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Abstract 

We present a new class of Third Derivative boundary value methods (TDBVMs) for the 

numerical solution of stiff initial value problems (IVPs). The proposed method is a 

modification of the third derivative generalized Adams-type methods (TDGAMs). The 

constructed methods are all 𝟎𝒗,𝒌+𝟏−𝒗-stable and 𝑨𝒗,𝒌+𝟏−𝒗-stable with (𝒗, 𝒌 + 𝟏 − 𝒗)-
boundary conditions for all values of the steplength  𝒌 ≥ 𝟏  with high order up to  𝒑 =
𝟑𝒌 + 𝟒. Numerical results show that the class of methods is of good accuracy when 

applied to standard stiff problems. 

 

1. Introduction 
Let us consider the stiff initial value problem (IVP) 

                                     
                                                     

0 0( ) ( , ( )),   ( ) ,y x f x y x y x y                                                                           (1.1)     

on the finite interval 
0I  =  [ , ]  Nx x where     mm

N

m

N RRxxxfandRxxy  ,:,: 00
is continuous and differentiable. 

Nwachukwu and Okor [1] developed a class of third derivative generalized backward differentiation formulas  (TDGBDF) 

based on the linear multistep formulas (LMF) and applied as boundary value methods (BVMs) for stiff initial value problems 

(IVPs) in ordinary differential equations (ODEs). The TDGBDF are 𝐴𝑣,𝑘−𝑣 −stable and 0𝑣,𝑘−𝑣 −stable with (𝑣, 𝑘 −
𝑣) −boundary conditions for all values of 𝑘 ≥ 2 with order  𝑝 = 𝑘 + 2 where  𝑘 is the steplength. The formulas have the 

form 

∑𝛼𝑗𝑦𝑛+𝑗

𝑘

𝑗=0

= ℎ𝛽𝑣𝑓𝑛+𝑣 + ℎ
2𝛾𝑣𝑓𝑛+𝑣

′  + ℎ3𝑓𝑛+𝑣
′′                                               (1.2) 

where 

𝑣 = {

𝑘+2  

2
  𝑓𝑜𝑟 𝑒𝑣𝑒𝑛 𝑘

𝑘+3

2
  𝑓𝑜𝑟 𝑜𝑑𝑑 𝑘

                                                                           (1.3) 

The methods (1.2) are used alongside the following additional initial methods which are defined generally as: 

∑𝛼𝑗
∗𝑦𝑛+𝑗

∗

𝑘

𝑗=0

= ℎ𝛽𝑖𝑓𝑖 + ℎ
2𝛾𝑖𝑓𝑖

′ + ℎ3𝑓𝑖
′′;           𝑖 =  1, 2, … , 𝑣 − 1               (1.4) 

and final methods given generally as: 

∑𝛼𝑗
∗𝑦𝑛+𝑗

∗

𝑘

𝑗=0

= ℎ𝛽𝑖𝑓𝑖 + ℎ
2𝛾𝑖𝑓𝑖

′ + ℎ3𝑓𝑖
′′;           𝑖 =  𝑣 + 1,… , 𝑁                   (1.5) 

 

In [2] Nwachukwu and Mokwunyei constructed a family of third derivative generalized Adams-type methods (TDGAMs) 

which is an extension of the second derivative generalized Adams methods (SDGAMs) proposed by [3]. The methods in [2] 

have higher order and smaller error constants than the methods in [1] and are defined by  

2 3
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  (1.6) 
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where  𝑣  is given as 

1
   

2

        
2

k
for odd k

v
k

for even k




 



                  (1.7)  

The family of methods in [2] is used with the following additional initial methods 

2 3

1 , , ,
0 0 0

k k k

j j i j i i j i i j i
i i i

y y h f h g h r  


  

     
 1,..., 1j v   ,   (1.8) 

and final methods 

2 3

1 , 1 , 1 , 1
0 0 0

k k k

N j N j i v j N i i v j N i i v j N i
i i i

y y h f h g h r  
           

  

      , 0,..., 1j k v    (1.9) 

For more details on BVMs see [1-12]. 

In this work we seek to improve the accuracy of the methods (1.6) by adding a future point to the first derivative of the 

solution. In section 2, the construction of the methods is given. Section 3 is on the stability analysis of the proposed methods. 

Section 4 shows the choice of the additional methods. Section 5 is devoted to numerical experiments while the conclusion is 

in section 6. 
 

2. Construction of the methods  

The third Derivative Boundary Value Methods (TDBVMs) for solving the IVP (1.1) is given by 
1

2 3

1

0 0 0

  
k k k
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i i i
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    (2.1) 

where  

1
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2
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for odd k

v
k

for even k




 



                      (2.2)  

and  𝛽𝑖 , 𝛾𝑖 , 𝜙𝑖 are parameters to be determined.     

