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Abstract

An elegant mathematical solution procedure is developed and used to treat the
problem of the dynamic interactions of a beam-load system. Two structural models
are considered in this study, approximate analytical solutions of the governing
differential equation describing the motions of the vibrating system are presented.
Effects of some vital structural parameters on response characteristics and stability
of thin beams traversed by travelling loads are established. Influence of the mass
ratio and load distribution on the dynamic behaviour of the structural member
carrying distributed moving masses is carefully scrutinized. Conditions under which
the amplitude of vibration of this structure-mass system may grow without bound for
both the moving force and moving mass models are clearly indicated. Results further
revealed that, for the same natural frequency, the critical speed for the beam-force
system is higher than that of the beam-mass system. Hence, the risk of resonance

effects is higher in a beam-mass system.

Keywords: Vibration analysis, Distributed loads, boundary conditions, resonance, bearing member, vibrating
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1.0 INTRODUCTION

The basic understanding of the complexity of the interactions between structural members and the masses traversing them
at different velocities is very vital as it helps in controlling structural vibrations and safe operations of such a system. Thus,
the practical problem of vibration of structures due to the passage of moving loads is of technological importance and for
this reason, there has been increasing need for continuous study of the behaviour of (elastic/inelastic) solid bodies traversed
by travelling loads. Such studies are for instance very useful in the design of aircraft which are under the influence of
various types of moving pressure loads during flight, design of bridges and runways and it also provides a safer, reliable
and more economical design of structural members on which loads of various categories move [1]. Hence, many
researchers in engineering, applied mathematics and other related fields have taken considerable interest in the problem of
assessing the dynamic response of elastic structures under the action of moving loads [2-16]. The problem of elastic
structures under the actions of moving loads has been extensively studied by many authors during the last few years.
However, from historical point of view, most of the theories proposed by these authors and the applications of their solution
techniques are limited to cases: one; where the complex interactions between structural members and loads traversing them
at various velocities are modelled without incorporating foundation stiffness into the governing equation; two, where the
inertia effects of the moving load is neglected in the governing equation of motion. Guiseppe and Alessandro [17], once
described this type of beam model as the crudest approximation known to literature; Three, where the problem of complex
interactions of beam-like structures and fast travelling loads has been significantly simplified by assuming the moving load
to be a lumped mass see for instance [18-22] and the references therein. Nonetheless, in practice, moving loads are in the
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form of moving distributed mass rather than moving lumped mass; four, where only simply supported boundary conditions
are employed to illustrate the characteristics of the vehicle-load interactions. Other boundary conditions of interest are
rarely considered. The reason for all these limitations is not far-fetched when all these all-important factors are involved in
governing differential equation of motion, most known analytical procedures or computational techniques break down.
Even when they appear to work, a great amount of computational labour is required to solve the resulting complex and
much complicated governing differential equation of motion.

Many authors who have made bold effort to address all or some of these aforementioned limitations in their studies,
however, are constrained by some great mathematical difficulties in obtaining analytical solutions to the load-structure
problems and resorted to numerical simulations [23-29]. It is very important to note that, when considering the dynamic
characteristics of a vehicle-load interaction during the passage of the heavy subsystems, analytical method of solution is
desirable as it gives more insights and useful information about the dynamical system [30-35]. In our recent study [36], an
effort was made to investigate the behavioural study of a finite beam resting on elastic foundation and subjected to
travelling distributed masses. All the aforementioned limitations were addressed in this work. Nevertheless, boundary
conditions other than the simple ones are not considered. The objective of this study, therefore, is to extend the work in [36]
to cover more pertinent boundary conditions of interest.

The specific aim of this study among others is, to obtain the approximate analytical solutions of the governing equations of
motions of elastic thin beam on elastic subgrade and under the actions travelling distributed loads for the problems of
moving distributed forces and moving distributed masses, establish the dynamic effects of elastic bearing member and
other beam parameters on the response characteristics of the beam under moving loads, indicate the conditions under which
the vibration amplitude of this dynamical systems grow without bound for both the moving force model and the moving
mass model, indicate the influence of the mass ratio on the structure-load interactions of the vibrating system and to
determine the effects of load distribution on the dynamic behaviour of the uniform thin beam under forced vibration.

