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Abstract 

 

In this article the Riemannian geometry were applied to Schrodinger equation of 

simple linear harmonic oscillator to obtain generalized Eigen energies and Eigen 

function. The results obtained contain additional correction terms which are not found 

in the well-known Schrodinger’s Eigen energies which were derived based upon the 

Euclidean geometry of space. 

These additional correction term scan be used to explain the vibration spectra of 

diatomic molecules such as Hydrogen Fluoride (𝑯𝑭), Hydrogen gas (𝑯𝟐), Nitrogen 

gas (𝑵𝟐)and Chlorine gas (𝑪𝒍𝟐) as well as to Schrodinger’s mechanical wave equation 

for finite, infinite and rectangular potential well. 
 

Keywords: Riemannian geometry, Schrodinger Equation, Linear Harmonic Oscillator, Eigen Energies and  

    Euclidean geometry. 

 

1.0 Introduction 

In the year 1686 Isaac Newton published his book entitled The Mathematical Philosophy of Natural Philosophy to lay the 

foundation of his dynamical Mathematical theories of classical mechanics in particular and Physics in general based upon 

Euclidean coordinate geometry of space [1].  

In the year 1860 James Clark Maxwell formulated his dynamical Mathematical theory of classical electrodynamics based 

upon Euclidean coordinate geometry of space [1].  

In the year 1926 Erwin Schrodinger introduced his dynamical Mathematical theory of quantum mechanics based upon 

Euclidean coordinate geometry of space. These theories have continued to be studied and developed and applied till today 

[1]. 

In the year 1854 Georg Friedrich Bernhard Riemann (1826 - 1866) published his theory of geometry and corresponding 

tensorial classical mechanics in the gravitational field.  It is most interesting and instructive to note that F. B. Riemann did 

not discover any metric tensor(s) for any gravitational field in nature because they require the use of the speed of light in 

vacuum as the universal scaling constant [1, 2]. 

In 2013 S. X. K. Howusu in his book titled Riemannian Revolution in Physics and Mathematics discovered a unique metric 

tensor for all gravitational fields in nature that is necessary and sufficient for the formulation of theoretical Physics based 

upon Riemannian geometry [1, 2]. 

In this article the Riemannian Laplacian operator is applied to Schrodinger equation of simple linear harmonic oscillator in 

two- dimensionsto obtain generalized Eigen energies. 

 

2.0 Theoretical Analysis 

The unique metric tensor for all gravitational fields in nature is given explicitly by [1, 2] 
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In our previous paper [4], these metric tensors were used to formulate Riemannian Laplacian operator in Cartesian coordinate 

for all gravitational fields in nature. 

Assuming that 𝑓 = 0,  the Riemannian Laplacian operator in two - dimensions(𝑟, 𝜃, 𝑡) reduces to Einstein or Minkowski 

coordinates which is given explicitly by [1- 4] 
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The time-dependent Schrodinger’s equation in two - dimension is given explicitly by [4, 5] 
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where, 2

E is the Euclidean Laplacian operator which were derived based upon the Euclidean geometry. 

Applying Riemannian Laplacian operator in equation (7) becomes 
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where, 
2

R is the Riemannian Laplacian operator which were derived based upon the  

Riemannian geometry.  

 (𝑟, 𝜃, 𝑡) is wave function of the quantum system 

i is imaginary unit  

is the reduced Planck constant which is given by 
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ispartial derivative 𝑤. 𝑟. 𝑡 time 𝑡 

𝑟 and are the position vector 

t is the time 

Putting equation (6) into (8) we obtain 
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Let us seek the method of separation of variables as; 
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where, 𝐸 is the quantum mechanical energy and 𝑅 𝑟  is the quantum mechanical energy wave function. 

Differentiating partially 𝑤. 𝑟. 𝑡 ,x  and t  respectively, we have 
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Putting equations (11) – (15) into equation (9), we obtain 
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Dividing (11) equation through by
exp

t
iE 
  

  
  

 and simplifying we obtain 
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Let  be a new independent variable defined by; 
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Using the chain rule 
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Using equation (24) into equation (17) and simplifying we have 
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where, 
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For large  the function 2
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 satisfy equation (26) 

'( ) ( )             (28) 

'' 2( ) ( ) ( )              (29) 

Substituting ( ) ( ) ( )R F    in (14) 
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This is the Hermite -Eigen equation with eigenvalue; 
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It follows from equation (26) and (31) that 
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Solving equation (33) quadratically, we obtain two solutions in which one is positive (mathematically correct and physically 

realistic) and the other is negative (mathematically correct and but physically not realistic). The mathematically correct and 

physically realistic solution is given explicitly as 

 
2 2 2 3

0 0
0 2

0 0

(2 1) (2 1)1 1 1
2 1 ...

2 8 8
n

n n
E n

m c m

 


 
    

   (34) 

 

Transactions of the Nigerian Association of Mathematical Physics Volume 7, (March, 2018), 221 –224 



224 

 

Quantum Theory of…            Lumbi, Ewa, Yusuf, Loko, Joseph and Chifu              Trans. Of NAMP 

 
where, 

nE is the  Riemannian Eigen energies of the simple harmonic oscillator. 
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where, 𝐸0 ,  𝐸1,𝐸2, 𝐸3  and 𝐸4 are the ground, first, second, third and fourth energy levels of the simple harmonic oscillator. 

Equation (34) is the generalized Riemannian Eigen energies of simple linear harmonic oscillator. The ground energy level𝐸0, 

first energy level 𝐸1, second energy level 𝐸2, third energy level 𝐸3 and fourth energy level𝐸4 are given by equations (35), 

(36), (37), (38) and (39) respectively. The leading terms on the right hand side of these equations are the well - known 

Schrodinger’s quantum Eigen energies of linear simple harmonic oscillator while the remaining terms are additional 

correction terms which are not found in the well - known Schrodinger’s quantum Eigen energies and [4]. It must be noted 

that the third term on the right hand side of these equations is 2c times the second term. 

The consequences of these additional correction terms are that they can be applied in the areas of theoretical and 

experimental Physics (Solid state Physics, Thermal Physics and Elementary particle Physics) as well as to Schrodinger’s 

mechanical wave equation such as for finite, infinite and rectangular potential well. 
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