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Abstract 

We extend the Hesitant fuzzy mapping in a previous work to Hesitant fuzzy mapping 

on b-metric space and prove some fixed point results. Our results generalizes fixed 

point results of fuzzy mapping in the sense of Heilpern and hesitant fuzzy mapping in 

literature.  
 

 

1. Introduction 

Banach [1], Kannan [2], Chatterjea [3], and Zamfirescu [4] proved fixed points of contractive self-maps on metric space 

under some conditions. Also Nadler [5] defined multivalued mappings as a generalization of single-valued maps and 

extended the contractive maps of [1] and others to contractive multivalued maps and proved some fixed point theorems on 

the map. Heilpern [6] defined fuzzy mapping and proved some fixed points results by utilizing the idea of Nadler and others 

on fixed points of multivalued maps. Recently, Osawaru in [7] defined hesitant fuzzy mapping and proved the existence of 

fixed point of the generalized hesitant fuzzy mapping which is the hesitant fuzzy set version of the fixed point result of fuzzy 

mapping of Sahani and Bose [8] in the sense of heilpern [6]. The results in [7] generalizes results of  [6], [8] and other 

extensions of them in literature. 

In this work, we extend results in [7] by introducing hesitant fuzzy mapping on b-metric space and prove some fixed point 

results for some generalized hesitant fuzzy maps on b-metric space. The results generalizes results in [6,7,8] and related 

results for fuzzy mapping in the Heilpern sense.     

We recall the definition of concepts and statements of results needed in the sequel.   
 

Definition 1.1[9] 

Let 𝑋 be any non-empty set. A map 𝑑:𝑋 ×  𝑋 →  ℝ  is called a b-metric if for any real number 𝑠 ≥   1  we have that 

[1.1a]𝑑(𝑥, 𝑦)  ≥ 0  
[1.1b] 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) 
[1.1c] 𝑑(𝑥, 𝑦)  ≤  𝑠[𝑑(𝑥, 𝑧)  + 𝑑(𝑧, 𝑦)] 
for all 𝑥, 𝑦, 𝑧 ∈  𝑋 

Thus, the pair (𝑋, 𝑑) denotes a b-metric space with coefficient s. Note that (𝑋, 𝑑) is a metric space if 𝑠 = 1  
Torra[10] defined hesitant fuzzy set and developed hesitant fuzzy logic. As a set-valued fuzzy set, the hesitant fuzzy set 

generalizes the fuzzy set concept pioneered by L.A.Zadeh.      

Definition 1.2 Hesitant Fuzzy Set[10]  

Let 𝑋 be any non-empty set and 𝑆 be a family of all subsets of the interval [0,1]. A hesitant fuzzy set on 𝑋 is a fuzzy set on 𝑋 

characterized by the map : 𝑋 →   𝑆such that  𝑥 ∈ 𝑆. A hesitant fuzzy map reduces to fuzzy map when h is single-valued 

for all 𝑥 ∈  𝑋.  

In this work, we denote by 𝐻(𝑋), a collection of hesitant fuzzy set on 𝑋.   

Next we recall the definition of the relation on the collection of all subsets of [0,1] 
Definition 1.3 Relation   "≤ " on S [7]  

Let 𝐴, 𝐵 ∈  𝑆. Then 𝐴 ≤  𝐵 iff 𝐴− ≤  𝐵−and  𝐴+   ≤   𝐵+, where 𝐴− = 𝑚𝑖𝑛{𝑎} and 𝐴+ = 𝑚𝑎𝑥{𝑎} for all 𝑎 ∈  𝐴.  

Remarks 1.4 

 [1]For any 𝐴, 𝐵 ∈  𝑆, 𝐴 ≤  𝐵 and 𝐵 ≤  𝐴 implies that 𝐴 = 𝐵, where equality indicates that the 𝐴−  =  𝐵−    and 𝐴+  =   𝐵+.  

 [2]For any  𝐴 ∈  𝑆, 𝐴 = {0} iff 𝐴+=0 

 [3]For any 𝐴, 𝐵 ∈  𝑆, 𝐴 < 𝐵 implies that 𝐴− < 𝐵− and 𝐴+ < 𝐵+   and neither   𝐴−= 𝐵−  nor 𝐴+= 𝐵+   holds 

 [4]If 𝐴 ∈  𝑆 𝑖𝑠 a singleton set, then  𝐴−= 𝐴+ 
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Xia and Xu [11] defined a relation on hesitant fuzzy membership values by comparing  their scores. They defined a score of a 

hesitant membership value 𝐴 ∈  𝑆 as 

𝑠 𝐴 =
1

𝑛(𝐴)
 𝑎

𝑎∈ 𝐴

 

where𝑛(𝐴) denotes the cardinality of 𝐴 

A relation on the set of hesitant fuzzy membership values was defined  in [13] as 𝐴 >  𝐵 if 𝑠(𝐴) > 𝑠(𝐵) and 𝐴 ≠ 𝐵 (A is 

indifferent to B) if 𝑠(𝐴)  =  𝑠(𝐵) for all 𝐴, 𝐵 ∈  𝑆.  

However, it is remarked in Lia et al. [12] that the relation fails for some special cases. To resolve the issue therefore, Chen et 

al. [13] defined the concept of deviation degree. The deviation degree of a hesitant fuzzy membership value 𝐴 ∈  𝑆 is given 

as 

𝑑(𝐴) =  
1

𝑛 𝐴 
 (𝑎 − 𝑠(𝐴))2

𝑎∈ 𝐴

 

and defined a comparison  on sets of hesitant fuzzy membership values as  

𝐴 <  𝐵if𝑠(𝐴) < 𝑠(𝐵) or if 𝑠(𝐴)  =  𝑠(𝐵) and 𝑑(𝐴) > 𝑑(𝐵) 

𝐴 =  𝐵 if𝑠(𝐴)  =  𝑠(𝐵) and 𝑑(𝐴) = 𝑑(𝐵) 

𝐴 >  𝐵if𝑠(𝐴)  =  𝑠(𝐵) and 𝑑(𝐴) < 𝑑(𝐵) 

In this work, we shall adopt the definition of relation on hesitant fuzzy membership values in [13] instead of the definition 

1.3 above.     