2.0 FORMULATION OF THE EQUATION OF MOTION

Consider a homogeneous beam supported by elastic subgrade and under the actions of travelling masses M. At time t=0,
the mass is assumed to strike the beam at the point x = 0 and then continue to travel along with a constant velocity type of
motion. The beam mechanical properties are assumed to be constant along the span L of the beam. The deflection

w (X,t) describing the motion of the vibrating beam is given by the partial differential equation [36]

EIW" (x,t) = (F +S)W"(x,t) + M x,t) + KW (x,t) = P(x.t) 1)

where the prime and the over-dot represent the partial derivatives with respect to the spatial coordinate x and the time t
respectively, El is the flexural rigidity, F is the axial force, K is the foundation constant, S is the shear rigidity and
P (X,t) is the travelling distributed load.

The structure is assumed to be under general boundary and the initial conditions are taken to be

w(x,o):ozaw(x’o) )
ot
Considering the load-track inertia P (X,t) can be given as
P(x,t)=P, (x,t){le)[zéx’t)]} (3)
where the travelling force P; (X,t) traversing this structural member is given as
R S oH x—y S
Pf(x,t)—é{H(x 7+2j H(x Y Zﬂ @

where P, is the constant travelling load and H is the Heaviside step function defined by the property,

H(x):{o' x<0}

; 1 x>0 (5)
an
S
=Vvi+=
y =VIi+ 5 (6)
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where V is the travelling velocity. .f approaches zero leads to

5(x7v):%{H(xfy+§jfH(xfyfgﬂ @)

where 5() is the Dirac delta function.

Operator ® in (3) is given as
o[ Zanl e L al
(8)

equation (7) would naturally reduce the formulation to that of concentrated moving mass problem.

Substituting (3) into (1) and taking into account (4) and (8) one obtains

El oW (j(t) - Ifazw (ZXt) +m oW (Zx,t) + KW (x,t) - §LN (ZXt) +M{H [x—y+é)
OX X ot oX & 2

-H (x—y—éj}{azwat(zx ) +2v oW (x.1) +V? aZ\N(X’t)}P"{H (X—7+§)—H (X—}/—éﬂ

2 oxot ox? £ 2

Where (9) is the equation describing the motions of the beam under the actions of the travelling distributed masses.
Evidently, obtaining an exact solution of the governing partial differential equation (9) is not possible. Therefore, in what
follows, an approximate analytical solution to the governing equation (9) above is sought.

©)

3.0 SOLUTION PROCEDURE
To calculate the beam deflectionw(x,t), use is made of the mode superimposition method. By this method, the beam

deflectionW (X,t) can be written as
W (x1) =3 R ()8,(x) (10)
=
where R, (t) are coordinates in modal space and S, (X) are the normal modes of free vibration written as
Si(x):sini'—l_X+Acosﬂ"—LX+ B sinh/i'—l_x+ci cosh/l'—l_X (11)

Where, A, is the mode frequency and the constants A, B, and C, define the shape and amplitudes of the beam vibration.
Their values depend on the boundary conditions associated with the structure. The following property

1 £ £ EY £ (&) 1© 12
é}[f(x){H(x—y+ZJ—HLX—y—ZJ}dX:f(§)+(2j . +(Ej 2 (12)
Shall be employed and also the function P(X,t) will be expressed as

= 35,0020 (13)

where (t)are unknown functions of time.

Thus, substituting the expressions (10) and (12) and (13) into (9) and after some rearrangements yields
irﬁi(x)@(tn(Elsi'V(x)— FS/(x) + KS,(x) - SS/(%) )R, ()

(14)

Z{ 5. J)[ (&) + 54 ,(}’)] 3 ) ( (NS (N +2; [Si(}’)S}’(ﬂf)+5?(7)51(7)+25i’(7)5}(7)]j|$}‘(t)

+2v[s (S; (y)+ [s ()S]() +28](7)S(7) + S{»)S (7)}] R(1)

[s ()S; (y)+ [s ()S](r) +257(1)8; (1) +8".(NS, (y)]jR ® }xsi(x)
To obtain an expression for R (1) the expression on the left-hand side of equation (14) is required to be orthogonal to the
function S;(x)- Thus, multiplying equation (14) by S, (x)and integrating from end x = 0 to end x=L leads to
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2{ ﬁ(t)+ymfR.(t)+ G, J)Z{ [sms (y)+ [S(y)S"(y)+S(y)s (1) +25/()S; (y)}j@(t) )
i 15

+2V[5{(7)S i+ %[55(7)5,-”(7) +287(»)S () +S{()S; (7)]) jo‘(t)
+V2(S-”(7)S-(7)+i2[5-"(7)5f’(y)+25-"’(7)57(7)+S"-(7)S-(y)ﬂR() }} i [ () + i "(7))

A 4L T 1T A mH, (i, j) 2471
Where

Hl(i,j)=I5i(X)5,~(X)dX Hz(i,j){sfv(x)sj(x)dx H, (i, J')=E5i"(><)5,~(x)dx (16)

