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Abstract 

 
We studied wait time and call resolution rate oriented routing rules, and established 

that a hybrid routing rule will enhance performance in call center. There is also the 

problem associated with effective utilization of the call center system in terms of 

service rate and waiting time of agent group in a call center. The authors developed a 

Conceptual Framework for Graph Theory Analysis, in expressing graph in a matrix 

form; vector y satisfies the equation 𝑨𝒙 = 𝒚 .from this equation, mathematical 

deductions were derived to establish that the features of the optimization rule can 

enhance the effective utilization of call centers operational system. Maximal service 

rate (µ) can be obtained and agents waiting time or idle time reduced. 
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1. Introduction  

In today’s fast growing economy, satisfying customers need has become a phenomenon that is highly inevitable for 

business that wants to survive in this era of high competition amidst the global financial crisis [1].Whenever a customer 

initiates a call to a call center he encounters the following scenarios namely: the time spent waiting for the service and the 

service itself [2]. Call centers give priority to the two criteria with emphasis on one more than the other. Those that place 

more emphasis on time spent waiting for the service are more concerned with reducing the average time involved in 

handling a call while those that are concerned with the service itself aims at effective resolution of customer issues. Call 

centers have a significant economic importance in today's world, as explained in [3], [4], and [5], for example. Managers 

face complex optimization problems where the goal is to meet various constraints on quality of service (QoS) at the least 

possible cost, or optimize a given performance measure (PM) for a given budget. Most of these costs are actually the 

earnings of the call center agents. In [6], it stated that,for a call center to reduce waiting queue with emphasis on the 

reduction of time spent, it is best to route calls to agents who can handle customer issues the fastest, sometimes even 

holding a call in queue to wait for that agent than routing the call to a slower agent. This might lead to further increase in 

congestion, repeat calls from unreceptive issues and undue burden on some agents.  

In [7], it was stated that for a call center to reduce waiting queue, emphasis should be on the service itself, that is; call 

resolution. It is best to route calls to agents who resolve customer issues, sometimes holding a call in queue to wait for such 

agent. This might also lead to increase in congestion and undue burden on some agents. Once a customer received service 

from a contact center agent regarding a particular problem, a subsequent call from such a customer regarding that same 

problem is a clear indication that the problem was not properly resolved in the previous service encounter. The agent’s 

inability to resolve this problem will obviously lead to call-back and customer’ dissatisfaction [8].The ideology of this 

paper is based on the work of [9], the authors developed a hybrid framework which enabled the optimization of wait-time 

as well as increased resolution rate of the agent in a call center. The hybrid rule was formalized using a set of mathematical 

equations predicate upon the average handling time (AHT), which is the service time and the resolution ability (the skill of 

the agent) of the agent for a call type. This paper simply extended the works of [10], [11] and [9]. This paper specifically 

addresses the problem associated with the utilization of call center system in terms of service rate, waiting time of agent in 

an agent group. The number of call type i handled by a call center is determined by the maximal service rate of the agents 

in agent group j.  
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2. Call Centers Operations 

Call center was defined in [12], as a system that offers complete management of all communication channels between a 

business and its customers, optimizing process, eliminating duplicated work and making better use of time. In [13],Call 

center was defined as a set of resources (communication equipment, employees, computers etc.) which enable the delivery 

of services via the telephone. From the above, it can be seen that call centers are units that manage an organization 

communication system. Call centers are known by a variety of names namely: contract center, customer service center, 

customer interaction center, customer service point. Customer service call centers have obviously become a very integral 

part of many organizations business operations today, inbound call centers employ millions of agents across the globe and 

serve as a primary customer-facing channel for many different industries. There has also been a great deal of research 

interest in call center operations management, with the extensive and evolving literature thoroughly analyzed[14]. This 

study determines whether average handling time and call resolution are true determinants of operational success of a call 

center to reduce waiting queue. It also examine whether emphasis should be on reducing handling time or effective call 

resolution.   