Definition 1.5 α  set-level sets of a hesitant fuzzy set[7]   

Let  be a hesitant fuzzy set. Then the set α = {𝑥 ∈  𝑋: {0}  < (𝑥)  ≤  α } for any  𝛼 ∈  𝑆  and  0 = 𝐶({𝑥 ∈  𝑋: (𝑥) >
 {0}}) with  𝛼 =  0 ∈  𝑆 is called an  α  set-level set  of a hesitant fuzzy set, where  𝐶(𝐵) means the closure of 𝐵 

Definition 1.6 Hesitant fuzzy approximate quantity[7]  

A hesitant fuzzy subset  of 𝑋 is a hesitant fuzzy approximate quantity iff its  α set-level set is a compact convex subset of 𝑋 

for each  𝛼 ∈  𝑆 and 𝑠𝑢𝑝𝑥∈ 𝑋  {(𝑥)+} = {1}. 
Definition 1.7  α set-space[7]  

Let 𝑊 𝑋 ⊂  𝐻(𝑋) be a collection of hesitant fuzzy approximate quantities of  𝑋, , 𝑘 ∈  𝑊(𝑋) and  𝛼 ∈  𝑆. Then the   α  

set-space of  and 𝑘 is defined as  𝑝𝛼(, 𝑘) = 𝑖𝑛𝑓𝑥∈ 𝛼 ,𝑦∈  𝑘𝛼
𝑑(𝑥, 𝑦)     and  

𝑝(, 𝑘) = 𝑠𝑢𝑝𝛼  𝑝𝛼  (, 𝑘) 
Definition 1.8  α set-distance [7]  

Let , 𝑘 ∈  𝑊(𝑋)and  𝛼 ∈  𝑆. Then the  α set-distance of  and 𝑘 is defined as  

 𝐷𝛼   (, 𝑘) =  𝐻𝐷(𝛼 , 𝑘𝛼) 
Where 𝐻𝐷 denotes the Hausdorff distance.   

Let , 𝑘 ∈  𝑊(𝑋) and  𝛼 ∈  𝑆. Then the distance between   and 𝑘 is defined as  

𝐷(, 𝑘) = 𝑠𝑢𝑝𝛼  𝐷𝛼(, 𝑘) 

Definition 1.9[7]  

Let , 𝑘 ∈   𝑊(𝑋) . Then a hesitant fuzzy approximate quantity   is said to be more accurate than 𝑘 denoted  ⊂  𝑘 iff  

(𝑥) ≤  𝑘(𝑥) for each 𝑥 ∈  𝑋.  

Definition 1.10 Hesitant Fuzzy Mapping[7]  

Let (𝑌, 𝑑) be a metric space and 𝑊(𝑌) a subcollection of hesitant fuzzy approximate quantities of 𝐻(𝑌). Then the mapping  

𝐻𝐹 : 𝑋 →  𝑊(𝑌)  
such that  𝐻𝐹 𝑥 ∈  𝑊(𝑌) for each 𝑥 ∈  𝑋, 𝑋  any nonempty set is called hesitant fuzzy mapping.   

Definition 1.11 Generalized Contraction Hesitant Fuzzy Map[7]  

Let (𝑋, 𝑑) be a metric space and  𝑊(𝑋) a sub collection of hesitant approximate quantities of the collection 𝐻(𝑋) of hesitant 

fuzzy sets of 𝑋.  Then the pair of hesitant fuzzy maps 𝐻𝐹1 , 𝐻𝐹2: 𝑋 →  𝑊(𝑋) 

such that  

𝐷(𝐻𝐹1(𝑥), 𝐻𝐹2(𝑦))  ≤   𝑎1  𝑝(𝑥, 𝐻𝐹1(𝑥)) +  𝑎2  𝑝(𝑦, 𝐻𝐹2(𝑦)) + 𝑎3  𝑝(𝑦, 𝐻𝐹1(𝑥))  

                    + 𝑎4𝑝 𝑥, 𝐻𝐹2 𝑦  + 𝑎5𝑑 𝑥, 𝑦                     ………… . .  (1) 

for any 𝑥, 𝑦 ∈  𝑋,where  𝑎 𝑖 < 15
𝑖=1 and 𝑎1 = 𝑎2  or 𝑎3 = 𝑎4 (𝑎 𝑖 ∈   ℝ+). 

is called the hesitant fuzzy generalized contraction mapping.  

Theorem 1.12 [7]  

Let (𝑋, 𝑑) be a metric space and 𝐻𝐹1 , 𝐻𝐹2 : 𝑋 →  𝑊(𝑋) hesitant maps such that equation (1) holds. Then there exist 𝑥∗ ∈  𝑋 

such that 𝑥∗ ⊂  𝐻𝐹1𝑥
∗  and  𝑥∗ ⊂  𝐻𝐹2𝑥

∗ )  hold. 

 
Transactions of the Nigerian Association of Mathematical Physics Volume 7, (March, 2018), 15 –22 



17 
 

Hesitant Fuzzy Mapping…        Osawaru and Akewe                      Trans. Of NAMP 

 

2. Main Result 
In this section, we redefine some of the concepts above in the context of hesitant fuzzy mapping on a b-metric space.      

