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Abstract 

This paper presents an analysis of free vibrations of a cantilever beam and simply supported 

beam using series solution. It was found that the Deflection of beam increases as the length of 

the beam increases for a cantilever beam but decreases for the case of a simply supported beam. 

The response amplitude of a cantilever beam is greater than that of a simply supported beam.  

 

1.  Introduction 
Vibration occurs when a system is displaced from a position of stable equilibrium. The system tends to return to this 

equilibrium position under the action of restoring forces (such as the elastic forces, as for a mass attached to a spring, or 

gravitational forces, as for a simple pendulum). The system keeps moving back and forth across its position of equilibrium. A 

system is a combination of elements intended to act together to accomplish an objective. For example, an automobile is a 

system whose elements are the wheels, suspension, car body, and so forth [1].  

The vibration analysis for structures is a very important field in engineering and computational mechanics. These dynamic 

problems are classically described by a partial differential equation associated with a set of boundary conditions. The analysis 

of free vibration of beam has been a topic of interest for well over a century [2-5].   

Free vibration equation of the beam on partially elastic foundation including only bending moment effect was analytically 

solved [6-7] while the eigenvalues for free vibration of beam-column systems on elastic foundation were obtained using a 

numerical approach [8]. The separation of variables technique was used to obtain the free vibration circular frequencies of 

piles partially embedded in soils [9-10]. In addition, differential transform method (DTM) has been proposed to solve 

eigenvalue problems for free and transverse vibration problems of a rotating twisted Timoshenko beam under axial loading 

[11-13]. Furthermore, the DTM was also used to find the nondimensional natural frequencies of tapered cantilever Bernoulli-

Euler beam [14-15]. Free vibration equations for one end clamped and other end simply supported beam on elastic 

foundation were solved by using the DTM for various axial loads acting on the beam [16]. Meanwhile, both the variational 

iteration method (VIM) and homotopy perturbation method (HPM) were used to solve the free vibration equations of beam 

on elastic foundation for support conditions of one end clamped, and other end simply supported, both ends clamped and 

both ends simply supported considering various case studies [17-18]. The beam on elastic foundation was investigated for 

these three different support conditions considering various the values of the ratio of axial load acting on the beam to Euler 

buckling load.  

Recently, there have been also other studies which are helpful to better understand dynamic behavior of both infinite beams 

resting on elastic foundation [19] and tapered column with pinned ends embedded in Winkler-Pasternak elastic foundation. In 

this study, comprehensive analysis of free vibration of Euler-Bernoulli beam, using practical technique for determining the 

response of beams with different boundary conditions. The analytical results are in excellent agreement with the results of the 

particular problem solved using the VIM method and the HPM method available in the literature [20]  

 

2.  Mathematical formulation 

Considering the free vibration of a beam of finite length L , the differential equation for the free vibration of a beam when the 

beam is of constant flexural rigidity EI  is given as  
4 2

4 2

( ) ( )
0

W x t W x t
EI A

x t


   
 

 
  (1) 

Where:  
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Coefficent of elasticity

is the moment of inertia of the cross section

Density of the mass

Surface area of the beam cross section

Time coordinate

Spatial coordinate

Mass per unit length

( ) is the deflection of the bea
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The initial conditions are:  

0( 0) ( )W x w x    (2) 

0

( 0)
( ) 0

W x
v x

t

 
 



  (3) 

 

2.1  Method of Solution 

The above equation is a homogeneous equation. To solve the equation of motion above, we use the separation of variable 

method.  

