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Abstract. In practice, many time series processes exhibit both the seasonal and non-seasonal behaviour
coupled with their nonlinear nature. Hence, this study considers the Specification, Stationarity and Esti-
mation of the parameters of the full one-dimensional Mixed Seasonal Autoregressive Integrated Moving
Average Bilinear Models (MSARIMABL) which are capable of achieving stationarity for all nonlinear
seasonal time series. The stationarity and convergence conditions for these models are established. The
nonlinear least squares method of minimizing errors and the Newton-Raphson iterative procedure are
employed in the estimation of the parameters.
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1. Introduction

The objective of this paper is to consider the estimation of the parameters of the Mixed seasonal
one-dimensional Bilinear Time series Model. The model is a nonlinear model with the linear part
defined as:

Φp(B
s)ϕp(B)∇Ds ∇dXt = ΘQ(Bs)θq(B)et (1)

which is called mixed seasonal ARIMA and it is denoted by:

ARIMA(p,d,q) × (P,D,Q)s (2)

2. Model Specification

The mixed seasonal autoregressive Integrated Moving Average Bilinear Time Series Model
(MSARIMABL) is defined as follows:

ψ(B)Xt = ϕp(B)XtΦp(B
s)∇Ds ∇d + θq(B)ΘQ(Bs)et +

m∑
i=1

n∑
j=1

bijXt−iet−j (3)

where: ψ(B) = ϕp(B)(1 − B)d = 1 − ψ1B − ψ2B
2 . . . − ψp+dBp+d, is the autoregressive integrated

operator, Θ(Bs) = 1+Θ1B
s−Θ2B

2s . . .−ΘQB
Qs is the seasonal moving average operator, Ψ(B) =

Φ(Bs)(1 − Bs)D = 1 − Ψ1B − Ψ2B
2.... − ΨP+DB

P+D is the seasonal autoregressive integrated
operator, θ(B) = 1 + θ1B − θ2B

2 . . . − θqBq is the moving average operator, bi1 are the nonlinear
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one - dimensional bilinear components. Equation (3) by expansion can be written as:

Xt = ψ1Xt−1 + ψ2Xt−2 . . .+ ψp+dXt−p−d + Ψ1Xt−s + Ψ2Xt−2s . . .+ ΨP+DXt−Ps−D + θ1et−1

+θ2et−2 . . .+ θqet−q + Θ1et−s + Θ2et−2s . . .+ Θqet−Qs + b11Xt−1et−1 + . . .+ bi1Xt−iet−1 + et

(4)

3. Vector form of the specified mixed SARIMABL (p, d, q,m, 1)(P,D,Q)s model

It is convenient to study the properties of a process when the model is in the state space form
because of the Markovian nature of the model [1]. Given:

Xt = ψ1Xt−1 + ψ2Xt−2....+ ψp+dXt−p−d + Ψ1Xt−s + Ψ2Xt−2s....+ ΨP+DXt−Ps−D + θ1et−1

+ θ2et−2....+ θqet−q + Θ1et−s + Θ2et−2s....+ Θqet−Qs + b11Xt−1et−1 + ....+ bi1Xt−iet−1 + et

⇒ Xt−1 = ψ1Xt−2 + ψ2Xt−3....+ ψp+dXt−p−d−1 + Ψ1Xt−s−1 + Ψ2Xt−2s−1....+ ΨP+DXt−Ps−D−1

+ θ1et−2 + θ2et−3....+ θqet−q−1 + Θ1et−s−1 + Θ2et−2s−1....+ ΘQet−Qs−1

+ b11Xt−2et−2 + ....+ bi1Xt−i−1et−2 + et−1

Xt−2 = ψ1Xt−3 + ψ2Xt−4....+ ψp+dXt−p−d−2 + Ψ1Xt−s−2 + Ψ2Xt−2s−2....+ ΨP+DXt−Ps−D−2+

θ1et−3 + θ2et−4....+ θqet−q−2 + Θ1et−s−2 + Θ2et−2s−2....+ Θqet−Qs−2 + b11Xt−3et−3 + ....+

bi1Xt−i−1et−3 + et−2

...

...