Definition 2.1 set-level sets of a hesitant fuzzy set of a b-metric space  

Let (𝑋, 𝑑) be a b-metric space with coefficient 𝑠 and  be a hesitant fuzzy set on 𝑋. Then the set𝛼 = 𝑥 ∈  𝑋: {0}  < (𝑥)  ≥
 𝛼  } for any  𝛼 ∈  𝑆and  0 = 𝐶(𝑥 ∈  𝑋: (𝑥) >  0  ) with  𝛼 =   0 ∈  𝑆 is called an  𝛼 set-level set of a hesitant fuzzy set, 

where  𝐶(𝐵) means the closure of 𝐵   
Example 2.2: Let (ℤ, 𝑑) be a b-metric space with 𝑑 defined as 𝑑 𝑥, 𝑦 =∣  𝑥 −  𝑦 ∣2 for all 𝑥, 𝑦 ∈  ℤ. Suppose : 𝑋 →  𝑆 is a 

hesitant fuzzy map of 𝑋 =  1 ≤  𝑥 ≤  5 ⊂  ℤ such that (𝑥) = {
1

𝑠
 ∈  [0,1], 𝑠  𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓  𝑥 , 𝑠 ≤  10} 

So  

(1) = {1,0.5,0.33,0.25, 0.2,0.17,0.14, 0.13, 0.11, 0.1}  
(2) = {0.5,0.25,0.17,0.13, 0.1}  
(3) = {0.33,0.17,0.11}  
(4) = {0.25, 0.13}   
(5) = { 0.2, 0.1} 
Then 

𝑠((1)) =
1

𝑛  1  
 𝑎

𝑎∈  1 

 

   =  
1

10
(1 + 0.5 + 0.33 + 0.25 + 0.2 + 0.17 + 0.14 +  0.13 +  0.11 +  0.1) = 0.29 

𝑠((2)) =
1

5
(0.5 + 0.25 + 0.17 + 0.13 +  0.1) = 0.23 

𝑠((3)) =
1

3
(0.33 + 0.17 +  0.11) = 0.20 

𝑠((4)) =
1

2
(0.25 +  0.13) = 0.19 

𝑠((5)) =
1

2
(0.2, 0.1) = 0.15 

and 

𝑑((1)) =  
1

 1 
  𝑎 − 𝑠  1   

2

𝑎∈  1 

 

 𝑑((2)) =  
1

 2 
  𝑎 − 𝑠  2   

2

𝑎∈  2 

 

𝑑((3)) =  
1

 3 
  𝑎 − 𝑠  3   

2

𝑎∈  3 

 

𝑑((4)) =  
1

 4 
  𝑎 − 𝑠  4   

2

𝑎∈  4 

 

𝑑((5)) =  
1

 5 
  𝑎 − 𝑠  5   

2

𝑎∈  5 

 

 

Let  𝛼 =  {0.13,0.23}, then 𝑠  𝛼  =
1

𝑛  𝛼   
 𝑎𝑎∈ 𝛼  =

1

2
(0.13 + 0.23) = 0.18 and  

𝑑  𝛼  =  
1

𝛼
  𝑎 − 𝑠  𝛼   

2

𝑎∈  𝛼

 

Thus, 𝛼 = {} 
 

Definition 2.3: Hesitant Fuzzy Mapping on b-metric space 

Let 𝑌 be any nonempty set, (𝑋, 𝑑) a b-metric space and 𝑊(𝑋) a subcollection of hesitant fuzzy approximate quantities of 

𝐻(𝑋). Then the mapping  
𝐻𝐹 :𝑌 →    𝑊(𝑋)  
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such that 𝐻𝐹 𝑦 ∈  𝑊(𝑋) for each 𝑦 ∈  𝑌, is called hesitant fuzzy mapping on b-metric space. 

 

Example 2.4: Suppose in the example below, we have that there is a hesitant fuzzy map 𝑔 on 𝑋 also such that  𝑔(𝑥) =

{
1

𝑠
: 𝑠 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑥}, then 𝐻(𝑋) = {, 𝑔}.  Then 

𝑔(1) = {∅}  
𝑔(2) = {0.5}  
𝑔(3) = {0.33}  
𝑔(4) = {0.5, 0.25}   
𝑔(5) = {0.2} 
Also, suppose each   𝛼   , 𝑔  𝛼   is compact and convex for each  𝛼 ∈  𝑆, the 𝑊(𝑋) = 𝐻(𝑋). Let us defined a mapping 

𝐻𝐹 :  2,3 →  𝑊(𝑋) such that 𝐻𝐹 2 =  and  𝐻𝐹 3 = 𝑔.  

Then 𝐻𝐹    is a hesitant fuzzy map on {2,3} 

 

Definition 2.5: Contraction Hesitant Fuzzy Map on b-metric space 

Let (𝑋, 𝑑) be a b-metric space with coefficient s. Then the hesitant fuzzy map 𝐻𝐹 : 𝑋 →  𝑊(𝑋) on b-metric space is said to be 

a contraction hesitant fuzzy map if  

𝐷 𝐻𝐹 𝑥  , 𝐻𝐹 𝑦  ≤  𝑎𝑑 𝑥, 𝑦 …………………………………… (2) 

for any 𝑥, 𝑦 ∈  𝑋, where 𝑎 ∈  (0,
1

𝑠
).    

Definition 2.6: Generalized Contraction Hesitant Fuzzy Map on b-metric space 

Let (𝑋, 𝑑) be a b-metric space with coefficient 𝑠 and  𝑊(𝑋) a sub collection of hesitant approximate quantities of the 

collection 𝐻(𝑋) of hesitant fuzzy sets of 𝑋.  Then the pair of hesitant fuzzy maps on a b-metric space 𝐻𝐹1 , 𝐻𝐹2: 𝑋 →  𝑊(𝑋) 
such that  

𝐷(𝐻𝐹1(𝑥), 𝐻𝐹2(𝑦))  ≤  
1

𝑠
 [ 𝑎1   𝑝(𝑥, 𝐻𝐹1(𝑥)) +  𝑎2  𝑝(𝑦, 𝐻𝐹2(𝑦)) + 𝑎3 𝑝(𝑦, 𝐻𝐹1(𝑥))  

+ 𝑎4 𝑝(𝑥, 𝐻𝐹2(𝑦))] + 𝑎5𝑑(𝑥, 𝑦)    …………………………………… (3) 
for any 𝑥, 𝑦 ∈  𝑋, where𝑎 1 + 𝑎2 + 𝑠(𝑎3 + 𝑎4) + 𝑎5 < 1, and 𝑎1 = 𝑎2  or 𝑎3 = 𝑎4  (𝑎 𝑖 ∈  ℝ+)is called the hesitant fuzzy 

generalized contraction mapping on a b-metric space.   

