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Abstract 
 

The motion of a test particle in the vicinity of triangular equilibrium points L4,5 in the 

ER3BP is studied when both spherical primaries are surrounded by a circular cluster 

of material points. The existence and positions of these points are established and 

found to be affected by the eccentricity, semi-major axis and circumbinary disc. It is 

observed that the triangular points are stable for c 0 . While the eccentricity 

and semi-major axis are destabilizing, resulting in a decrease in the size of the region 

of stability. The disc has a desired stabilizing tendency. 
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1.  Introduction  

The restricted three-body problem (R3BP) describes the motion of an infinitesimal mass moving under the gravitational 

effects of two finite masses, called primaries, which move in circular orbits around their center of mass on account of their  

mutual attraction and the infinitesimal mass not influencing the motion of the primaries. The study of the R3BP is of great 

theoretical, practical, historical and educational relevance, and in its many form has had important implications in several 

scientific fields, including among others, celestial mechanics, galactic dynamics, chaos theory and molecular physics, 

dynamical astronomy, celestial and space mechanics, lunar and planetary sciences as can be found in the works of [1 -8] is the 

subject of interest. In such a  co-rotating frame, an effective potential that includes the gravitational potential of the two stars 

is defined. This potential has five Lagrangian points where the gradient of the effective potential is zero, three of the collinear 

points )3,2,1( =iLi  lie on the  -axis, the line joining the primaries and two are off the  -axis on the  −   plane, 

forming equilateral triangle called the triangular Lagrangian points L4,5 . Over the years; several authors from [9-14] have 

found the study of the locations and stability of these equilibrium points important and interesting because of its diverse 

applications. The 3B problem in general relativity has also been the subject of several researches [15-17]. 

When the orbits of the primaries are elliptic, called the elliptic restricted three- body problem (ER3BP), a non-uniformly 

rotating-pulsating coordinate system is commonly used. The orbits of the celestial bodies are mostly elliptic not circular.  It is 

therefore more accurate to study the ER3BP, because it has a significant effect which the CR3BP neglects. The ER3BP 

analyses the dynamical systems more accurately. It possesses five coplanar equilibrium points; three collinear and two 

triangular, where the gravitational and centrifugal forces just balance each other. The collinear points are generally unstable, 

while the triangular points are conditionally stable. Their stability occurs in spite of the fact that the potential energy h as a 

maximum rather than a minimum at the latter points. The ER3BP generalizes the original CR3BP, and improves its 

applicability, while some outstanding and useful properties of the circular model still hold true or can be adapted to the 

elliptic case. In particular, possible positions of the equilibrium occur when the three bodies form equilateral triangles. 

There are ring-type belts of dust particles in the stellar systems which are regarded as the young analogues of the Kuiper belt 

[18-19] detected debris rings in many main–sequence stellar binary systems using the Spitzer Space Telescope. Among the 

observed 69 A3-F8 main sequence binary star systems, nearly 60% showed debris dust rings surrounding the binary stars. 

This inspired many scientists to study the CR3BP by ta king into consideration the additional gravitational potential from the 

disc [20-21] studied the CR3BP by considering the influence from a disc for planetary systems and found that the chance to  
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have libration points around inner part of the disc is higher than near the outer part. In their research, [20], [22] have 

incorporated additional gravitational potential from the disc in their studies of the CR3BP. They found that the gravitational 

potential from the disc makes the structure of the CR3BP quite different such that new libation points exist only under certa in 

conditions. Due to the recent important application [23], these new equilibrium points are now called Jiang-Yeh points. The 

orbital motion of a test particle around a primary is greatly affected in the presence of a massive disc [24 -25]. Of late, a  bi-

dimensional ring model for the minor asteroids of the solar system has been implemented and modeled in the latest EPM2 013 

planetary ephemerides [26]. In his research [27] studied analytically and numerically the effects of radiation pressure of th e 

more massive primary, oblateness of the less massive primary and gravitational potential from the disc on the linear stabilit y 

of libration points in the R3BP. In their work [28] examined the combined effect of radiation and oblateness of both 

primaries, together with additional gravitational potential from the belt on the motion of an infinitesimal body in the CR3BP. 

They [29] studied the effects of oblateness up to J4 of the less massive primary and gravitational potential from a belt on the 

linear stability of triangular points in the photogravitational CR3BP. They [30] examined the effect of triaxiality of the mo re 

massive primary, oblateness up to the zonal harmonics J4 of the smaller primary and gravitational potential from a belt on the 

linear stability of the triangular libration points in the CR3BP. 

 
Figure 1: Artists impression of HD 98800 

In this study, we have examined the effect of the potential from the disc on the location of L4,5 and their linear stability in the 

ER3BP on the binary system HD98800B. This study can be useful in the investigation of motion of a test particle near binary 

stars surrounded by a cluster of material points. 

This paper is arranged as follows: Section 2 presents equations of motion of the infinitesimal body, locations of L 4,5 and their 

linear stability are established in section 3 and 4, while section 5 contains discussion. 