Ho G, ) =[S,008,09dx  Hy(i, ) =S (S, (x)dx
0 0
and ~ ~ ~
2 = EIH, (1, J) - FHy(1, )+ KH,(i, J) - SHy(i, ) and HIG ) = —
wH, (@, ) H, (. J)
When the ith particle of the system is considered, we have

&y + 73R (t)mi{ [si 18,0+ 5,801 +s;'(y)sj<y>+zs;(y)s;(7)]] &)
i=t

17)

(18)
+2v[si'(y)sj<y)+§—4[si'(7)s;'(y)+zs;'(y)s;m+sr(y)5,-(y)]j R(t)

[S(y)s (y)+—[s ()S](7)+28](1)S; (1) +S" ()8, (7)])R(t) H G J)[s () + §4S,<y>]

where
M (19)

y7.8
Equation (18) is the transformed equation governing the motion of the beam resting on bi-parametric elastic foundation and
subjected to travelling distributed masses. In what follows, a closed-form solution of equation (18) is sought, to this end,
two special cases of equation (18) shall be discussed.

o

4.0 SOLUTION TO THE TRANSFORMED GOVERNING EQUATION

This section seeks to obtain the solution of equation (18). To do this, two special cases of equation (18) is considered: one,
when only the force effect is considered and two when the inertia or gravitational effects of the travelling load is
considered.

Case 1: The beam-load travelling force System

The model corresponding to the moving force of the governing equation (18) may be obtained by setting FO =0. In this
case, one obtains

S gr (20)
&) + 72 R (1) = e ( )[S (}/)+24 ,(7)]
equation (20), taking into account equation (6) can further be re-written as,
Fﬁ()+y, R(t)= P{b smﬁ1 Vt)+blcosii(w)+b smhﬂ1 Vt) +hb,cosh '(Vt)} (21)
Where

) =— M9 - ao—cosj‘—f—Asmﬁ a = SlnE‘FACOSE az—Bcoshﬁ+C smh}Lgt

mH, (i, j)’ 2L 2L 2L 2L 2L

_BsinnZE Ay _alil L(AEY | gl LAY

a, = B;sinh 2L +C, cosh o bofao{ 24( L j } bl*‘%l:l 24[ L ] :l
Aé AgY

b, = a{“ﬂ(T) } b, = a{“ﬂ[T]:} (22)
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Equation (20) is now the governing moving force model associated with this dynamical problem.
In what follows, an expression for R, (t) is sought. To do this, equation (20) is subjected to a Laplace transform defined

as
(&) =[ (e dt (23)
0
where S is the Laplace parameter. Subjecting equation (21) to Laplace transform in conjunction with equation (2), yields
bya S b,m, b.s 24
S*Ry(8) + 7 Ri(S) = P{S +a)|2+szt-lil-a)|2+szz—a),2+82—3a),2:| (24)
where
@:%f (25)
Equation (24) after some simplifications and rearrangements yields
b 1 S 1 b 1 b,s 1
R(s)= P{ w' +zb12'2 z+22w|2'2 Tt T (26)
S +0) S +7/mf SH+a Sty S —@ SHyy S - S Yy

To obtain the Laplace inversion of (26), use is made of the following representations.

1 b, S b, b,s
(-t 6020 5O 6O GO @7)

mf i i i — W

The Laplace inversion of equation (26) is defined as

f(s)*g;(s) :j f(t—-u)g,(u)du, i=1234

Thus, in view of equation (28), noting (27), the Laplace inversion of equation (26) is given as )
R(®) == [0Q, +bQ, +bQ, +bQ,] (29)
where "
= _t[sin Yt (t=U)sinaudu’ Q, = jsinymf (t—u)cosaudu’ Q, = jsin Yut (t—U)sinhwudu
0 0 o
= j'sin 7 (t—U)cosh audu (30)
Evalljating integrals (30), above yields
Q= T[m sinmt— o, sin ;/mft] Q,= y,f:/mf [cosa}t COS}/mft]
Q.= 7[“ sinhot-o,siny,t] Q= ﬁ[ymf coshat -7, cos;/mft} (31)
Ve T O Vit T
Substituting equation (31) into (29) gives an expression for R, (t) as
R(O=—- (ygz_ ) {072 + &) 1o SNt = @y sin ot +b, (1% — )| 7 sinh gt - @ sin t | (32)
by (7% + @) cos @t — o8t + by (45 — )| cosh t —cosyt ]}
Thus, the beam deflection W (X,t) in view of (10), gives
W(xt)= 2[71(71){ by (7 + )] 7o SNt = @50yt ]+b, (15 — )| 7 SNt - 95N 7t | (33)