The operational challenges from call centers provide a perspective on both traditional and emerging call center 

management challenges and the associated academic research[4]. They deployed literature review method and identified a 

handful of broad themes for future investigation while also pointing out several very specific research opportunities. Given 

the size of the call center industry and the complexity associated with its operations, call centers have emerged as a fertile 

ground for academic research. Also [15],provides a complete review of articles on First Call Resolution (FCR), while also 

pointing out the importance of measuring and using FCR. Resolving customer queries the first time around is a commonly 

shared goal. A company's business context, human resources strategy, supporting technology and budget constraints 

influences this KPI in many ways, and makes FCR a difficult measure to benchmark. The study established the differing 

views on the value and measurement of FCR, identifies the main factors affecting FCR and the relationships among these 

factors, and relates results in a South African context to academia and practitioner. 

Operations management have paid comparatively little attention to models and methods for managing routing. However, 

there are many published papers that describe call routing and resource allocation rules for call centers. In [16],it was 

observed that customers in a call service center experiences real time delay as a result of queue and call back delay. This 

metric affects customer’s perception of the product or service and this impact on customer’s loyalty. Probabilistic choice 

model was deployed, and the dynamics of the system are modeled as an M/M/N multiclass system. The study justifies that 

as the number of agents increases, the system’s load approaches its maximum processing capacity but did not consider the 

Average handling Time in relation to customer decision, routing rules and system design.  

Consider an inbound multi-skill call center in [7], where arriving calls initiated by the customers are categorized 

by the type of service that they require, the call type. Agents, or customer sale representatives, are partitioned into agent 

groups, where all agents in each group are trained to answer the same subset of call types, called their skill set. Also [17], 

worked on determining staffing level on a weekly basis to ensure customer’s satisfaction and meeting their needs as well as 

reducing service cost. They forecasted the system’s load which involved predicting both arrival counts and average service 

time, this enabled them determine staff weekly schedule. The method deployed was the use of arrival count model which is 

based on a mixed Poisson process approach. Their model also considered billing on the arrival process and they 

demonstrated this event as an exogenous variables, the model was used to achieve a balance in precision between the 

forecasting values of the arrival counts and average service time. The authors determined the practical performance of the 

model using Quality-Efficiency Driven (QED) regime. Their work was able to achieve a desired precision level during 

most working hour of the day. They tested their model using Israeli Telecommunication Company. Consequently [18], used 

reinforcement hearing (RH) to select the optimal prompts to maximize the success rate in call routing application. They 

deployed the use of simulation for dialogue and it was used to experiment with different scenarios, the authors 

demonstrated that RH can make these systems more robust, the system basically learns from experience through automated 

voice system. In [7],work was done on routing policies using multiple call types and multiple agent groups. The variable 

were call type and agent group using the longest waiting time for a call type as against the longest idle time or the number 

of idle agent in the agent group. The authors optimized the coefficient of the two variable evaluated. They also considered 

functions responsible for service level, the abandonment ratios and the fairness of occupancy across agent groups. They 

deployed simulation-based optimization heuristics, establishing that simulation model for the call center can be more 

detailed and realistic than the model used in literature to study the optimality of certain types of routing rule. The model 

was based on realistic routing rule which considered the complexities of the real life call center. The developed framework 

in [7], for the optimization of routing rules used first-come-first serve (FCFS) among wait-time routing rule and Probability 

Routing (PR), among call resolution routing rule to develop a hybrid rule. In the bid to minimized wait-time and maximize 

call resolution rate. 
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In [1], a performance evaluation was further conducted on the three call resolution oriented routing rules discussed by 

[19]. The authors deployed discrete event driven simulation to evaluate the performance of these rules to determine the 

optimal routing rules among the resolution rate routing rule. The result from their study showed that Shortest Queue 

Routing (SQR) was the optimal; they posited that SQR is based on the ability and skill of agent for that particular call type. 