We first assume a trial solution of the form  
( ) ( ) ( )W x t F x G t   

where 

( )F x is a function of x  only  

( )G t is a function of t  only  

We have W FG  
2 3 4

2 3 4

ivW W W W
F G F G F G F G

x x x x

     
    

   

 

2

2

W W
FG FG
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Let 2 EI

A





 The above equation of motion can be written as  

2

1
0ivF G FG



   

2

1ivF G FG


   

which can be transposed into 
2

1ivF G

F G



 
 Denoting the arbitrary constant by K , then we have  

ivF
K

F


       (4) 

and 

2

1 G
K

G



        (5) 

2.2  Solution of the Time Domain Function 

By letting 4K  , we have equation (5) to be  
2 4 0G G         (6) 

The auxillary equation is therefore,  
2 2 4 0m     

so that 
2m i   

So, the general solution to equation (6) is  
2 2( ) cos sinn n n n nG t I t J t       (7) 

Since  

( ) ( ) ( )n n nW x t F x G t    

Substituting (7) into the above equation we have,  
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 2 2( ) ( ) cos sinn n n n n nW x t F x I t J t       (8) 

Differentiating (8) with respect to t , we have  

 2 2 2( )
( ) sin cosn

n n n n n

W x t
F x I t J t

t
  

 
   


  (9) 

Substituting the expression for W  into initial conditions of (2)  

0( 0) ( ) ( )n n nW x w x F x I         (10) 

( 0)
0 ( )n

n n

W x
F x J

t

 
  


 

which implies that 0nJ  , hence we have  

 2

1 1

( ) ( ) ( ) cosn n n

n n

W x t W x t F x I t
 

 

    
 

Using the Fourier series technique to determine the coefficient
nI . From (10)  

0( ) ( )n nw x F x I   

0
0

2
( ) ( )

L

n nI w x F x dx
L
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    (11) 

such that the time domain function is  

2

0
0

1
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( ) cos ( ) ( )

L
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n
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2.3  Solution of the Spatial Function 

Here, we shall consider the solution of the spatial function and then apply the boundary conditions considering two cases of beam, 

the simply supported beam and the cantilever beam. From equation (4), with 
4K   

4ivF F  
4 0ivF F   

The auxilliary equation is therefore,  
4 4 0m    

So that 

orm m i      

The general solution now becomes  

( ) sin cos sinh coshn n n n n n n n nF x A x B x C x D x      
 

(12) 

Equation (11) now becomes  
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1

0
0
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2
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(13) 

( ) sin cos sinh coshn n n n n n n n nF t A x B x C x D x        

 
( )

cos sin cosh sinhn
n n n n n n n n

dF x
A x B x C x D x
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3

3

3

( )
cos sin cosh sinhn
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2.3.1  Simply Supported Beam 

For a simply supported beam, we have that the displacement and the bending moments ar zero at both ends, this translate into the 

following boundary conditions  

(0 ) 0 ( )W t W L t     (14) 
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2 2

2 2

(0 ) ( )
0

W t W L t

x x

   
 

 

 (15) 

Substituting the expression W  in the boundary conditions  

(0) 0F B D    

2

2

(0)
0

d F
B D

dx
     

( ) 0 sin cos sinh coshF L A L B L C L D L         (16) 

2

2

( )
0 sin cos sinh cosh

d F L
A L B L C L D L

dx
          (17) 

From the above equation it implies that 0B D   so that equations (16) and (17) becomes  

sin sinh 0A L C L    (18) 

sin sinh 0A L C L     (19) 

Subtracting equation (19) from (19)  

2 sin 0A L   

0A   

sin sinL n   

n

L


   

Therefore,  

( ) sinn

n
F x x

L


  (20) 

Equation (11) now becomes  

2

0
0

1

2
( ) sin cos ( ) sin

L

n

n n
W x t x t w x x dx

L L L

 






    
      

    
 

 (21) 

Equation (21) is the free vibration of a simply supported beam.  
 