7 (72 + )] COs et = COs 7t |+ by (72, — )| coshaat —cos it ] }] (sm lll_ +Acos ﬂ;_ +Bsinh 22 41 +C, cosh X j

as the equation representing the response of an elastic thin beam to travelling dlstrlbuted forces. Equation (33) holds for all
boundary conditions of interest.
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Case II: The Moving Mass System
This section seeks to obtain the solution of the governing equation (18) when I'y # 0. It T is set to zero in equation (18),

the model corresponding to the moving mass of the governing equation (18) is obtained. Thus, the solution of the entire
equation (18) when no term of the governing differential equation is neglected is required. In this case, obtaining an exact
analytical solution of the governing equation becomes impossible. Thus, an asymptotic method of Struble discussed in [20,
21] is resorted to. The modified frequency of the free system due to the presence of the gravitational effects of the travelling
distributed masses may be obtained by this asymptotic method. To this effect, equation (18) is rearranged to take the form

2vI,H, G, i){N4 7U2(ivt)+§(N5 —3U,(i,t) + Ng fUS(i,t))}

) + R

1+T,H,(, j){N1+Ul(i,t)+%(N2 —U,(i,t)+ N3—U3(i,t))}

y2, + V2T, HI (i, j){N7 —U,(i,t) WL%(N8 —Ug(i,t) + Ny +U,(i,t) + Ny, +U8(i,t))}

+ 5 R (t)
1+T,H.(, j){N1+u1(i,t)+%(Nz —U,(i,t) + N37U3(i,t))}
+
. raH:(i,j){ug(i,j.t>+f—2(um(i,j.t)+uu(i,1,t))} &
> : ()
}:if 1+FaHf(i,j){N1+Ul(i,t)+f—2(N2fUZ(i,t)+N37U3(i,t))}
2vraH:(i,j){uu(i,j.t)+§(3um(hj,t)+u14(i,j.t>)} - (34)
+ 2 j(t)
1+FaH1*(i,j){N1+U1(i,t)+f—2(N2—Uz(i,t)+N3—U3(i,t))}
VZFaHI(i,j){Uls(i,Lt)+§(2Um(i,j,t)+U17(i,J',t)+U18(i,Lt))}
+ 5 R;(®
1+1"aHf(i,i){N1+U1(i,t)+%(Nz—Uz(i,t)+N3—U3(i,t))}
Tr,Lg £,
B W[Rj(7)+24 R,—(}’)j
1+I‘aH:(i,j){N1+U1(i,t)+%(N2—Uz(i,t)+N3—U3(i,t))}
where
2 oA (A [ (A
Nl =a0 _aZ' NZ _[ Lj[aoal +a2a3]' N3 _( Lj [aO +a2a3]’ N4 _( Lj[aoal +azaz]

(35)

3 3 2 4
Ny =3[i|_ij [332 _aoal]' Ng Z(%J [azas _aoal]' N, :[%] [ag +azaa]' Ng :2[%j [al2 +a32]

4 4
N, =[] b -ai) (2 i et

Following the Struble’s technique procedures extensively discussed in [20, 21, 35], the homogeneous part of equation (34)
is simplified to take the form

2
R AORC (36)
Where
A 1—m}/2 N, 4N SN, S v N N SN SN S 37)
mm mf 2 ;f mf 1 224 312 7 824 924 1024

is the so-called modified frequency corresponding to the frequency of the dynamical system due to the gravitational effects
of the travelling mass. Equation (34) in view of (36) reduces to
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—dZRiz(t) +y2 R(t) = F*I__g_ [bosinzi(v ) +b1cosﬁi( ) +b,sinh—= '(Vt) +b, cosh '(Vt)J
dt H,(, j) L L (38)

The solution of equation (38) is obtained following the previous arguments and procedures as

P . . . .
Rr :7F 2 2 _ 2 _ 2 h _
(1) me(yém—a).“){ By (7 + @) 7 SIN O = @8N 7]+ B, (7 = @) [V SiPN 0t~ 3 5iN 7] (39)

+b1ymm(7nz1m + a)lz)[COS[l)lt —COS}/mmt] + b37mm(}/n21m - a)lz)[COSh a)it —COS]/mmt] }

which leads to

W(X t) Z[ﬁ{ bo(yrznm + a’lz)[ymm Sina}lt_a)l Sin}/mmt]+bz(}/r2nm _wlz)[}/mm sinh wlt -0 Sinymmt] (40)
Vom Y — &
7 (72 + @0 [COS @t — COS Y, t] + 03, (72 — @) [COSN @0t — COS ] H . (sini'—l_x+ A cosi:(+ B, sinhi:(+ C, cosh ﬂ%j
where
p- Lo (41)
H, (i, j)

equation (40) represents the response of an elastic thin beam to travelling distributed masses. Equation (40) holds for all
boundary conditions of interest.