In a related study by [2], a comparative analysis of waiting time routing rules for queue reduction in call center was 

conducted, in a bid to determine the optimal routing rule among the available routing rules for queue reduction. The authors 

also implemented the policy using discrete event driven simulation for the comparison. The result from their study proves 

that Shortest Service Time First (SSTF) routing rule is the optimal rule. They noted that SSTF is based on the time it takes 

an agent to accomplish a call time which is the service time. In [8], in their work based on [1] and [2] did a simulation 

model that can be used for the optimization of a call center. They deployed discrete event driven simulation to optimize the 

routing rule among call resolution orienting rule which is indicated to be Shortest Queue Routing (SQR)[1]. The optimal 

for wait-time oriented routing rule as SSTF [2]. The result from the simulation for both SSTF and SQR performed better 

when compared with other routing rules. Also [9], further developed a framework based on the result from [8]. The 

framework was implemented using mathematical principles to demonstrate that SSTF and SQR routing rule minimizes 

wait-time and maximizes call resolution simultaneously. Again [2], in a related study expanded the work of [1], to 

hybridize the framework as a single routing rule that is able to solve Min/Max problem simultaneously in call center. 

This paper proposes a graph theory analysis for the hybrid model formulation of [9]. The graph is expressed using an 

adjacency matrix form, where vector y satisfies the equation Ax = y. Here A is a block of diagonal with i blocks of A’ 

(Transpose of A). The matrix form establishes that the transpose of A, and element (i, j) of A’ is 1 if agent in group j can 

handle call type i, 0 if agent group are unable to handle call type i.  

 

3. Methodology 

The data and design deployed for this study was adopted from [2]. Data used for this study is obtained from Nigerian 

Telecommunication Company. 

The data collected for this study are automated and machine generated from Nigerian’s call Center’s data logging system. 

The data obtained from the call center is made up of 60 fields. The data collected from the Telecommunication Company in 

Nigeria was limited to eight categories of call center agents including: 

1. 121 call Agents 

2. General call Agents 

3. Pidgin call Agents 

4. Igbo call Agents 

5. Hausa call Agents 

6. Premium call Agents   

7. Yoruba call Agents 

8. Sim registration call Agents 

Data was also obtained for the entire agent groups for 1month for all 8 agent group comprising of call arrival rates, average 

handling time for call type in an agent group, service time etc. Depicted in figure 1, is the conceptual framework for the 

graph theory, which is used to solve the problem of effective utilization of call center systems in terms of service rate and 

idle time of agents in agent group 

 

3.1 Conceptual Framework for Graph Theory Analysis 

Expressing graph in matrix form, vector y satisfies the equation Ax = y  

where A is block diagonal with i blocks A’ (transpose of A), and element (i, j) of A’ is 1 if agent in group j can handle call 

type i, 0 otherwise [10]. 

 

Graph theory analysis of model formulation 

A graph theory representation of the optimal hybrid model is stated as follows 
(𝐺) = 𝑋 ∪ 𝑌 𝑤ℎ𝑒𝑟𝑒 

𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑖} 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝐶𝑎𝑙𝑙 𝑡𝑦𝑝𝑒𝑠 
𝑌 = {𝑦1, 𝑦2, … , 𝑦𝑗} 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝐴𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 𝑎𝑔𝑒𝑛𝑡𝑠 ℎ𝑎𝑛𝑑𝑙𝑖𝑛𝑔 𝑣𝑎𝑟𝑖𝑜𝑢𝑠 𝑐𝑎𝑙𝑙 𝑡𝑦𝑝𝑒𝑠 

and an edge joins call type xi to agent yi if and only if call type xi can be handled or resolved by Agent yi. The problem is to 

determine whether G has a matching which saturate agent Ys.  Figure 1 shows the problem graph and it can be represented 

in an adjacency matrix shown in Table 1  
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Figure 1: Graph showing interactions between agent group 1s and the various call types Xs 
 

Note: X(1), X(2)..X(8) represent 121 call, General call,  Pidgin call, Igbo call, Hausa call, Premium call , Yoruba call and 

Sim registration call, the eight call types collected from call center (field study 2016). 
 

