forall x € Wand e.x = x.e = x, for all x € A. Notice thathe
partial multiplication is not required to be associative. Whenever (x,y) € T, x is called the left multiplier of y and y is
called the right multiplier of x and we write x € L(y) and y € R(x). For a subset 9t c 2, we write
LA = NyenL(x), ROY) = Nyen R(x).
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Note that if 21 has no unit, it may always be embedded into a larger partial *-algebra with unit in the standard fashion.
Partial 0*-Algebra: A partial O*-algebra is a *-subalgebra M of LTN (D, H), with identity satisfying the following
properties:

() X, +X,, X,X, €M, (ii) aX, a € C,X € M. (iii) X > Xt =X* I D, (iv) X,0X, =XI*X2, defined whenever X; €
LY (X,) or X, € RV (X,), thatis if and only if X,D c D(Xf* Yand X;D c D(X;), forall Xt e M, X,,X, € M

*-Representation: A *- representation of a partial *- algebra 2 is a *- homomorphism of A into L'(D, H), satisfying
m(e) = I, whenever e € ¥, that is,

(i) mis linear;

(i) x € LY (y) in A implies 7(x) € L¥(n(y)) and w(x)an(y) = n(xy);

(i) w(x*) = mw(x)T for every x € A

2.2 Properties of Conditional Expectations on von Neumann Algebra

Here we state the properties of Conditional Expectations on von Neumann Algebra. For the properties of the classical
Conditional Expectations, [8] has done it extensively.

Let M be a von Neumann Algebra on a separable Hilbert space H with a faithful normal state  and a cyclic vector {2, in H;
let N be a von Neumann subalgebra of 9t. Then a map E of M onto N is said to be a Conditional Expectation of M onto N
if it satisfies the following properties:

E is linear,

E(A)*=E(A*) forallAe M

E(X)=X,forall X eN,

E(A*A)>0, forallAe M

E(A* A)<E(A*)E(A),forall A € M.

E(XAY)=XE(A)Y,forallAe M, X,Y EN

E(E(A)X) = E((A)E(X)) = E(A)E(X), forall A€ M,X e NorX € M,A € N.

wo,(E(A)) = wy,(A), forall A € M.

Remark [7] has proved that every projection of norm one of a C*-algebra onto its C*-subalgebra enjoys properties 4-6.

N>R~ WNE

2.3 Existence of Conditional Expectation in von=--

Neumann Algebra

Let M be a von Neumann Algebra on a separable Hilbert space H with a faithful normal weight w on M_let N be a von
Neumann subalgebra of M in which w is semifinite. Then the following two statements are equivalent.

i N is invariant under the modular automorphism group o, associated with w,

ii. There exists a o -weakly continuous faithful projection E of norm one from M onto N such that

w(X) = w o E(X), for every M,,.

2.4 Construction of Partial Generalized von Neumann Algebra

In order to construct a Partial Generalized von Neumann Algebra, we equip the t-invariat vector space LT (D, H) with the
partial multiplication denoted by o as follows; X is a left multiplier of Y or X € L (Y) if and only if YD < D(X') and
XtD c D(Y*) and then XoY = X™*Y. Also X € L¥(Y) if and only if YT € L(XT) and then (XoY)' = YToXT. If X €
Y(Y)N LY (Z), then X € LY (aY + BZ) for all a,B € C, and Xo(aY + BZ) = a(XOY) + B(XOZ). A t-invariat subspace
of LT(D, H) is called a partial 0*-algebra on D if XoY € M, whenever X,Y € M with X € L" (Y).

Definition 2.4.1 Let M, be a von Neuman Algebra on H such that MgD c D. A partial O*-algebra M on D is called a
Partial Generalized von Neuman Algebra on D over M} if D =Nycy D(X), and M = [M, | D]**. Supposed that M is a
Partial Generalized von Neuman Algebra on D over M. Then it follows that;

M), ={X € LY(D,H): < CX&,n >=<C&XTn>, foreachC € M., &,n € M}={X € LY(D,H): XnM,}.

2.5 Conditional Expectations in Partial Generalized von Neumann Algebra

In this section, let M be a Partial Generalized von Neumann Algebra on D over M, (where M, is a von Neumann Algebra on
H) with a strongly cyclic and separating vector £2, € D and let N be a Partial Generalized von Neumann subalgebra of M
over N, (where N, is a von Neumann subalgebra over M,).

2.5.1 Weak Conditional Expectation
Let N © M be a Partial Generalized von Neumann Algebra on D with a strongly cyclic and separating vector 2, € D such
that (N n RY(M)) 0, is dense in Hy = N{),. Then the following lemma is immediate:
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Lemma 2.5.1 Put

s (N 0 RY(M)) 2, — LT (D, H)

XY, — (XOy) 2,

D(my) = (N N R¥(M)) £,

ny(X)YQ, = (XaY) 2,, VX € N,VY € N nRY(M).
Then m, is a *-representation of N in the Hilbert space Hy = D(my) . We denote by Py the projection of L2(M) = H),
onto L?(N) = Hy,.