Next, we prove generalized results of lemma 2.3.1 - 3 of  [7].   

Lemma 2.7: 

Let 𝑋 be a b-metric space 𝑥 ∈  𝑋,  ∈  𝑊(𝑋) and {𝑥} a hesitant fuzzy set whose hesitant membership function equals a 

hesitant characteristic function of the set {𝑥}. If {𝑥} is a subset of  then 𝑝  𝛼   (𝑥, ) = 0 for each  𝛼 ∈  𝑆.  

Proof:  

If  {𝑥} is a subset of  then 𝑥 ∈  𝛼  for each  𝛼 ∈  𝑆 since  is an approximate quantity. So 𝑝𝛼 𝑥,  = 𝑖𝑛𝑓𝑦∈ 𝛼
 𝑑(𝑥, 𝑦) = 0 

Lemma 2.8:  

Let (𝑋, 𝑑) be a b-metric space with coefficient 𝑠 then 𝑝𝛼(𝑥, ) ≤  𝑠[𝑑(𝑥, 𝑦) +  𝑝𝛼(𝑦, )] 
for any 𝑥, 𝑦 ∈  𝑋 

Proof:     

𝑝𝛼(𝑥, ) = 𝑖𝑛𝑓𝑧∈ 𝛼
 𝑑(𝑥, 𝑧)  

      ≤ 𝑖𝑛𝑓𝑧∈ 𝛼
𝑠[𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧)]  

       ≤  𝑠[𝑖𝑛𝑓𝑧∈ 𝛼𝑑(𝑥, 𝑦) + 𝑖𝑛𝑓𝑧∈ 𝛼𝑑(𝑦, 𝑧)]  

      = 𝑠[𝑑(𝑥, 𝑦) + 𝑝𝛼(𝑦, )] 
The proof is complete.   

Lemma 2.9: 

Let (𝑋, 𝑑) be a b-metric space. If {𝑥0  }  is a subset of   ( ∈  𝑊(𝑋)) then for each 𝑘 ∈  𝑊(𝑋)  we have that 

𝑝𝛼(𝑥0 , 𝑘) ≤  𝐷𝛼(, 𝑘) 

Proof:  

𝑝𝛼(𝑥0 , 𝑘) = inf
𝑦∈ 𝑘𝛼

𝑑(𝑥, 𝑦)  

≤ 𝑠𝑢𝑝 𝑥∈ 𝛼   𝑖𝑛𝑓𝑦∈ 𝑘𝛼
𝑑(𝑥, 𝑦)   

≤  𝐷𝛼(, 𝑘) 
Lemma 2.10: 

Let (𝑋, 𝑑) be a complete b-metric space with coefficient 𝑠and  ∈  𝑊(𝑋). Then  

𝑝  𝛼   (𝑥, ) ≤  𝑠𝑑(𝑥, 𝑦)if  𝑦  ⊂  .   
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Proof: 

By lemma 2.8 above, for any 𝑥, 𝑦 ∈  𝑋 we have that 

𝑝𝛼 𝑥,  ≤  𝑠[𝑑(𝑥, 𝑦) + 𝑝𝛼(𝑦, )] 
 

Since 𝑦 ∈   then lemma 2.7, 𝑝𝛼(𝑦, ) = 0 so that 

𝑝𝛼    (𝑥, ) ≤  𝑠𝑑(𝑥, 𝑦) 
 

The proof is complete.   

Theorem 2.11:  

Let (𝑋, 𝑑) be a complete b-metric space with coefficient 𝑠 and 𝐻𝐹1 , 𝐻𝐹2: 𝑋 →  𝑊(𝑋) hesitant maps such that equation (3) 

holds. Then there exist 𝑥∗ ∈  𝑋 such that  𝑥∗ ⊂  𝐻𝐹1  (𝑥∗) and  𝑥∗ ⊂  𝐻𝐹2(𝑥∗ )  hold.   
 

Proof:  

Let 𝑥0 ∈  𝑋then  𝐻𝐹1 𝑥0 ∈  𝑊(𝑋).  Let also  𝑥1 ⊂  𝐻𝐹1(𝑥0), then there is 𝑥2 ∈  𝑋 such that  𝑥2 ⊂  𝐻𝐹2 𝑥1 ∈  𝑊(𝑋). So  

𝑑(𝑥1, 𝑥2) ≤  𝐷1  (𝐻𝐹1  (𝑥0), 𝐻𝐹2  (𝑥1)). Also there is  𝑥3 ∈  𝑋 such that  𝑥3 ⊂  𝐻𝐹2 𝑥2 ∈  𝑊(𝑋). So 

Let (𝑋, 𝑑) be a complete b-metric space with coefficient 𝑠 and 𝐻𝐹1 , 𝐻𝐹2: 𝑋 →  𝑊(𝑋) hesitant maps such that equation (3) 

holds. Then there exist 𝑥∗ ∈  𝑋 such that  𝑥∗ ⊂  𝐻𝐹1  (𝑥∗) and  𝑥∗ ⊂  𝐻𝐹2(𝑥∗ )  hold.   