5.0 COMMENTS ON THE CLOSED FORM SOLUTIONS

In any study that pertains to structural vibration, it is very crucial to pay particular attention to the occurrence of the
phenomenon called resonance. This phenomenon may be experienced when the vibration of an elastic beam becomes
unbounded. Conditions under which this may occur is established in this section. From equation (35), it is evident that the
vibrating beam may experience resonance effects whenever

AN
Vit = T (42)

Similarly, equation (40) shows that the same beam under the actions of moving distributed masses will experience
resonance effects whenever

AV
_A (43)
Y mm L
Recall from (37) that
ok . . 2 2 2 2 2
Vom = Vit 1_L2(I’J) V;f N1+N2i+Nai —v? N; +Ng i"’N f Nloi
2V 24 12 24 ° 24 24
(44)
which implies
Y
_ L
T IR ) g & N
- V| Ng N, 2+ N, N; +Ng2—+Ng =—+ N, =
2y, 224 412 824 ° 24 24 (45)

It can be deduced that the critical speed for the system under the actions of travelling distributed force is greater than that of
moving distributed mass. This implies that, for the same natural frequency, resonance is reached earlier in the moving
distributed mass than in the moving distributed force system for all boundary conditions of interest.

6.0 NUMERICAL RESULT AND DISCUSSION
In this section, the analysis proposed in the previous sections is illustrated by considering a homogenous beam of modulus

of elasticity E =2.9012x10° N /m?, the moment of inertia | = 2.87698 x10°kgm?, the beam span L =35m
and the mass per unit length of the beam M = 2758.291kg/ m . The load is also assumed to travel with constant velocity
v=8.128m/'s . The values of foundation moduli varied between ON /m?and 40000N /m?, the values of axial force
N varied between ON and 2.0x10" N 4 the values of Shear moduli G varied between ON and 3.0x10°N
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6.1 Clamped-Clamped ends condition
Fig.1 displays the transverse displacement response of a clamped-clamped uniform beam under the action of uniform

partially distributed forces moving at a constant velocity for the various values of axial force N and for fixed values of
subgrade moduli K and shear modulus G . The Figure shows that as N increases, the response amplitude of the uniform
beam decreases. Similar results are obtained when the fixed-fixed beam is subjected to partially distributed masses
travelling at a constant velocity as shown in Fig.7. For a various travelling time t, the displacement response of the beam
for various values of subgrade moduli K and for fixed values of axial force N = 20000 and shear modulus
G =30000 are shown in Fig.2. It is observed that higher values of subgrade moduli K reduce the deflection of the
vibrating beam. The same behaviour characterizes the response of the clamped-clamped beam under the actions of uniform
partially distributed masses moving at a constant velocity for various values of subgrade moduli K as shown in Fig.8.
Also, Figs.3 and 9 display the deflection profile of the clamped-clamped uniform beam respectively to partially distributed
forces and masses travelling at a constant velocity for various values of shear modulus and fixed values of axial force
N =20000 and subgrade moduli K =40000. These figures clearly show that as the value of the shear moduli

increases, the deflection of the clamped-clamped uniform beam under the action of both moving forces and masses
travelling at constant velocity decreases.

0.00015

e
E . 3
3 H
&
s Load Travelling Timat [s) foad Trmveliva Tines )
Fig.1: Displacement response of a clamped-clamped Fig.2: Displacement response of a clamped-clamped
structural members resting on elastic foundation and under structural members resting on elastic foundation and
the actions of uniform partially distributed forces for under the actions of uniform partially distributed forces
various values of foundation modulus K and for fixed for various values of foundation modulus N and for fixed
values of N = 20000, G = 30000. values of K = 40000, G = 30000.
200005 - G / L 0.00005
E 20001 4
- Load Travalling Timet {s) s Load Travelling Time £[s)
Fig.3:Deflection Profile of a clamped-clamped structural Fig.4: Response Amplitude of a clamped-clamped structural
bers resting on elastic foundation and under the actions of members resting on elastic foundation and under the actions of
mgm . g - . uniform partially distributed forces for various values of the load
uniform partially distributed forces for various values of shear width & and for fixed values of G = 30000, K=40000 and $N =

modulus G and for fixed values of K=40000 and N = 20000. 200008,
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£
8
1
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X N
000015 - s
. . —— Fig.6: Displacement response of a clamped-clamped structural
;'qu;:na/;ﬁgegsgg?gmgx erf:sa?cni%u%f d:tigrlfr:r?(fddrﬁ:jir?are\g members resting on elastic foundation and under the actions of
ti £ unif " ”g distributed f P . | uniform partially distributed forces for various values of foundation
actions of uniform partially distributed forces for various values modulus K and for fixed values of N = 200008, G = 30000.

of axial force N and for fixed values of K = 40000, G = 30000.