This projection plays a vital roll in this Research.
Lemma 2.5.2 If Py and 7y are defined as

Py: (M) — LX(N) S I2(N)

X0y — PyXQy = XPyL,.

Then it holds that

PyD © D*(my)

And

h(X) Pyfdy = PyX0y,V X €N, 0, € D.

Proof.

((XOY) 2,|PyQ) = (X*Y120|Q) = (Y |XQ) = (Y, |PyXQ)
And so

PyD c D*(my)

And

N (X) Pyf2g = PyXQy,,V X €N, 2, € D.

Definition 2.5.1 A map Ey of M into L' (D (my), Hy) is said to be a weak Conditional Expectations of (M, £2,) with respect
to N if it satisfies
(Ex(AX0)IY0,) = (Py(AX)02y)|Y2,), VA € M,VX,Y € N nR¥(M).
For weak Conditional Expectations, we have the following theorem;
Theorem 2.5.2 There exists a unique weak Conditional Expectation Ey of (M, 2,) with respect to N and Ey(A) = PyA T
D(my),VA € M.
The weak Conditional Expectation Ey of (M, 2,) with respect to N has the following properties
1. Ey is linear,
Ey is a projection, that is Ey(A)T = Ey(A"), VA€ M,
Ex(X)=X,YXEN,
Ey(ATOA) > 0, VA € M such that AToA is well-defined,
Ey(ATOA) = Ey(ANDOEy(A), VA € M such that AToA and Ey (AT)OEy (A), are well-defined,
Ey(ADX) = Ey(A)oX, forany A € M, X € N nRY(M) and Ey (A)OX is well-defined,
Ey(XOA) = XOEy(A), forany A€ M N RY(N),X €N,
8. wg,(Ex(A)) = wy,(4), forall A€ M.
Proof. We know that Ey (A) is a linear map of D(my) into D*(my) for any A € M, and furthermore, we have Ey(4)" =
Ey(A"), forall A € M. So Ey is a map of M into LT (D (), Hy).
Since
(Ex(AX0Q)|Y0,) = (Py(AX)2,)|Y2,), VA € M,VX,Y € N N RY(M).
Ey is a weak Conditional Expectation of (M, 2,) with respect to N, E(A) = Ey(A), for each A € M. Thus we have shown
the existence and uniqueness of weak Conditional Expectation. The conditions 3-5 follow, since Ey(A) = PyA T
D(my), VA € M. This completes the proof.

No ko

2.6 Unbounded Conditional Expectation in Partial Generalized von Neumann algebra
Let N © M be a Partial Generalized von Neumann algebra on D in H with a strongly cyclic and separating vector 2, € D
for M such that (N n R (M)) (2, is dense in Hy,.

Transactions of the Nigerian Association of Mathematical Physics Volume 1, (January -March., 2021), 1 -6

3



Conditional Expectations on Partial... Tijjani and Dangana Trans. Of NAMP

Definition 2.6.1 A map E: D(E) € M onto N is said to be an Unbounded Conditional Expectation of (M, 2,) with respect
to N if
i The domain D(E) of E is a f-invariant subspace of M containg N,
ii. E is a projection, that is hermitian E(4A)t = E(A"), for A € D(E) and E(X) = X,VX € N,
iii. E(AoX) = E(A)oX, forany A € D(E),X € N nR¥(M)
iv.  E(XoA) = XaE(A), forany A € D(E) N R¥(N),X €N
V. W E(A)) = wg, (A), forall A € D(E),
Remark 2.6.1 If D(E) = M then E is said to be a weak Conditional Expectation of (M, 2,) with respect to N.
Note that the Unbounded Conditional Expectation E is a subspace of the weak Conditional Expectation Ey of (M, 0,)
with respectto N. Thatisif Ey:M — N, then E:D(E) c M — N,also Ey I D(E) = E
For Unbounded Conditional Expectation, we have the following lemma
Lemma 2.6.1 Let E be an Unbounded Conditional Expectation of (M, £2,) with respect to N. Then
E(AX), = PyAXQ,, VA € D(E),X € N N R¥(M).
Proof.
(E (AX)20Y00) = ( E(ADX) QoY 2y} = ( E(YTDADX)2]020) = ( (YTDADX) 2] 020) = ( (ADX)2]Y2y)
= ((AX)2|Y o) = ((AX) | PyY 20) = ( PyAX0|Y )
Hence,
E (AX)0y = PyAX,, VA € D(E),X € N n R¥(M). o
Let ¥ be the set of all Unbounded Conditional Expectation of (M, £2,) with respect to N. Then J is an ordered set with the
following order c:
E, c E, ifand only if D(E,) c D(E,), E;(A) = E,(A),VA € D(E,).
Theorem 2.6.1 There exists a maximal Conditional Expectation of (M, £,) with respect to N, and it is denoted by &,,.
Proof.
We put
D(&o) ={A € M: AT (yarwn))ao € N T(wnrwmy)a, -
Then for any A € D(&,), there exists a unique map &, such that
Eo (AX)Ny = PyAXQy = E(AX),, VX € N N R¥(M).
It is easily shown that &, is an Unbounded Conditional Expectation of (M, 2,) with respect to N. Moreover, &, is maximal
in 3. Indeed, let E € J. Take an arbitrary A € D(E).  Then by lemma 2.6.1 we see that
E (AX)0y = PyAXQ, = Ey(AX)2y,VX € N N RY(M).
Which implies that E(AX) T(yngwan)a,- Hence E © & and &, is maximal in . o
Thus we remark for the weak and for the Unbounded Conditional Expectations E, and E that Ey = N, E(D(E)) # N and
E(D(E)) c N.