Table 1:  Adjacency matrix Agent 1s and the various call types Xs 

 

X(1) X(2) X(3) X(4) X(5) X(6)  X(7) X(8) 

Y(1) 0 1 0 0 0 0 0 0 

Y(1.1) 1 1 1 1 0 0 1 1 

Y(1.2) 1 1 1 1 0 0 1 1 

Y(1.3) 1 1 1 0 1 0 1 1 

Y(1.4) 1 1 1 1 0 0 1 1 

Y(1.5) 1 0 1 0 0 0 1 1 
 

The matrix in Table 1 can be solved as an assignment problem using mathematical programming technique (dynamic 

programming and Integer Linear programming) or Breath-First Algorithm to determine the optimal solution. Table 1, 

represent an edge or arc between Xs and the Ys while 0 indicates no link or arc. 
 

4. Results and Deductions from Graph Analysis 

As calls arrive into the call center, features or attributes of the calls are extracted based on the SL of agent group designed 

to resolve the specific call type. The services rate (µ) may be exponential but lognormal which often fits well and are 

determined via iterative steady state approximations of SL are preferred. The SL is determined by the cost of agent in group 

j, number of call types routed to an agent in a group and number of agents in that group capable of handling the call type. 

These attributes are used to compute the service rates of individual agent and agent groups as shown in equation (1) 

Service rate of Agent group j for call of type i ( 𝑢𝑖𝑗) 

=
1

𝐴𝐻𝑇𝑗
≡

1

𝜆𝑇
∑

𝜆𝑖

𝑢𝑖

𝑗
𝑖=1   (Ganset al., 2010)                                              (1) 

where µijis the service rate of agent group j for call type i, AHTj is the mean call handling time of all agents in group j and 

µi is the service rate for call type i 

The utilization of the system in term of the service rate and waiting time of agent group and number of call type is 

determined using equation (2)  

Maximal service rate of the Agent group j (𝜌𝑗) = ∑
𝛽𝑖𝑗

𝜇𝑖𝑗
=

(∑
𝛽𝑖𝑥𝑖𝑗

𝜇𝑖𝑗
𝑖 )

𝑛𝑗
                    (2) 

The condition for stability is 𝜌𝑗<1 that is to say that the mean total arrival rate must be less than the mean.𝜌𝑗 

The model also tries to address call types mishandling by constraining the utilisation associated with each call type i. This 

implies each call type i must be served at total utilisation boundary (). To determine this constrains, the utilization 

associated with call type I is first determined which require us to calculate the effective service attention given to calls of 

type i from all agent groups. The total fraction (TFi) of time spent serving queue i and the total service rate of call type i is 

given in equations (3) and (4) respectively. 
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𝑇𝐹𝑖=

𝜆𝑖𝑗
𝑢𝑖𝑗

∑
𝜆𝑖′𝑗
𝑢𝑖′𝑗

𝑖=1 

        (3) 

Total service rate of call type i (𝜇𝑧)  = ∑ 𝑛𝑗𝑢𝑖𝑗(𝑇𝐹𝑖)
𝑗
𝑖=1                                (4) 

where𝜇𝑧 is the total service rate of call type i, 𝜆𝑖′𝑗 is the arrival rate excluding call type i. 

Then, the total effective utilisation associated with call type i is calculated using equation (5). 

Γ𝑖 =
𝛽𝑖

𝜇𝑧
                                                                              (5) 

Every agent in a group has a unique cost expressed as follows: 

Costs: c = (c1,1, . . . , c1,j, . . . , ci,1, . . . , ci,j)t where ci,j = cost of an agent of group j handling call type i.  

Decision variables:  x = (x1,1, . . . , x1,i, . . . , xi,1, . . . , xi,j) where xi,j = number of call type i routed to an agent  j.  

Auxiliary variables: y = (y1,1, . . . , y1,j , . . . , yi,1, . . . , yi,j ) where yi,j = number of agents of call type i  in agent group j.  