In polynomial notation, we can write the TDBVMs (2.1) as  

𝜌(𝐸) = ℎ𝜎(𝐸)𝑓𝑛 + ℎ
2𝜂(𝐸)𝑔𝑛 + ℎ

3𝛿(𝐸)𝑚𝑛,       (2.3) 

 

 

where  𝜌(𝐸) = 𝐸𝑣−1(𝐸 − 1), 𝜎(𝐸) = ∑ 𝛽𝑖
𝑘+1
𝑖=0 𝐸𝑖, 𝜂(𝐸) = ∑ 𝛾𝑖

𝑘
𝑖=0 𝐸𝑖 and 𝛿(𝐸)  = ∑ 𝜙𝑖

𝑘
𝑖=0 𝐸𝑖  

are the first, second, third and fourth characteristic polynomials respectively. The linear difference operator associated with 

the TDBVMs (2.1) can be written as 
1

0

2 3

0 0

[ ( ); ] ( ) ( ( 1) ) '( )

''( ) '''( )

k

n n n i n

i

k k

i n i n

i i

L y x h y x vh y x v h h y x ih

h y x ih h y x ih



 





 

      

   



 

                  (2.4)    

Assuming that ( )ny x  is sufficiently differentiable, Taylor series expansion of (2.4) about the point  𝑥𝑛 yields 

2

0 1 2[ ( ); ] ( ) ( ) ( ) ( ) (2.5)q q

n n n n q nL y x h C y x C hy x C h y x C h y x                                    

 𝑤ℎ𝑒𝑟𝑒   

𝐶0 =∑𝛼𝑖

𝑘

𝑖=0

𝐶1 = 1−∑𝛽𝑖

𝑘+1

𝑖=0

𝐶2 = 
1

2
 (𝑣2 − (𝑣 − 1)2)  −∑𝑖𝛽𝑖

𝑘+1

𝑖=1

−∑𝛾𝑖

𝑘

𝑖=0                                                                                                                          
                                                           ⋮                                                  

                                                                                                                         

𝐶𝑞 = 
1

𝑞!
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1
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𝑖

𝑘

𝑖=1 }
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                   (2.6) 
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The TDBVMs (2.1) is said to be of order  𝑝  if 

𝐶0 = 𝐶1 = 𝐶2 = ⋯ = 𝐶𝑝 = 0,    𝐶𝑝+1 ≠  0. 

𝐶𝑝+1  is called the error constant (EC). The coefficients are chosen so that the TDBVMs (2.1)  

s of order 𝑝 = 3𝑘 + 4. The coefficients, the error constant and the order of the TDBVMs  

at different values of  𝑘 are shown in Table 1. 

 

3. Stability Analysis 
To analyze the stability properties of the method, the class of TDBVMs (2.1) is applied to the test equation (3.1)

                                     
                                                     

'y y                                                                                                   (3.1)   

to yield the stability polynomial   
1

1 2 3

0 0

( , ) ( )
k k

v v i i

i i i
i i

w z w w w z w z z   




 

      ,  z h                           (3.2)     

where  v  is defined as in (2.2). 

Then inserting , 0(1) , [0,2 ]tw e t k      in (3.2) and equating to zero, a polynomial of degree three in z  is obtained 

with three roots describing the stability region of the TDBVMs (2.1). The stability regions for odd and even values of 𝑘 are 

given in Figures 1 and 2 respectively. The methods (2.1) are  0𝑣,𝑘+1−𝑣-stable  and  𝐴𝑣,𝑘+1−𝑣-stable with (𝑣, 𝑘 + 1 − 𝑣)-
boundary conditions for  𝑘 ≥ 1, see Figures 1 and 2 . 

    
Figure 1: Stability regions (exterior of closed curves)  Figure 2: Stability regions (exterior of closed curves) 

of the TDBVMs (2.1) for k =1(2)33   of the TDBVMs (2.1) for k =2(2)32 

 

Table 1: The Coefficients, Error Constant ( EC ) and Order p
 
of the TDBVMs (2.1) for 1(1)6k   
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2  
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1120

529  
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37
 

1120

1
  

   

2 

60480

24653  

6720 

4369 
 

6720

389
  

8640

1
 

  

3 

2490808320 

8850277 
  

51891840 

25351121 
 

640640 

336241 
 

155675520 

1532147 
  

118609920 

673 
 

 