 

2.  Equations of motion 

The equation of motion of the elliptic restricted three body problem (ER3BP) surrounded by a circumbinary disc in a 

dimensionless-pulsating coordinate system ),,(   following [31] is given as: 













=

=+

=−







2

2

         (1) 

with 

( )

( )

( ) 































+

++
−

+
+

−

=

2

1
2221

2

22

2

1
2

11

2
1

1

Tr

M

rrn
e

b

     (2) 

( )

( ) 2222

2

2222

1

1 



++−+=

+++=

r

r

          
          (3) 

and 

( ) 















+

++=

2

3
22

22 2

2

3
1

1

Tr

rM
e

a
n

c

cb

       (4) 

Where n, a, e, are the mean motion, semi-major axis, eccentricity of the orbits of the primaries respectively;   

2

1

22 )( Tr

M b

+

is 

the potential due to the circular cluster of material points,  r  is the radial distance of the infinitesimal body and is given by 
222  +=r   , T = b + d, b and d are parameters which determine the density profile of the circular cluster of material 

points. The parameter b controls the flatness of the profile and is known as the flatness parameter. The parameter d controls  

the size of the core of the density profile and is called the core parameter. When b = d = 0, the potential equals to the one by 

a point mass, rcis the radial distance of the infinitesimal body in the classical restricted 3BP [33], [23], [22], [34] and [31].  
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3.  Locations of triangular equilibrium points  

The libration points represent stationary solutions of the ER3BP. All the derivatives of the coordinates with respect to time  

are zero at these points [35]. Thus, the libration points of the ER3BP if they exist a re determined by setting all velocities and 

accelerations of the equations of motion (1) to zero, i.e. 
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From equation (5) and equation (6) respectively we have 
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Now, equations, (8)and (9) gives the position of the triangular points. Expanding equation (8) and collecting terms, we have  
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From equation (10), we have 
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When the potential from the circular cluster is neglected  
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From equation (12) 
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Substituting the mean motion, the above equation will change slightly by )2,1( =ii , where 1i  
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Where 
21  and    are small quantities, which on substituting into equation (12) and solving we obtain  
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Substituting the values of ε1 and ε2  into equation (12) respectively we obtain  
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Therefore, the Lagrangian points denoted  by L4,5 (ξ,±η)are given by equations  (16) and (17). 

4. Stability of the triangular equilibrium points 

Denoting the positions of equilibrium points by ),( 00  and displacements  and  we obtain equations leading to the derivation 

of equations in )(),( 00
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The characteristic equation is given by 
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Substituting equations (18), (19) and (20) in equation (21) and restricting ourselves to only linear terms in
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The characteristic equation is a quadratic equation in  
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For stable motion, we require  to be purely imaginary 
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When  0=bM equation (25) becomes  
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The value of the critical mass parameter c is obtained when 0= , and is given by 
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The value of the critical mass parameter to fifteen decimal places taking Mathematica 10.3 software is  
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)9999.0,01.0( == crT  

bc Me 8239440223206578.09789170178349411.09262110624222941.00455140385208965.0 2 +−−=   

Now, since 0;0 b  in the interval c 0 , it follows that the roots of equation (23) are distinct imaginary numbers, hence, 

the triangular point is stable in this region. If 
0,

2

1
 c

the real parts of two of the roots of equation (23) are positive, 

therefore, the triangular point is unstable. If 0, == c , the roots of equation (23) are double roots, which gives instability of 

the point. Hence, the triangular points are stable for c 0 and unstable for 
,

2

1
 c

where the critical mass parameter c

depends on the gravitational potential from the circular cluster of material points. 

 

Table1: Relevant numerical data  

Binary system  Masses (M0)  Luminosity (L0)  Eccentricity 

   M1            M2   L1           L2        (e) 

HD 98800 B  0.70         0.58             0.33              0.17         0.5 
 

Table 2: Effect of eccentricity on L4,5 in the binary system HD98800B 

e              ξ                   ±η   

0.1     0.0467152    1.01834 

0.3     0.0467283    0.966228 
0.5     0.0467546    0.8525 

0.7     0.0467939    0.645365 

0.9     0.0468463    0.0530516 
 

 
Figure1: Effect of eccentricity on L4,5 in the binary system HD98800B 
 

Table 3: Effect of semi-major axis on L4,5 in the binary system HD98800B 

a              ξ                   ±η   

0.95     0.0467828    0.708602 

0.85     0.0467645    0.805021 

0.75     0.0467529    0.860137 
0.65     0.0467418    0.910042 

0.55     0.046731    0.955855 
 

 
Figure 2: Effect of semi-major axis on L4,5 in the binary system HD98800B 
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Table 4: Effect of potential from the disc on L4,5 in the binary system HD98800B 

Mb    ξ                   ±η   

0     0.0467521   0.848272 

0.01                                                  0.0467525   0.846217 

0.02          0.0467530   0.844158 

0.03          0.0467653   0.784297  

 0.1                                   0.0467565   0.827497 

 0.2         0.0467609   0.806186 

 0.4                         0.0467697   0.761779 

 0.5            0.0467742   0.738574 
 

 
Figure 3: Effect of potential from the disc on L4,5 in the binary system HD98800B 

 

5. Discussion 

Equations (1) are the equations of motion of the infinitesimal body in the ER3BP and are affected by the gravitational 

potential from the circumbinary disc. They are different from those obtained by [31] due to the oblateness and radiation of the 

primaries in their work and in the presence of the potential from the circumbinary disc in ours. In the absence of the 

oblateness coefficient, 21 AandA
of the bigger primary and smaller primary and absence of the potential respectively

)0.( 21 === bMAAei
. Equations (2) agree with [31] when the primaries are non-radiating. However, in the absence of 

semi-major axis, eccentricity and potential from the circular disc
)0.( === bMeaei

, c  becomes 0 which corresponds 

to the classical CR3BP [13]. 

We have studied the motion of an infinitesimal body under the influence of the gravitational potential from the disc. We have  

found the equations that govern the motion of the infinitesimal body and the positions of the triangular equilibrium points. 

The triangular points are stable for  

c 0
and unstable for ,

2

1
 c , where c is the critical mass parameter influenced by the potential from the 

circumbinary disc. 
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