 

Proof:  

Let 𝑥0 ∈  𝑋then  𝐻𝐹1 𝑥0 ∈  𝑊(𝑋).  Let also  𝑥1 ⊂  𝐻𝐹1(𝑥0), then there is 𝑥2 ∈  𝑋 such that  𝑥2 ⊂  𝐻𝐹2 𝑥1 ∈  𝑊(𝑋). So  

𝑑(𝑥1, 𝑥2) ≤  𝐷1  (𝐻𝐹1  (𝑥0), 𝐻𝐹2  (𝑥1)). Also there is  𝑥3 ∈  𝑋 such that  𝑥3 ⊂  𝐻𝐹2 𝑥2 ∈  𝑊(𝑋). So𝑑(𝑥2 , 𝑥3 )  ≤
  𝐷1  (𝐻𝐹2  (𝑥1  ), 𝐻𝐹1  (𝑥2 )) 

Continuing, we have that there is 𝑥𝑛 ∈  𝑋 such that 

 𝑥 2𝑛+1  ⊂  𝐻𝐹1 𝑥 2𝑛   𝑎𝑛𝑑   𝑥 2𝑛+2  ⊂  𝐻𝐹2  (𝑥 2𝑛+1  ) 

So that 

𝑑 𝑥 2𝑛+1 , 𝑥 2𝑛+2   ≤   𝐷1  𝐻𝐹1 𝑥 2𝑛  , 𝐻𝐹2 𝑥 2𝑛+1   …………… (4) 

and 

𝑑 𝑥 2𝑛+2 , 𝑥 2𝑛+3   ≤    𝐷1  (𝐻𝐹1  𝑥 2𝑛+2 , 𝐻𝐹2 𝑥 2𝑛+1   ………… . (5) 

Letting 𝑛 = 0 then equation (4) gives  

𝑑(𝑥1, 𝑥 2 )  ≤  𝐷1  (𝐻𝐹1  (𝑥0), 𝐻𝐹2  (𝑥1))  

                     ≤   𝐷(𝐻𝐹1(𝑥0) , 𝐻𝐹2  (𝑥1) )   

≤  
1

𝑠
 [𝑎1  𝑝(𝑥0, 𝐻𝐹1  (𝑥0)) +  𝑎2  𝑝(𝑥1 , 𝐻𝐹2  (𝑥1  )) + 𝑎3 𝑝(𝑥1, 𝐻𝐹1   (𝑥0  )) 

 +𝑎4 𝑝(𝑥0, 𝐻𝐹2 𝑥1 ] + 𝑎5 𝑑(𝑥0 , 𝑥1)  
≤  𝑎1  𝑑(𝑥0, 𝑥1) +  𝑎2  𝑑(𝑥1 , 𝑥2) + 𝑎3 𝑑(𝑥1 , 𝑥1) + 𝑎4  𝑑(𝑥0, 𝑥2)  + 𝑎5  𝑑(𝑥0, 𝑥1)  
≤ 𝑎1 𝑑(𝑥0 , 𝑥1) + 𝑎2 𝑑(𝑥1 , 𝑥2) + 𝑎4 𝑠[𝑑(𝑥0, 𝑥1) + 𝑑(𝑥1 , 𝑥2)] + 𝑎5  𝑑(𝑥0 , 𝑥1)  
≤ 𝑎1 𝑑(𝑥0 , 𝑥1) + 𝑎2 𝑑(𝑥1 , 𝑥2) + 𝑎4𝑠𝑑(𝑥0 , 𝑥1) + 𝑎4𝑠𝑑(𝑥1, 𝑥2) + 𝑎5  𝑑(𝑥0, 𝑥1)  
≤   (𝑎2 + 𝑎4𝑠)𝑑(𝑥1 , 𝑥2)  + (𝑎1 + 𝑎4𝑠 + 𝑎5)𝑑(𝑥0 , 𝑥1)  

≤  
(𝑎1 + 𝑎4𝑠 + 𝑎5)

(1 − 𝑎2 − 𝑎4𝑠)
𝑑(𝑥0 , 𝑥1) 

Put 𝑡 =
(𝑎1+𝑎4𝑠+𝑎5)

(1−𝑎2−𝑎4𝑠)
 

Then 𝑑(𝑥1, 𝑥2) ≤  𝑡𝑑(𝑥0 , 𝑥1)  
But 𝑎1 + 𝑎2 + 𝑠(𝑎3 + 𝑎4) + 𝑎5 < 1 giving 𝑎1 + 𝑠𝑎3 + 𝑎5 <  1 − 𝑎2  − 𝑎4𝑠 so that if 𝑎3  ≥ 𝑎4, then we have that 0 < 𝑡 < 1 

Letting 𝑛 = 0 then equation (5) gives 

𝑑(𝑥2, 𝑥 3 )  ≤   𝐷1  (𝐻𝐹1𝑥2  ), 𝐻𝐹2𝑥1)  

≤  𝐷(𝐻𝐹1𝑥2  , 𝐻𝐹2𝑥1  )   

≤  
1

𝑠
 [ 𝑎1  𝑝(𝑥2 , 𝐻𝐹1  (𝑥2)) + 𝑎2 𝑝(𝑥1 , 𝐻𝐹2  (𝑥1  )) + 𝑎3  𝑝(𝑥1 , 𝐻𝐹1  (𝑥2  )) + 𝑎4 𝑝(𝑥2 , 𝐻𝐹2  (𝑥1  )] + 𝑎5 𝑑(𝑥1 , 𝑥2)  

≤   𝑎1  𝑑(𝑥2 , 𝑥3) + 𝑎2 𝑑(𝑥1 , 𝑥2) +  𝑎3  𝑑(𝑥1, 𝑥3) + 𝑎4   𝑑(𝑥2 , 𝑥2)𝑎5  𝑑(𝑥1, 𝑥2)  
≤ 𝑎1 𝑑(𝑥2 , 𝑥3) + 𝑎2 𝑑(𝑥1 , 𝑥2) + 𝑎3 𝑠[𝑑(𝑥1, 𝑥2) + 𝑑(𝑥2, 𝑥3)] + 𝑎5  𝑑(𝑥1 ,𝑥2)  
≤ 𝑎1 𝑑(𝑥2 , 𝑥3) + 𝑎2 𝑑(𝑥1 , 𝑥2) + 𝑎3𝑠𝑑(𝑥1 , 𝑥2) + 𝑎3𝑠𝑑(𝑥2 , 𝑥3) + 𝑎5 𝑑(𝑥1 , 𝑥2)  
≤   (𝑎1 + 𝑎3𝑠)𝑑(𝑥2 , 𝑥3)  + (𝑎2 + 𝑎3𝑠 + 𝑎5)𝑑(𝑥1 , 𝑥2)  