4 

0002988969984 

3672432059 
  

2717245440 

1214315581 
 

42577920 

25616383  

84913920 

4214947 
  

601195587993 

279738859 
 

193536000 

139 
  

5 

80000001064820556 

638168708068 

 

7200001609062174 

43231300498567 
  

66401930874609 

1419608927383 
 

02057039712 

91081768196 
 

8806436248698 

071021368553 


 

40000001097087846 

2513756449903 

 

6 

86720000009825181186 

7503771890276114 

 
120000003620389893 

9083091333709114 


 

32800003861749219 

99253991795876806 

 

86401002569508 

7235832016531 

 

277441853639625 

7018832430287 

 

040000001206796631 

727115592406276 
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Table 2: Table 1 continued
 

 

Table 3: Table 1 continued
 

k  4  
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1  
2  

1 
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1   

2 
   

10080

37  
10080

319  
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13
  

3    
103783680 

8003 
  

1921920 

18617  
2882880 

39703  

4 

7970586624 

5643877 
    

01992646656 

437551 
  

1245404160 

8054143  
92252160 

2206123  

5 
01625315328 

89552507  
8000004022655436 

833857908145 
   

00005028319296 

64659047  
4005363540582 

1740891127 
  

721609062174 

1806125023  

6 
39201404272443 

792157019153  
8000004022655436 

1536395172938 
  

76000001379196149 

872569418975  
0800007899032494 

2265373361  
003360614400 

41100991 
  

776001287249739 

4611060746776  

 

Table 4: Table 1 continued 

 

4.  Choice of Additional Methods 

 

The TDBVMs (2.1) are used alongside the following additional initial methods

   1,...1,
0

,
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0
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,1  
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                     (4.1) 

and final methods 
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19
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17297280 

1622459  
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51891840 

163409  

4   
001992646656 
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5 
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071207908259 


 

6 
7280000002005139017 

215291395597897 
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134627 
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4000001097087846 
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k  v  
3  

4  5  
6  EC  p  

1 1     
470400 

1
  7 

2 
1 

    
3353011200 

59  10 

3 2 

51891840 

15779 
     

56002137113538 

673  13 

4 2 
622702080 

2076097 
  

01992646656 

1249277    

092800002491263782 

52183 
  16 

5 3 

380933280 

5491769  
202681770291 

215444107 
  

00003094350336 

237327953   
000034024949766742398651 

366855859 
  19 

6 3 
28354745907 

1772742329  
3603677856399 

11353828987 
  

0001924715520 

408110291  
48800008688935743 

231219909113 


 

9360000032134319754477795504 

11469869021  22 
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1,1       (4.2) 

The methods (2.1) require  𝑣 − 1  initial and  𝑘 + 1 − 𝑣 final additional methods for the implementation  

since 𝑦0 is already provided by the problem to be solved. 
 

For  𝑘 = 2 , the TDBVMs (2.1) 

   

 11
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2
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Can be used with the following two final methods  
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For  𝑘 = 3 , the TDBVMs (2.1) 
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Can be used with the following Initial method, 
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and two final additional methods 
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5. Numerical Experiments 

To examine the performance of the TDBVMs (2.1) for  𝑘 = 2 𝑎𝑛𝑑 3  two stiff problems are considered. MATLAB is used to 

carry out all numerical computations. 

Problem 1: Singularly Perturbed Problem [13] 

𝑦1
′ = −(2 + 104)𝑦1 + 10

4𝑦2 
2 ,       𝑦2

′ = 𝑦1 − 𝑦2 − 𝑦2
2   
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𝑦1(0) = 1,    𝑦2(0) = 1 

The exact solution is     𝑦1 = 𝑒
−2𝑥   ,     𝑦2 = 𝑒−𝑥  

It is obvious from the numerical results in Tables 5 and 6 that our method for  𝑘 = 2   performs better than the methods in [1] 

and [2] for  𝑘 = 3 . From Tables 7 and 8, for  𝑘 = 3  our method performs excellently compared with the methods given in 

[1] and [2] for  𝑘 = 4. Details of the numerical results are given in Tables 5-8. 
 

Problem 2: Robertson’s equation [13] ( nonlinear problem) 

𝑦1
′ = −0.04𝑦1 + 10

4𝑦2𝑦3 ,     𝑦2
′ = 0.04𝑦1 − 3 ∗ 10

7𝑦2
2 − 104𝑦2𝑦3 ,     𝑦3

′ = 3 ∗ 107𝑦2
2           

𝑦1(0) = 1,    𝑦2(0) = 0,            𝑦3(0) = 0.                                              
 

This problem is solved using our methods for  𝑘 = 2  and  𝑘 = 3  . The results are reproduced in Tables 9 and 10 and compared with the 

results given in [1] and [2]. It is seen from Tables 9 and 10 that our methods for  𝑘 = 2  and  𝑘 = 3  compare favourably with the methods 

in [1] and [2] for 𝑘 = 3  and  𝑘 = 4  respectively.   
 