2.3.2 Cantilever Beam 

For a cantilever beam, we have that the displacement and slope are zero at the free end. While at the other end (the fixed end), 

bending moment and shear force is zero which translate into the following boundary conditions  
(0 )

(0 ) 0
W t

W t
x

 
  



 (22) 

2 3

2 3

( ) ( )
0

W L t W L t

x x

   
 

 

 (23) 

Substituting the expression W  in the boundary conditions  

(0) 0F B D    (24) 

(0)
0

dF
A C

dx
    (25) 

2

2

( )
0 sin cos sinh cosh

d F L
A L B L C L D L

dx
        

 (26) 

3

3

( )
0 cos sin cosh sinh

d F L
A L B L C L D L

dx
          (27) 

From (24) 0B D   which implies that D B   

From (25) 0A C   which implies that C A   

Substituting D B   and C A   into equations (26) and (27)  

sin cos sinh cosh 0A L B L A L B L         

(sin sinh ) (cos cosh ) 0A L L B L L         (28) 

cos sin cosh sinh 0A L B L A L B L         

(cos cosh ) (sin sinh ) 0A L L B L L         (29) 

Arranging equations (28) and (29) in matrix form  

(sin sinh ) (cos cosh ) 0

(cos cosh ) (sin sinh ) 0

L L L L A

L L L L B

   

   

        
     

       

 

Finding the determinant of M  where  

(sin sinh ) (cos cosh )

(cos cosh ) (sin sinh )

L L L L
M

L L L L
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We have  

1 cos cosh 0L L    (30) 

From equations (28) and (29)  

sin cos sinh cosh 0n n n nA L B L A L B L         

hence,  

cos cosh

sin sinh
n n

L L
A B

L L

 

 


 


 (31) 

using equation (31), the mode function becomes  

(cos cosh )(sin sinh )
( )

sin sinh
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0nB  let 

( ) ( cosh )(sin sinh ) (cos cosh )(sin sinh )nK x cos L L x x x x L L               

( )
( )

sin sinh

n
n

K x
X x
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so that (13) becomes  
1

2

0
0

2
1

2 ( )cos ( ) ( )
( )

(sin sinh )

n n

n

K x t K x w x dx
W x t

L L



 





 



  (32) 

where 
( ) ( cosh )(sin sinh ) (cos cosh )(sin sinh )nK x cos L L x x x x L L               

n are the successive positive roots of the equation 1 cos cosh 0L L    

Equation (32) is the free vibration of a cantilever beam.  
 

3. Results and Discussion 

Beam dimension and specification:  

The beam was made of steel 112.10 10E N   

Length ( ) 10L m  

Density of the mass 3( ) 7800 /kg m   

Surface area of the beam cross section 20.01 0.01A m   

Moment of Inertia 17 48.33 10I m   

    
Figure 1. The deflection of Cantilever Beam  Figure 2. The deflection of Simply Supported Beam 
 

Figure 1 and Figure 2 shows the deflection of a cantilever beam and a Simply Supported beam respectively for mode number up to 10.   

   
Figure 3. Comparison between the deflection of Figure 4. The deflection of Cantilever Beam at various values of L 

Cantilever and Simply Supported Beam  
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Figure 3 show the comparison between the deflection of a cantilever beam and a Simply Supported beam, It is found that the response 

amplitude of cantilever is greater than that of a simply supported beam.   

 
Figure 5. The deflection of Simply Supported Beam at various values of L 
 

Figures 4 and 5 show the deflection of beam for 10 ,20 ,40L m m m  of a cantilever beam and a simply supported beam respectively. 

It is found that the response amplitude of the beam increases as the length of the beam increases for a cantilever beam while itdecreases for 

a simply supported beam.  

4. Conclusion 
We have looked at the free vibration analysis for a simply supported beam and a cantilever beam. The deflection for various values of the 

length of the beam was considered for each of the beam and was plotted against x  using a computer program (MATLAB).  

It can be concluded from Figure 1-5 that the Deflection of beam increases as the length of the beam increases for a cantilever beam but 

decreases for the case of a simply supported beam. The response amplitude of a cantilever beam is greater than that of a simply supported 

beam.  

We recommend further that the research be carried out for which the beams are transverse by moving loads, taking the damping effects and 

shear deformation into consideration.  
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