≤  
 𝑎2 + 𝑎3𝑠 + 𝑎5 

 1 − 𝑎1 − 𝑎3𝑠 
 𝑑(𝑥1, 𝑥2)  
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≤   
 𝑎2 + 𝑎3 𝑠 + 𝑎5 

 1 − 𝑎1 − 𝑎3𝑠 

 𝑎1 + 𝑎4 𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
𝑑(𝑥0, 𝑥1) 

Put 𝑓 =
 𝑎2+𝑎3 𝑠+𝑎5 

 1−𝑎1−𝑎3𝑠 

 𝑎1+𝑎4  𝑠+𝑎5 

 1−𝑎2−𝑎4𝑠 
 

Then 𝑑(𝑥2, 𝑥 3 )   ≤  𝑡𝑓𝑑(𝑥0 , 𝑥1)  

But 𝑎1 + 𝑎2 + 𝑠(𝑎3 + 𝑎4) + 𝑎5 < 1 giving 𝑎1 + 𝑠𝑎4 + 𝑎5 <  1 − 𝑎2  − 𝑎3𝑠 so that if 𝑎4  ≥ 𝑎3, then we have that 0 < 𝑓 <
1. Then 𝑎3 = 𝑎4 and 0 < 𝑡𝑓 < 1 for both cases  

Letting 𝑛 = 1 then equation (4) gives  

𝑑(𝑥3, 𝑥4)  ≤   𝐷1  (𝐻𝐹1  (𝑥2), 𝐻𝐹2  (𝑥3))  
≤   𝐷(𝐻𝐹1  (𝑥2) , 𝐻𝐹2  (𝑥3 ))   

≤   
1

𝑠
 [𝑎1  𝑝(𝑥2 , 𝐻𝐹1 𝑥2 ) +  𝑎2  𝑝(𝑥3 , 𝐻𝐹2  (𝑥3 )) + 𝑎3  𝑝 𝑥3 , 𝐻𝐹1 𝑥2  + 𝑎4  𝑝(𝑥2 , 𝐻𝐹2  (𝑥3  )] + 𝑎5 𝑑(𝑥2 , 𝑥3)  

≤   𝑎1  𝑑 𝑥2 , 𝑥3 + 𝑎2 𝑑 𝑥3 , 𝑥4 +  𝑎3  𝑑 𝑥3 , 𝑥3 + 𝑎4 𝑑 𝑥2 , 𝑥4 + 𝑎5 𝑑(𝑥2 , 𝑥3)  
 ≤ 𝑎1  𝑑(𝑥2, 𝑥3) + 𝑎2  𝑑(𝑥3 , 𝑥4) + 𝑎4 𝑠[𝑑(𝑥2, 𝑥3) + 𝑑(𝑥3, 𝑥4)] + 𝑎5  𝑑(𝑥2, 𝑥3)  
≤ 𝑎1 𝑑(𝑥2 , 𝑥3) + 𝑎2 𝑑(𝑥3 , 𝑥4) + 𝑎4𝑠𝑑(𝑥2 , 𝑥3) + 𝑎4𝑠𝑑(𝑥3 , 𝑥4) + 𝑎5 𝑑(𝑥2 , 𝑥3)  
 ≤  (𝑎1 + 𝑎4𝑠 + 𝑎5)𝑑(𝑥2 , 𝑥3)  + (𝑎2 + 𝑎4𝑠)𝑑(𝑥3 , 𝑥4)  

 ≤
 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 

 𝑎2 + 𝑎3𝑠 + 𝑎5 

 1 − 𝑎1 − 𝑎3𝑠 

 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
𝑑(𝑥0𝑥1) 

Then 𝑑(𝑥3, 𝑥4) ≤  (𝑡2)𝑓𝑑(𝑥0 , 𝑥1)  
If 𝑎3 = 𝑎4𝑠 then we have that 0 < 𝑡2𝑓 < 1 

Continuing in this manner we have that for any 𝑛 ∈  ℕ and 𝑛 even  

𝑑(𝑥1, 𝑥𝑛  ) ≤  𝑠[𝑑(𝑥1 , 𝑥2) + 𝑑(𝑥2 , 𝑥3  ) + 𝑑(𝑥3 , 𝑥4) + ⋯  + 𝑑(𝑥 𝑛−1 , 𝑥𝑛)]  

 ≤   𝑠[(
(𝑎1 + 𝑎4𝑠 + 𝑎5)

(1 − 𝑎2 − 𝑎4𝑠)
+ (

(𝑎1 + 𝑎4𝑠 + 𝑎5)

(1 − 𝑎2 − 𝑎4𝑠)

 𝑎2 + 𝑎3𝑠 + 𝑎5 

 1 − 𝑎1 − 𝑎3𝑠 
 

+(
 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
 (
 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
+ ⋯ + (

 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
(
 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
…  )𝑑(𝑥0 , 𝑥1)]  

≤  𝑠[ 𝑡 + 𝑡𝑓 + 𝑡2𝑓 +  𝑡𝑓 2 + 𝑡3𝑓 + ⋯   𝑡𝑓  𝑛−1 ]𝑑(𝑥0 , 𝑥1)] 
If n is odd then we have that 