Fig.4 displays the response amplitude of a clamped-clamped uniform beam under the action of uniform partially distributed forces
travelling at a constant velocity for various values of load width and for fixed values of subgrade moduli axial force N = 20000, subgrade
moduli K=40000 and shear modulus G = 30000. The figures show that as the values of the load width increases, the effects of the width
on the response amplitude of the uniform beam increases as the load progresses on the structure. Similar results are obtained when the
clamped-clamped beam is subjected to partially distributed masses travelling at a constant velocity as shown in Fig.10. For a various
travelling time t , the response of the beam for various values of travelling load positions X and for fixed values of axial force, subgrade
modulus and shear modulus G = 30000 are shown in Fig 5. It is observed that the impact of the travelling load is greatest in the middle of
this vibrating solid structure. The same behaviour characterizes the response of the clamped-clamped beam under the actions of uniform
partially distributed masses moving at a constant velocity for different travelling load positions as shown in Fig.11.

The Dynamic deflections of the clamped-clamped uniform beam under distributed forces and masses for various values of the velocity V
of the motion are respectively displayed in Figs. 6 and 12. These figures clearly show that as the value of the velocity of the motion
increases, the deflection amplitude of the clamped-clamped uniform beam under the action of both moving force and mass respectively
decreases. For a various travelling timet, the response amplitude of the clamped-clamped uniform beam under travelling masses is

shown in Fig. 13. It is observed that the larger the value of the mass ratio, F*, the larger the response amplitude of the beam.

Figures 14 and 15 depict the comparison of the response characteristics of the moving force and moving mass cases of a clamped-
clamped uniform beam traversed by a moving distributed load travelling at a constant velocity for fixed values of N =0, K =0,
G =0and N =20000, K =40000, and G =30000. From these figures, it is seen that the dynamic deflection of the beam

under the actions of the moving load is greatly affected when the structural parameters N, K and G are incorporated into the
governing equation of motion. Figure 16 compares the deflection profiles of the moving force model of the beam for the two sets of

values K =0, N=0, G=0 and N =20000, K =40000 and G =30000. It is deduced from this figure that the
amplitude of deflection for the set of values K =0, N =0, G =0 is much higher than that of the set of values N = 20000,
K =40000 and G =30000. Similar result is obtained for a moving mass model of this structural member as shown in figure 17.
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Fig.7: Transverse displacement response of a clamped-clamped structural Fig.8: Displacement response of a clamped-clamped structural members
members resting on elastic foundation and under the actions of uniform resting on elastic foundation and under the actions of uniform partially
partially distributed masses for various values of axial force N and for distributed masses for various values of foundation modulus K and for fixed
fixed values of K = 40000, G = 30000. values of N = 20000. G = 30000.

Transactions of the Nigerian Association of Mathematical Physics Volume 10, (July and Nov., 2019), 73 -88
81



Vibration Analysis of Beams...

aoms

oo

saenic Datlaction ()

oy

aoms
Loai Travalling Time (3]

Fig.9: Deflection Profile of a clamped-clamped structural
members resting on elastic foundation and under the actions of
uniform partially distributed masses for various values of shear
modulus G and for fixed values of K=40000 and N = 20000.
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Fig.11: Response of a clamped-clamped structural members
resting on elastic foundation to uniform partially distributed
masses for various values of the load position X and for fixed

values of G = 30000, K=40000 and N = 20000.
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Fig.13: Response of a clamp-clamp structural members resting
on elastic foundation to uniform partially distributed masses for
various values of the mass ratio T and for fixed values of G =
30000, K=40000 and N=20000.
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Fig.10: Response Amplitude of a clamped-clamped structural
members resting on elastic foundation and under the actions of
uniform partially distributed masses for various values of the load

width & and for fixed values of G = 30000, K=40000 and N = 20000.
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Fig.12: Response characteristics of a clamped-clamped structural
members resting on elastic foundation to uniform partially
distributed masses for various values of the travelling load velocities
V and for fixed values of G=30000, K=40000 and N = 20000.
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Fig.14: Comparison of the dynamic characteristic of moving
force and moving mass cases of a uniform clamped-clamped
beam for fixed values of G=0, K=0 and N=0.
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Fig.15: Comparison of the dynamic characteristic of Fig.16: Comparison of the deflection profiles of the clamped-
moving force and moving mass cases of a uniform clamped moving force uniform beam for values K=G=N=0
clamped-clamped beam for fixed values of G=30000, versus G = 30000, K=40000 and N = 20000.

