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Abstract 
 

In this paper, a numerical stimulation of one-dimensional Brownian motion process to 

financial investment is considered. For this purpose, we treat the one-dimensional 

Brownian motion process in reference to constant and time-dependent drift and 

volatility parameters in a given time-steps in yearly returns for an investor to invest  to 

maximize some utility functions such as wealth or cash flow. The Euler-Marayama 

scheme was applied for discretizing the Brownian motion process. Results are 

presented graphically, and showed that for constant drift and volatility 50 to 100 time-

steps is a risky investment which is at least profitable than safe investment for 

drift<volatility, and vice versa. However, for time dependent drift and volatility, the 

results showed that an investor making risky or safe investment fluctuates. All 

computational frameworks of this research are implemented using the software Maple 

18. 
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1.0 Introduction 

Brownian motion process is a stochastic process Xt , governed by the stochastic differential equation (SDE) 

 𝑋𝑡 = 𝛼 𝑋𝑡 𝑑𝑡 + 𝛽 𝑋𝑡 𝑑𝑊𝑡 ,      (1) 

where 𝛼 𝑋𝑡  is the drift, 𝛽 𝑋𝑡  is the volatility and 𝑊𝑡  is the standard Wiener process  𝑊𝑡 : 𝑡 ≥ 0 . 
In many real life applications equation (1) results from internally or externally random fluctuation in the dynamical analysis 

of a system. A typical example is the molecular bombardment of dust on the surface of water, which results in Browian 

motion [1]. 

Considering the random fluctuations of share prices on the stock exchange market, it is imperative to model price dynamics 

or investment finance as stochastic differential as equations [2]. The idea of applying SDE to investment finance was first 

conceived in [3]. The method in [3] enabled the investor to decide between two classes of investments, one safe and the other 

risky. Merton [3] also argued that an investor will maximize some class of utility functions such as wealth or cash flow by 

implementing some investment strategy to avoid possible hiccups such as bankruptcy. A price dynamics model can be 

formulated from the exponential growth of an ordinary differential equation as follows [3]; 
𝑑𝑝𝑠

𝑑𝑡
= 𝛼𝑝𝑠 , 𝛼 > 0,              (2) 

where 𝑝𝑠 is the price of safe investment. We also observe that noisy fluctuation in stock exchange market is proportional to 

the share price. Thus, Equation (2) is remodeled as; 
𝑑𝑝𝑠

𝑑𝑡
= 𝑎𝑝𝑠 + 𝑎𝑝𝑠𝜀𝑡 ,              (3) 

where 𝜀𝑡  is the Gaussian white noise. Equation (3) can be interpreted as an Ito stochastic differential equation 

𝑑𝑝𝑡
𝑠 = 𝑎𝑝𝑡

𝑠𝑑𝑡 + 𝑏𝑝𝑡
𝑠𝑑𝑊𝑡 ,             (4) 

where 𝑊𝑡  is the standard Wiener process  𝑊𝑡 : 𝑡 ≥ 0  and 𝑎, 𝑏 > 0.  
Several researchers over the years have studied the random fluctuations of share prices in real and ambiguous investment 

processes. For instance, the effect of neo-additive noise capacities on ambiguous investment in a Choquest-Brownian motion 

setting was studied in [4]. In like manner, the stimulation of stock price trajectories to checkmate the effect of the actual stock 

price reversal was explored in [5]. Crichowsky et. al. [6] considered the characteristics of shadow prices under a fractional 

Brownian motion process for portfolio optimization  under transaction costs.   The effect of optimal investment under 

uncertainty in a competitive environment was considered in [7].  
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In this paper, we aim at exploring the numerical stimulation of one-dimensional Brownian motion process to investment finance 

with constant and time-dependent drift and volatility in the share prices in an algebraic form in a given time-steps (an aspect 

Merton’s model [1] did not explore explicitly). The analysis and results presented here will enable investors in implementing 

strategy in a specified time-steps in yearly returns to avoid possible hiccups such as bankruptcy. The time-steps we mean the 

correspond to the time frame for an investor to maximize utility functions such as wealth or cash flow in a constant or time-

dependent drift and volatility share prices in the stock exchange. 

 

2.0 Definition of Parameters 

Useful definition of parameters can be seen in [2], and are presented in the table below. 