𝑑 𝑥1, 𝑥𝑛 ≤ 𝑠[𝑑(𝑥1 , 𝑥2) + 𝑑(𝑥2, 𝑥3) + 𝑑(𝑥3 , 𝑥4) + ⋯  + 𝑑(𝑥 𝑛−1 , 𝑥𝑛)]  

≤   𝑠[(
 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
+

 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 

(𝑎2 + 𝑎3𝑠 + 𝑎5)

(1 − 𝑎1 − 𝑎3𝑠)
 

+ 
 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 

 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
+ ⋯

 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 

 𝑎1 + 𝑎4𝑠 + 𝑎5 

 1 − 𝑎2 − 𝑎4𝑠 
…  )𝑑(𝑥0 , 𝑥1)]  

≤  𝑠[ 𝑡 + 𝑡𝑓 + 𝑡2𝑓 +  𝑡𝑓 2 + 𝑡3𝑓 + ⋯   𝑡𝑓  𝑛−1 𝑡]𝑑(𝑥0 , 𝑥1)] 
Next, we show that any sequence {𝑥𝑛 } in 𝑋 is Cauchy. Let 𝑘, 𝑙 ∈   ℕ 

𝑑(𝑥 𝑙 , 𝑥𝑘) ≤   𝑠[𝑑(𝑥 𝑙 , 𝑥 𝑙+1 ) + 𝑑(𝑥 𝑙+1 , 𝑥 𝑙+2 ) + ⋯  + 𝑑(𝑥 𝑘−1 , 𝑥𝑘)]  

≤  𝑠2[ 𝑡𝑓  𝑙−1 +  𝑡𝑓  𝑙 +  𝑡𝑓  𝑙+1 …  +  𝑡𝑓  𝑘−2 ]𝑑(𝑥0, 𝑥1)………………(6) 
and if 𝑘 is odd we have that 

𝑑(𝑥 𝑙 , 𝑥𝑘) ≤   𝑠[𝑑(𝑥 𝑙 , 𝑥 𝑙+1 ) + 𝑑(𝑥 𝑙+1 , 𝑥 𝑙+2 ) + ⋯  + 𝑑(𝑥 𝑘−1 , 𝑥𝑘)]  

≤  𝑠2[ 𝑡𝑓  𝑙−1 𝑡 +  𝑡𝑓  𝑙 𝑡 +  𝑡𝑓  𝑙+1 𝑡 … +  𝑡𝑓  𝑘−2 𝑡]𝑑(𝑥0 , 𝑥1)……………(7) 

Since  𝑎 𝑖 
5
𝑖=1 <

1

𝑠
  , then  𝑡𝑓  

𝑛

2
 𝑡[1 +  𝑡𝑓  

1

2
 } +  𝑡𝑓 <

1

𝑠2 for each 𝑛. Thus as 𝑛 → ∞ we have that the RHS of the 

inequality above tends to 0. The same is true if 𝑛 is even. Therefore the sequence {𝑥𝑛 } in 𝑋 is a Cauchy sequence.   

Thus there exist 𝑥∗ ∈  𝑋 such that  𝑥𝑛  →  𝑥∗ as  𝑛 → ∞ since (𝑋, 𝑑) is a complete space. Now  

𝑝0  (𝑥∗,𝐻𝐹2  (𝑥∗ )) ≤   𝑠[𝑑(𝑥∗, 𝑥 2𝑛+1 ) + 𝐻𝐹2(𝑥 2𝑛+1 , 𝐻𝐹1  (𝑥∗ ))]  

                                 ≤   𝑠[𝑑(𝑥∗, 𝑥 2𝑛+1  ) + 𝐷 (𝑥 2𝑛 , 𝐻𝐹2  (𝑥∗ ))] 
So 

𝑝0 𝑥
∗, 𝐻𝐹2 𝑥

∗  ≤   𝑠  𝑑 𝑥∗,𝑥 2𝑛+1  + 𝐷  𝑥 2𝑛 , 𝐻𝐹2 𝑥
∗   ………… (8) 

But  

𝐷  𝑥 2𝑛 , 𝐻𝐹2 𝑥
∗  ≤  

1

𝑠
[ 𝑎1  𝑝(𝑥 2𝑛 , 𝐻𝐹1  (𝑥 2𝑛 )) + 𝑎2 𝑝(𝑥∗, 𝐻𝐹2  (𝑥∗ ) 

+𝑎3  𝑝(𝑥∗, 𝐻𝐹1  (𝑥 2𝑛  ) + 𝑎4  𝑝(𝑥 2𝑛 , 𝐻𝐹2  (𝑥∗ ))] + 𝑎5𝑑(𝑥 2𝑛 , 𝑥
∗)  
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≤  𝑎1  𝑑 𝑥 2𝑛 , 𝑥 2𝑛+1  +  𝑎2  𝑑 𝑥∗, 𝑥 2𝑛+1   

+𝑎2𝐷  𝐻𝐹1 𝑥 2𝑛  , 𝐻𝐹2 𝑥
∗  + 𝑎3𝑑 𝑥

∗, 𝑥 2𝑛+1             + 𝑎4𝑑 𝑥 2𝑛 , 𝑥 2𝑛+1  + 𝑎4𝐷  𝐻𝐹1 𝑥 2𝑛  , 𝐻𝐹2 𝑥
∗  

+ 𝑎5 𝑑 𝑥 2𝑛 , 𝑥
∗                               ≤ (𝑎1  + 𝑎4)𝑑(𝑥 2𝑛 , 𝑥 2𝑛+1 ) + (𝑎2 + 𝑎3)𝑑(𝑥∗, 𝑥 2𝑛+1  )  

+(𝑎2 + 𝑎4)𝐷(𝐻𝐹1(𝑥 2𝑛 , 𝐻𝐹2(𝑥∗)) + 𝑎5  𝑑(𝑥∗, 𝑥 2𝑛 )  