Table 5: Absolute error for problem 1 using TDBVMs (2.1) for  𝑘 = 2,  0.01h  .  

x  
iy  Error in TDBVMs (2.1) (𝑘 = 2) Error in TDGAMs [2] (𝑘 = 3) Error in TDGBDF [1] (𝑘 = 3) 

1.0 
1y  4.625444333106188e-10 2.808114851760024e-11 1.840463059732400e-10 

2y  9.619527396864669e-13 3.850492147350337e-11 2.638990692638288e-10 

2.0 1y  1.003195790327816e-11 3.834006029324044e-12 2.729638043375005e-11 

2y  3.851086116668512e-13 1.430763840737370e-11 1.010463102080195e-10 

3.0 1y  1.680101370526987e-13 4.985126894618830e-13 3.416046959192620e-12 

2y
 1.365019208776630e-13 5.158935778570850e-12 3.571543755187534e-11 

4.0 
1y  5.245532740810743e-15 7.308140637790617e-14 5.009221119497975e-13 

2y  5.227762667203706e-14 1.975204722004520e-12 1.367520333084293e-11 

5.0 1y  2.913319000104331e-16 9.503370855014348e-15 6.258246687800700e-14 

2y  1.848434599827087e-14 7.123000106412647e-13 4.833577982310544e-12 

6.0 1y  3.621658772575212e-17 1.312224288919309e-15 9.175104083338891e-15 

2y
 7.079840186330344e-15 2.646940826245281e-13 1.850751323029254e-12 

7.0 1y  4.403724292775108e-18 1.706409282132464e-16 1.146249982849842e-15 

2y  2.503205975834533e-15 9.545532766996878e-14 6.541577175778190e-13 

 

Table 6: Table 5 continued  

x  iy  Error in TDBVMs (2.1) (𝑘 = 2) Error in TDGAMs [2] (𝑘 = 3) Error in TDGBDF [1]  (𝑘 = 3) 

8.0 1y  6.437450399132683e-19 2.356190225888307e-17        1.680476971405580e-16 

2y  9.588141912375559e-16 3.547146300644788e-14        2.504715727359719e-13 

9.0 1y  8.039037501157855e-20 3.252517181950358e-18        2.099441635557973e-17 

2y  3.390300193362172e-16 1.317769135998625e-14        8.853112470549873e-14 

10.0 1y  1.178897809010575e-20 4.228332224411814e-19        3.077922929287871e-18 

2y  1.298603152094513e-16 4.750831618296342e-15        3.389787907835673e-14 
 

Table 7: Absolute error for problem 1 using TDBVMs (2.1) for  𝑘 = 3,  0.01h  .  

x  iy  Error in TDBVMs (2.1) (𝑘 = 3) Error in TDGAMs [2] (𝑘 = 4) Error in TDGBDF [1]  (𝑘 = 4) 

1.0 1y
 6.383782391594650e-16 6.067449320745766e-11 1.772000601807378e-10 

2y  0.0000 1.069209720760966e-10 2.550769595544011e-10 

2.0 1y
 2.567390744445675e-16 9.647916146549029e-12 2.512047514446891e-11 

2y  5.551115123125783e-17 4.013037124828145e-11 9.573458692457848e-11 

3.0 1y  1.604619215278547e-17 1.380842922643621e-12 3.541552034275197e-12 

2y  4.857225732735060e-17 1.506143820773076e-11 3.592972447341580e-11 

4.0 1y  7.480994990149981e-18 1.949373279984401e-13 4.989202952686289e-13 

2y  2.775557561562891e-17 5.652738693795456e-12 1.348481395990753e-11 

5.0 1y  8.063753657860939e-19 2.746697454984043e-14 6.109777397553251e-14 

2y  1.387778780781446e-17 2.121521708309260e-12 4.718898015398931e-12 

6.0 1y  2.168404344971009e-19 3.869097425258927e-15 8.606149511569336e-15 

2y  1.344410693882026e-17 7.962246313664156e-13 1.771054223415058e-12 

7.0 1y  2.339928516790005e-20 5.449947625488097e-16 1.053875957754077e-15 

2y  8.348356728138384e-18 2.988299711847997e-13 6.197570668470265e-13 
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Table 8: Table 7 continued  

x  iy  Error in TDBVMs (2.1) 

(𝑘 = 3) 