2.7 Existence of Conditional Expectations on Partial Generalized von Neumann Algebra

For the existence of Conditional Expectations in von Neumann Algebra, Takesaki has obtained the following:

Theorem 2.7.1 Let M be a von Neumann Algebra on a Hilbert space H with a separating and cyclic vector 2, and N a von
Neumann subalgebra of M. Then Ey is a Conditional Expectation of M onto N with respect to 2, if and only
if Al (N) A= N, vt € R, where A, is the modula operator for the left Hilbert Algebra M12,,.

Then our extension is as follows:

Theorem 2.7.2 Let M be a Partial Generalized von Neumann Algebra on D in H with a strongly cyclic and separating
vector 2, € D, and let N be a Partial Generalized von Neumann subalgebra of M satisfying N.,D(N) c D(N),(N n
R¥(M)) £, is essentially self-adjoint for N and Ey(A) = PyA I Py D,VA € M,,.. Then

Ey is linear,

Ey is hermitian, that is Ey (A)T = Ey(AT), VA € M,

EyX)=X,VXEN,

Ey(ATOA) > 0, VA € M such that AToA is well-defined,

Ey(AToA) = Ey(AY)DEy(A), VA € M such that AToA and Ey (AT)DEy (A), are well-defined,
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6. Ey(AoX) = Ey(A)oX, forany A€ M, X € NnR¥(M) and Ey(A)oX is well-defined,

1. Ey(XDA) = XOEy(A), forany A€ M nRY(N),X €N,

8. wg, (Ex(A)) = wy,(A), forall A € M.

9. AGE(N,) Mg = (N,,)', vt € R where Aj is the modular operator for the full Hilbert Algebra (M,,)".
Proof.

Let

D(Ey) = {A € M:PyAQ, € N2y}

Then we see that

PyAQy = Ey(A) 2y € NA2,, foreach A € M. Hence D(Ey) c M.

Since £, is strongly cyclic and separating vector for M. It follows that for any A € D(Ey). There exists a unique element
Ey(A) of N such that PyAQ, = Ey(4) 0,.

Take arbitrary X € N, then X is affiliated with the von Neumann Algebra (N,,)’. And so

Ny, = Ngy.

By the self-adjointness of M and (N n R¥(M)) {2, being dense in Hy, it follows that

N(N nR¥(M)) 2, € (NNRY(M)) 2, = N2y,

where (N n R¥(M)) £, is a reducing subspace for N. Since (N n RY(M)) 0, is essentially self-adjoint for N, Py €
N,,,PyD(N) c D(N).

Now since Xn(N,,)’, for each X € N, we have N2, = (N,,)'2, that is P, = P((N,,)").

Let Sp,and Sq, be the closures of the maps

So Ay = AtQ,AeM

Sy By = B*Q,B € (M,,)’'

And so, Sp, © S, and Sy, # Sp, in general.

But then

AGE(Ny)' MG = (Ny,)', Vt € R where Ag  is the modular operator for the full Hilbert Algebra (M,),)".

This implies

P((Nw)")Sa, © Sa,P((Ny)")

And there exists a Conditional Expectation Ey of the Partial Generalized von Neumann Algebra ((M,,)’, 2,) with respect
to (N,,)".

And so

E{(AN0, = PyAT Qg = PySp, Ay = PySi AQy = Si PyAQy = Sfi Ey(A)2 = So,Ex(A)2 = Ey(A)T 0y, for each A €
M which implies by the separateness of Q that E is hermitian.

Itis clear that E(X) = X,VX € N.

Now take arbitrary A € M and X € N n RV(M).

Since Ey is hermitian, it follows that AoX € M and X € N n R¥(M).

Obviously,
Therefore Eyis a Conditional Expectation of (M, £2,) with respect to N. O

Theorem 2.7.3 Let M be a Partial Generalized von Neumann Algebra on D in H with a strongly cyclic and separating
vector 2, € D, and let N be a Partial Generalized von Neumann subalgebra of M satisfying the following conditions
i. NQO,=Hy
ii. N,D(N)c D(N)
iii. NQ, is essentially self-adjoint for N.
iv. AGE(N,)' AGTt= (Ny,)', Vt € R where Ay is the modular operator for the full Hilbert Algebra (M,,)".
Then there exists a Conditional Expectation of (M, Q,) with respect to N if and only if PyMQ, = N£,.
Proof.
Since Ny, = Ni2,™¥ = PyD. It follows that Ey, (4) = Ey(A) , for each A € M, and
E(A) c (NPN (4’10- o
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