≤  
 𝑎1 + 𝑎4 

 1 − 𝑎2 − 𝑎4 
 𝑑 𝑥 2𝑛 ,𝑥 2𝑛+1  +

 𝑎2 + 𝑎3 

 1 − 𝑎2 − 𝑎4 
𝑑(𝑥∗, 𝑥 2𝑛+1  )  

+
𝑎5

 1 − 𝑎2 − 𝑎4 
𝑑(𝑥∗, 𝑥 2𝑛 ) 

Thus equation (8) becomes 𝑝0 𝑥
∗, 𝐻𝐹2 𝑥

∗   ≤     𝑠[𝑑(𝑥∗, 𝑥 2𝑛+1  ) +
 𝑎1+𝑎4 

 1−𝑎2−𝑎4 
 𝑑(𝑥 2𝑛 , 𝑥 2𝑛+1 ) +

 𝑎2+𝑎3 

 1−𝑎2−𝑎4 
𝑑(𝑥∗, 𝑥 2𝑛+1  )  

+
𝑎5

 1 − 𝑎2 − 𝑎4 
𝑑(𝑥∗, 𝑥 2𝑛 )]  ≤   𝑠[ 

 𝑎1  + 𝑎4 

 1 − 𝑎2 − 𝑎4 
𝑑(𝑥 2𝑛 , 𝑥 2𝑛+1 ) +

 1 − 𝑎4 + 𝑎3 

 1 − 𝑎2 − 𝑎4 
𝑑(𝑥∗, 𝑥 2𝑛+1  )  

+
𝑎5

 1 − 𝑎2𝑠 − 𝑎4𝑠 
𝑑(𝑥∗, 𝑥 2𝑛 )]  →  0   𝑎𝑠   𝑛   → ∞ 

Therefore  𝑥∗ ⊂  𝐻𝐹2  (𝑥∗ )  by Lemma 2.7. 

Similarly, 

we can show that  𝑥∗ ⊂  𝐻𝐹1  (𝑥∗ ) and the proof complete.   

Corollary 2.12: 

Let (𝑋, 𝑑) be a complete b-metric space and 𝐻𝐹 : 𝑋 →  𝑊(𝑋) hesitant map such that 𝐷(𝐻𝐹  (𝑥), 𝐻𝐹  (𝑦)) ≤  𝑎𝑑(𝑥, 𝑦) 

for any 𝑥, 𝑦 ∈  𝑋, where 𝑎 <
1

𝑠
. Then there exist a unique  𝑥∗ ∈  𝑋 such that  𝑥∗ ⊂   𝐻𝐹  (𝑥∗ )  holds.  

Proof: 

We have our desired result  𝑥∗ ⊂  𝐻𝐹  (𝑥∗)  if we put 𝐻𝐹  =  𝐻𝐹1  = 𝐻𝐹2  , 𝑎𝑖  =  0 for 𝑖 = 1,2, … ,4 and 𝑎5 = 𝑎 in theorem 

2.11 above. Next, we prove that 𝑥∗ is unique. Suppose there is another point  𝑦∗  such that  𝑦∗ ⊂  𝐻𝐹  (𝑦∗) holds also. Then 

𝑑(𝑥∗, 𝑦∗ ) ≤   𝐷1  (𝐻𝐹 𝑥
∗ , 𝐻𝐹 𝑦

∗ )  
                   ≤  𝐷(𝐻𝐹  (𝑥∗  ), 𝐻𝐹  (𝑦∗))  
                   ≤  𝑎𝑑(𝑥∗, 𝑦∗) 
a contradiction. Therefore  𝑥∗ = 𝑦∗. The proof is complete.    

Corollary 2.13: 

Let (𝑋, 𝑑) be a complete metric space and 𝐻𝐹1 , 𝐻𝐹2: 𝑋 →  𝑊(𝑋) hesitant selfmaps such that  

𝐷(𝐻𝐹1(𝑥), 𝐻𝐹2(𝑦))   ≤   𝑎1  𝑝(𝑥, 𝐻𝐹1(𝑥)) +  𝑎2 𝑝(𝑦, 𝐻𝐹2(𝑦) + 𝑎3 𝑝(𝑦, 𝐻𝐹1(𝑥)  
+ 𝑎4 𝑝(𝑥, 𝐻𝐹2(𝑦)) + 𝑎5  𝑑(𝑥, 𝑦) 
for any 𝑥, 𝑦 ∈  𝑋,where  𝑎_𝑖5

i=1 <1,and 𝑎1 = 𝑎2  or 𝑎3 = 𝑎4 (𝑎 𝑖 ∈  ℝ). 

called the hesitant fuzzy generalized contraction mapping on a metric space. Then there exist 𝑥∗ ∈  𝑋 such that  𝑥∗ ⊂
 𝐻𝐹1  (𝑥∗) and { 𝑥∗ } ⊂  𝐻𝐹2(𝑥∗ )  hold.   

Proof: The proof follows from Theorem 2.11 for 𝑠 = 1. The proof is complete. 
 

Corollary 2.14:  

Let (𝑋, 𝑑) be a complete metric space and 𝐻𝐹 : 𝑋 →  𝑊(𝑋) a hesitant selfmap such that equation (2) holds. Then there exist 

𝑥∗  ∈  𝑋 such that   𝑥∗ ⊂  𝐻𝐹  (𝑥∗) holds.   

Proof: The proof follows from Theorem 2.11 for 𝑠 = 1 and 𝐻𝐹  =  𝐻𝐹1  = 𝐻𝐹2  , 𝑎𝑖  =  0 for 𝑖 = 1,2, … ,4 and 𝑎5 = 𝑎. The 

proof is complete. 

 

3. CONCLUSION 

This work is the extension of hesitant fuzzy mapping and fixed point theorems of the maps defined on a b-metric space. The 

ordering defined on hesitant fuzzy membership values in ths work generalizes that of  [7] . Thus our results extends results of 

S. Heipern[6] and other extensions and generalizations of it. 
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