Error in TDGAMs [2] 

(𝑘 = 4) 

Error in TDGBDF [1]  

(𝑘 = 4) 

8.0 
1y  5.307190810140226e-21 5.801905696940020e-17 1.484485458811755e-16 

2y  4.282598581317743e-18 9.750165085031792e-14 2.326036498828676e-13 

9.0 
1y  1.644435057755419e-21 8.172577539248416e-18 2.091033510067494e-17 

2y  2.005774019098183e-18 3.659392396309497e-14 8.729919998701208e-14 

10.0 
1y  7.279189390466644e-23 1.151190567212499e-18 2.945455330861485e-18 

2y  9.147955830346444e-19 1.373427332149527e-14 3.276500978085378e-14 

  

Table 9: Errors for Problem 2 using the modulus of the solution of the TDBVMs (2.1) for 𝑘 = 2 minus the solution of 

Ode15s,  ℎ = 0.0001. Error  𝑦𝑖 = |𝑦𝑖(𝑘=2) − 𝑦𝑖𝑜𝑑𝑒15𝑠|, 𝑖 = 1,2,3. 

x  iy  Error in TDBVMs (2.1) 

(𝑘 = 2) 

Error in TDGAMs [2]                

(𝑘 = 3) 

Error in TDGBDF [1]               

(𝑘 = 3) 

1.0 
1y  4.420997700149698e-7 4.427653609306859e-7 4.419958079537878e-7 

2y  7.074174519826684e-11 7.095899130055931e-11 7.072967809584971e-11 

3y  4.421707629972960e-7 4.428363210018382e-7  4.420709879965346e-7 

3.0 
1y  3.911970628989181e-6 2.174455346992676e-5 3.911872170969666e-6 

2y  4.932816919995706e-10 2.749392642898443e-9  4.932710674992948e-10 

3y  3.912464227998069e-6 2.174730293100224e-5  3.912369955005879e-6 

5.0 
1y  4.195570756926337e-6 4.195637292925269e-6 4.195654775940305e-6 

2y  8.502273995999034e-10 8.502153913019016e-10  8.502353418992010e-10 

3y  4.196420379992683e-6 4.196487151997275e-6 4.196500206998799e-6 

10.0 
1y  7.192487407403636e-5 7.983002028799646e-5 7.192481450302157e-5 

2y  5.640575355201477e-9 6.265406187400455e-9 5.640571071999809e-9 

3y  7.193051470599787e-5 7.983628550597977e-5   7.193045938400089e-5 

 

Table10: Errors for Problem 2 using the modulus of the solution of the TDBVMs (2.1) for 𝑘 = 3 minus the solution of 

Ode15s, ℎ = 0.0001. Error  𝑦𝑖 = |𝑦𝑖(𝑘=3) − 𝑦𝑖𝑜𝑑𝑒15𝑠|, 𝑖 = 1,2,3. 

x  iy  Error in TDBVMs (2.1) 

(𝑘 = 3) 

Error in TDGAMs [2] 

 (𝑘 = 4) 

Error in TDGBDF [1] 

 (𝑘 = 4) 

1.0 
1y  4.421416069932960e-7  4.427860279543339e-7 4.419921140197403e-7 

2y  7.074886439499203e-11 7.096249069859627e-11 7.072920270030213e-11 

3y  4.422129029971189e-7 4.428569910022717e-7 4.420680979957958e-7 

3.0 
1y  3.911993783023426e-6 2.174456425096949e-5 3.911869656980649e-6 

2y  4.932847973002823e-10 2.749394077697717e-9 4.932708290967896e-10 

3y  3.912487682000698e-6 2.174731371300254e-5 3.912368173000780e-6 

5.0 
1y  4.195554960007009e-6 4.195630176950793e-6 4.195656818972715e-6 

2y  8.502256262991588e-10 8.502146024025195e-10 8.502354907025610e-10 

3y  4.196404280995547e-6 4.196480035995043e-6  4.196501482991999e-6 

10.0 
1y  7.192488285001630e-5 7.983002409195361e-5 7.192481282003449e-5 

2y  5.640576084500233e-9 6.265406495801763e-9 5.640571001499562e-9 

3y  7.193052378498543e-05 7.983628931199083e-5 7.193045868697512e-5 
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6. Conclusion 

In this paper, a new class of third derivative boundary value methods for the numerical solution of stiff initial value problems 

is presented. The inclusion of a future point in the first derivative of the solution of the TDGAMs has improved the accuracy 

of the methods. The numerical results displayed in Tables 5-10 show that the new TDBVMs (2.1) give a better 

approximation compared to the TDGAMs. 
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