K=40000 and N=20000.

]

Fig.17: Comparison of the deflection profiles of the
clamped-clamped moving mass uniform beam for values
K=G=N=0 versus G = 30000, K=40000 and N=20000.

6.2 Clamped-Free ends condition

Fig.18 displays the transverse displacement response of a cantilever uniform beam under the actions of uniform partially distributed
forces moving travelling at a constant velocity for the various values of axial force N and for fixed values of subgrade moduli
K =40000 and shear modulus G =30000. The Figure depicts that as N increases, the response amplitude of the non-uniform beam
decreases. Similar results are obtained when the cantilever beam is subjected to partially distributed mass travelling at a constant velocity
as shown in Fig.24. For various travelling time T, the displacement response of the travelling for various values of subgrade moduli K
and for fixed values of axial force N =20000 and shear modulus G =30000 is shown in Fig.19. It is observed that higher values of
subgrade moduli K reduce the deflection of the vibrating beam. The same behaviour characterizes the response of the clamped-free
beam under the actions of uniform partially distributed masses moving at a constant velocity for various values of subgrade moduli K
as shown in Fig.25. Also, Fig.20 and 26 display the deflection profile of the cantilever beam respectively to partially distributed forces
and masses travelling at a constant velocity for various values of shear modulus G and for fixed values of axial force N = 20000
and subgrade moduli K =40000. These figures clearly show that as the value of the shear modulus increases, the deflection of the
cantilever beam under the action of both moving forces and masses travelling at constant velocity decreases.
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Fig.18: Response Amplitude of a cantilever structural members resting on elastic Fig.19: Displacement response of a cantilever structural members resting on elastic
foundation and under the actions of uniform partially distributed forces for various values foundation and under the actions of uniform partially distributed forces for various values of
of the axial force N and far fixed valiies of G = 230000 K=40000 and N = 20000 foundation modulus K and for fixed values of N = 20000. G = 30000
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Fig.20: Deflection Profile of a cantilever structural members
resting on elastic foundation and under the actions of
uniform partially distributed forces for various values of
shear modulus G and for fixed values of K=40000 and N =
20000.
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Fig.21: Response Amplitude of a cantilever structural members
resting on elastic foundation and under the actions of uniform
partially distributed forces for various values of the load width &

and for fixed values of G = 30000, K=40000 and N = 20000.
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Fig.22: Response of a cantilever structural members Fig.23: Response characteristics of a cantilever structural
resting on elastic foundation to uniform partially members resting on elastic foundation to uniform partially
distributed forces for various values of the load position distributed forces for various values of the travelling load
X and for fixed values of G = 30000, K=40000 and N = velocities V and for fixed values of G = 30000, K=40000 and N
20000. =20000.

Fig.21 displays the response amplitude of a clamped-free uniform beam under the action of uniform partially distributed
forces travelling at a constant velocity for various values of load width &£ and for fixed values of axial force N =20000,

K =40000 and shear modulus G =30000. The Figures show that as the width increases, the effects of the width on the
response amplitude of the uniform beam increases as the load progresses on the structure. Similar results are obtained when
the cantilever beam is subjected to partially distributed masses travelling at a constant velocity as shown in Fig.27. For a
various travelling time t, the response of the beam for various values of travelling load positions & and for fixed values of

axial force N =20000, subgrade modulus K =40000 and shear modulus G =30000 are shown in Fig.22. It is observed
that the impact of the travelling load is greatest in the middle of this vibrating solid structure. The same behaviour
characterizes the response of the cantilever beam under the actions of uniform partially distributed masses moving at a
constant velocity for different travelling load positions as shown in Fig.28.

The Dynamic deflections of the clamped-free uniform beam under distributed forces and masses for various values of the
velocity Vv of the motion are respectively displayed in Figs. 23 and 29. These figures clearly show that as the value of the
velocity of the motion increases, the deflection amplitude of the clamped-free uniform beam under the action of both
moving force and mass respectively decreases. For various travelling time t, the response amplitude of the clamped-free
uniform beam under travelling masses is shown in Fig. 30. It is observed that the larger the value of the mass ratio, I, the
larger the response amplitude of the beam.