Expressing in matrix form, vector y satisfies the equation Ax = y  

where A is block diagonal with i blocks A’ (transpose of A), and element (i, j) of A’ is 1 if agent in group j can handle call 

type i, 0 otherwise [10] 

The service level (SL) or fraction of call type i answered by agent in group j is computed using equation (6). 

gi.j(y) =
𝐸(𝑖,𝑗)

∑ ∑ 𝐸(𝑖,𝑗)𝑖
1

𝑗
1

                                                                            (6) 

Where  𝐸(𝑖, 𝑗)  𝑛𝑜 𝑜𝑓 𝑐𝑎𝑙𝑙 𝑡𝑦𝑝𝑒 𝑖  𝑟𝑜𝑢𝑡𝑒𝑑 𝑡𝑜 𝑎𝑛 𝑎𝑔𝑒𝑛𝑡 𝑖𝑛 𝑔𝑟𝑜𝑢𝑝 𝑗, 

∑ ∑ 𝐸(𝑖, 𝑗)𝑖
1

𝑗
1 is total call type i routed to agent group j.   

Similarly, the aggregate service level over call type iis the expected total number of calls 

of type I answered within by group jover the day, divided by the expected total number of calls of type ireceived over the 

day. 

gi(y) = aggregated SL for call type i 

gj(y) = aggregated SL for agent group j  

g(y) = aggregated SL for both call type i and agent group j 

With these features and measures, optimization rule is formulated as. 

Max 𝑍 = ∑ 𝛽𝑖𝜃𝑖𝑗𝑥𝑖𝑗𝑖𝑗   (Maximise total call resolution rate)  [19] 

Min 𝐶′𝑋 = ∑ ∑ 𝑐𝑖,𝑗𝑥𝑖𝑗
𝐼
𝑖=1

𝐽
𝑗=1   (Minimise cost of waiting time)        [10] 

Ax = y  
gi.j(y) >= 𝑀𝑖𝑛 (𝑆𝐿𝑖,𝑗)∀𝑖, 𝑗        (Service level of call type i in agent group j) 

gi(y) >= 𝑀𝑖𝑛 (𝑆𝐿𝑖)∀i   (Service level of call type i estimated by Erlang C) 

g .j(y) >= 𝑀𝑖𝑛 (𝑆𝐿𝑗) ∀j (Service level of agent group j estimated by Erlang C) 

g (y) >= 𝑀𝑖𝑛(𝑆𝐿)  (Overall Service Level of system estimated by Erlang C)  

0 ≤ 𝑥𝑖𝑗 ≤ 1                     ∀𝑖, 𝑗        (Fraction of calls bound) 

∑ 𝑥𝑖𝑗j = 1                         ∀i           (Total calls routed to different agent group j) 

𝜌𝑗− ≤ 𝜌𝑗𝑖
≤ 𝜌𝑗+              ∀𝑗                 (Utilization of each agent group) 

Γ𝑖− ≤ Γ𝑖 ≤ Γ𝑖+ 
                  ∀𝑖          (Utilization boundaries of each call type) 

𝑐𝑖,𝑗 , 𝑥𝑖𝑗 , 𝜃𝑖𝑗 , 𝑥𝑖𝑗 , Γ𝑖−, Γ𝑖+ 
≥ 0   𝑎𝑛𝑑 𝐼𝑛𝑡𝑒𝑔𝑒𝑟           𝑛𝑜𝑛 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡             

These rules will determine effective system utilization in terms of service rate and agent waiting time, which enforces over 

all call center optimality in quality service delivery. 

5. Conclusion 

From the deductions above, it established that the features and measures of the optimization rule formulated above with the 

challenges associated with effective utilization call center operational system can be achieved. At the time maximal service 

rate (µ) can be obtained and agents waiting time or idle time will also be reduced. The utilization constraints Γ𝑖−, Γ𝑖+ 
 

give the call center freedom to moderate calls during service period, the objective function Max Z help resolve problems 

maximizing CR. Similarly, Min 𝐶′𝑋 will help moderate the influence of cost, abandonment and excessive queue length on 

staff performance and systems overall efficiency. It is on this premise that calls are routed to agents who handles call type i 

with the highest call resolution rate, lowest call waiting time and optimal performance effectively. 
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