Table 1: Prevalent Parameters for application of Brownian Motion to investment finance. 
𝑥0 Initial value (real constant) 

𝛼 = 𝛼 𝑋𝑡  Drift parameter 

𝛽 = 𝛽 𝑋𝑡  Volatility parameter 

𝑋0 Vector (initial value) 

Ω Vector (drift parameter) 

T Time parameter 
  Covariance matrix 

 

3.0 Brownian Motion 

The Brownian motion (𝑥0 , 𝛼, 𝛽) and (𝑥0 , 𝛼, 𝛽, 𝑡)  provides a new one-dimensional Brownian motion process. This Brownian motion 

process is a stochastic process governed by the SDE in Equation (1) [2] 

Remark 1: 

I. If 𝛼 is a real constant, then 𝛼 must be a real number. 

II. If 𝛼 is a time-dependent drift, then 𝛼 can be written as an algebraic expression. 

III. 𝛽 can either be constant or time dependent. 

IV. The Brownian motion (𝑋0 , Ω,  ) gives an n-dimensional Brownian motion with Ω and   .It is defined uniquely by 

the SDE [9] 

𝑑𝑋𝑡 = 𝑀𝑑𝑡 + 𝑁𝑑𝑊𝑡 ,          (5) 

where M is a n-dimensional vector, N is a 𝑛 × 𝑚 - matrix and 𝑁𝑁𝑇 =  . 𝑊𝑡  is a Wiener process  𝑊𝑡 : 𝑡 ≥ 0  of m-dimensional. 

V. If   Ω and   are time-dependent parameters, then Ω must be presented as a vector, and   must be a symmetric 

matrix. 
 

4.0 Euler – Marayuma Scheme 

In this section, the Euler scheme is implemented for executing the Brownian motion process for the investment with the aid of 

Maple 18 software. 

Let an Ito process   𝑋𝑡 : 𝑡 ∈ [𝑡0, 𝑇]  satisfying the scalar SDE be given as [2] 

𝑑𝑋𝑡 = 𝛼 𝑡, 𝑋𝑡 𝑑𝑡 + 𝛽 𝑡, 𝑋𝑡 𝑑𝑊𝑡 , 𝑡 ∈ [𝑡0, 𝑇],        (6) 

with the initial value 

𝑋𝑡0
= 𝑋0 .         (7) 

Discretizing Equation (6) in the interval 𝑡 ∈ [𝑡0, 𝑇], as 𝑡0 = 𝛾1 < 𝛾2 < 𝛾3 < ⋯ < 𝛾𝑛 < ⋯𝛾𝑁 = 𝑇, then the Euler or Euler-

Marayuma approximation is a time-dependent stochastic process 𝑆 =  𝑆 𝑡 : 𝑡 ∈ [𝑡0 , 𝑇]  satisfying the scheme 

𝑆𝑛+1 = 𝑆𝑛 +  𝛾𝑛 , 𝑆𝑛  𝛾𝑛+1 − 𝛾𝑛 + 𝛽 𝛾𝑛 , 𝑆𝑛  𝑊𝛾𝑛+1
− 𝑊𝛾𝑛

 , 𝑆0 = 𝑋0 .         (8) 
 

5.0  Numerical Stimulations 

In this section, we implement some numerical stimulations for Brownian motion process using the Euler-Marayuma scheme with constant 

and time-dependent drift and volatility parameters with the aid of Maple 18 software. 

a. Maple code for Brownian motion process with constant drift and volatility. 

>  

>  

>  

>  

 >  

 

 

 

 

 

 

 

 
Figure 1. 𝑃𝑎𝑡ℎ𝑝𝑙𝑜𝑡 𝑓𝑜𝑟 𝑋 𝑡  𝑤𝑖𝑡ℎ 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝𝑠 = 100. 
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Figure 2.  𝑃𝑎𝑡ℎ𝑝𝑙𝑜𝑡 𝑓𝑜𝑟 𝑋 𝑡  𝑤𝑖𝑡ℎ 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝𝑠 = 50. 

 

 
Figure 3.  𝑃𝑎𝑡ℎ𝑝𝑙𝑜𝑡 𝑓𝑜𝑟 𝑋 𝑡  𝑤𝑖𝑡ℎ 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝𝑠 = 20. 

 

 
Figure 4.  𝑃𝑎𝑡ℎ𝑝𝑙𝑜𝑡 𝑓𝑜𝑟 𝑋 𝑡  𝑤𝑖𝑡ℎ 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝𝑠 = 10. 
 

b. One-dimensional Brownian motion with time-dependent parameters given in algebraic form.  

>  

>  

 

>  

 

>  

>  
 

6. Conclusion 

We have treated in this paper the one-dimensional Brownian motion process in reference to constant and time-dependent drift 

and volatility parameters in a given time-steps in yearly returns for an investor to invest  to maximize some utility functions 

such as wealth or cash flow. Results were obtained using Maple 18 software and are presented graphically showing that for 

constant drift and volatility 50 to 100 time-steps is a risky investment which is at least profitable than safe investment for 

drift<volatility, and vice versa. However, for time dependent drift and volatility, the results showed that an investor making 

risky or safe investment fluctuates.  
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