Figures 31 and 32 depict the comparison of the response characteristics of the moving force and moving mass cases of a
clamped-free uniform beam traversed by a moving distributed load travelling at a constant velocity for fixed values of
N=0, K=0, G=0and N =20000, K =40000 and G =30000. From these figures, it is seen that the dynamic
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deflection of the beam under the actions of the moving load is greatly affected when the structural parameters N, Kand G are
incorporated into the governing equation of motion. Figure 33 compares the deflection profiles of the moving force model of the beam
for the two sets of values N =0, K=0, G=0 and N =20000, K =40000 and G =30000. It is deduced from this figure that

the amplitude of deflection for the set of valuesN =0, K=0, G=0

is much higher than that of the set of values N =20000,

K =40000 and G =30000. Similar result is obtained for a moving mass model of this structural member as shown in figure 34.

Figures 35 and 36 depict the comparison of the clamped-clamped and clamped-free uniform beam under moving load for both the
moving force and the moving mass. It is deduced from the Figures that for both cases, the amplitude of the deflection for the clamped-
free beam is much higher than that of the clamped-clamped beam. This implies that the clamped-clamped beam is more stable under a
travelling uniform partially distributed masses than that of the clamped-free beam. As higher values of the structural parameters G , K,

N , are required in the case of the clamped-free beam than in the case of a clamped-clamped beam.
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Fig.24:Transverse displacement response of a cantilever
structural members resting on elastic foundation and under
the actions of uniform partially distributed masses for
various values of axial force N and for fixed values of K =
40000, G = 30000.
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Fig.26: Deflection Profile of a cantilever structural members resting on
elastic foundation and under the actions of uniform partially distributed
masses for various values of shear modulus G and for fixed values of
K=40000 and N = 20000.
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Fig.28: Response of a cantilever structural members resting on elastic
foundation to uniform partially distributed masses for various values of the

load position X and for fixed values of G = 30000, K=40000 and
N=20000.
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Fig.25: Displacement response of a cantilever structural
members resting on elastic foundation and under the actions
of uniform partially distributed masses for various values of
foundation modulus K and for fixed values of N = 20000, G
= 30000.
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Fig.27: Response Amplitude of a cantilever structural members resting on
elastic foundation and under the actions of uniform partially distributed masses
for various values of the load width (f and for fixed values of G = 30000,

K=40000 and N=20000.
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Fig.29: Response characteristics of a cantilever structural members resting on
elastic foundation to uniform partially distributed masses for various values of the

travelling load velocities V and for fixed values of G=30000, K=40000 and N =

20000
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Fig.30: Response of a cantilever structural members resting on Fig.31: Comparison of the dynamic characteristic of moving
elastic foundation to uniform partially distributed masses for force and moving mass cases of a uniform clamped-free beam
various values of the load position T and for fixed values of G for fixed values of G = 0. K=0 and N=0.

= 30000, K=40000 and N=20000.
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Fig.32: Comparison of the dynamic characteristic of moving Fig.33: Comparison of the deflection profiles of the
force and moving mass cases of a uniform clamped-free beam clamped-free moving force uniform beam for values

for fixed values of G = 30000, K=40000 and N=20000. K=G=N=0 versus G = 30000, K=40000 and N = 20000.

Fig.34: Comparison of the deflection profiles of the clamped- Fig.35: Comparison of the dynamic characteristic of moving
free moving mass uniform beam for values K=G=N=0 versus force clamped-clamped and clamped-free uniform beam for

G = 30000, K=40000 and N = 20000. fixed values of G = 30000, K=40000 and N=20000.
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Fig.36: Comparison of the dynamic characteristic of moving mass
clamped-clamped and clamped-free uniform beam for fixed
values of G = 30000, K=40000 and N=20000.
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7.0. CONCLUDING REMARKS

The problem of the complex dynamic interactions of elastic beams and the load traversing them is investigated in this
study. Approximate analytical solutions for the moving force and moving mass models are presented.

Results and analysis establish the effects of some vital structural parameters on response characteristics and stability of thin
beams traversed by travelling loads are established. Influence of the mass ratio and load distribution on the dynamic
behaviour of the structural member carrying distributed moving masses is carefully scrutinized. Conditions under which the
amplitude of vibration of this structure-mass system may grow without bound for both the moving force and moving mass
models are clearly indicated. Results further revealed that, for the same natural frequency, the critical speed for the beam-
force system is higher than that of the beam-mass system. Hence, the risk of resonance effects is higher in a beam-mass
system. Finally, the proposed mathematical procedure and analysis in this present study is applicable to all class of these
problems.
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