Xt−p−1 = ψ1Xt−p−2 + ψ2Xt−−p−3....+ ψp+dXt−2p−d−1 + Ψ1Xt−s−p−1 + Ψ2Xt−2s−p−1....+

ΨP+D−p−1Xt−Ps−D−p−1 + θ1et−p−2 + θ2et−p−3....+ θqet−q−p−1 + Θ1et−s−p−1 + Θ2et−2s−p−1+

....+ Θqet−Qs−p−1 + b11Xt−p−2et−p−1 + ....+ bi1Xt−i−p−1et−p−2 + et−p−1

Let:

ψ =


ψ1 ψ2 ψ3 .... ψp ψp+1

1 0 0 .... 0 0

0 1 0 .... 0 0
... 0 1 .... 0 0
0 0 0 .... 1 0

 , Ψ =


Ψ1 Ψ2 Ψ3 .... ΨP+D ΨP+D+1

1 0 0 .... 0 0

0 1 0 .... 0 0
... 0 1 .... 0 0
0 0 0 .... 1 0

 ,

Bj
m×m

=


b11 b21 b31 .... bm1

0 0 0 .... 0
...

...
...

...
...

0 0 0 .... 0

 j = 1, θ =


θ1 θ2 θ3 .... θq θq+1

1 0 0 .... 0 0

0 1 0 .... 0 0
... 0 1 .... 0 0
0 0 0 .... 1 0

 ,

Θ =


Θ1 Θ2 Θ3 .... ΘQ ΘQs+1

1 0 0 .... 0 0
0 1 0 .... 0 0
.
.. 0 1 .... 0 0
0 0 0 .... 1 0

 ,
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the vectors:

X′
1×p

= (Xt Xt−1 Xt−2 .... Xt−p−1 ), H ′
1×p

= (1 0 0 .... 0 )

and C ′ = (1 0 0 .... 0 ), where H
′

stands for the transpose of a matrix H, t = · · · − 1, 0, 1, . . .. With
these notations, we can write the model (4) in the vector form as:

Xt = ψXt−1 + ΨXt−s + θet - 1 + Θet - s + BXt - 1et - 1 + Cet (5)

Hence;

Xt = H
′
Xt (6)

4. Stationary and convergence

Following Rao et al. [2] and Sangodoyin et al. [7], a sufficient condition necessary for the existence
of strictly stationary process and convergence conforming to the mixed seasonal one-dimensional
bilinear model (4) can be achieved through the following theorem.

Theorem 4.1 Let {et, t ∈ Z} be a sequence of independent and identically distributed random
variables defined on the probability space {Ω, F, P} such that; E(et) = 0 and E

(
e2
t

)
= σ2 <∞. Let

ψ,Ψ, θ,Θ and B be matrices as defined above such that;

ρ[(ψ ⊗ ψ + 2ψ ⊗Ψ + Ψ⊗Ψ + 2σ2(θ ⊗Θ + θ ⊗ B +
1

2
Θ⊗Θ + Θ⊗ B +

1

2
B⊗ B)] = τ < 1

And C be any column vector with components x1, c2, . . . , cp. Then the series of random vectors;∑
r>1

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r converges absolutely almost surely as well as in the

mean for every fixed t in Z. Moreover, if:

Xt = Cet +
∑
r>1

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r, t ∈ Z

Then for every t ∈ Z,Xt, is a strictly stationary process conforming to the mixed seasonal bilinear
model:

Xt = ψXt−1 + ΨXt−s + θet - 1 + Θet - s + BXt - 1et - 1 + Cet

Conversely, if {Xt, t ∈ Z} is a stationary process conforming to the mixed seasonal bilinear model

Xt = ψXt−1 + ΨXt−s + θet - 1 + Θet - s + BXt - 1et - 1 + Cet

∀ t ∈ Z, for some sequences {et, t ∈ Z} of independent and identically distributed random variables
with E(et) = 0 and E

(
e2
t

)
= σ2 <∞ and for some matrices ψ,Ψ, θ,Θ B and C of orders p× p, P ×

P, q × q,Q×Q,m×m and p× 1 respectively with

ρ[(ψ ⊗ ψ + 2ψ ⊗Ψ + Ψ⊗Ψ + 2σ2(θ ⊗Θ + θ ⊗ B +
1

2
Θ⊗Θ + Θ⊗ B +

1

2
B⊗ B)] = τ < 1

Then Xt = Cet +
∑
r>1

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r, for every t ∈ Z.
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Proof. For almost sure convergence, we prove that;

∑
r>1

E

∣∣∣∣∣∣
 r∏

j=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r


j

∣∣∣∣∣∣ <∞ ∀ i = 1, 2, ..., p (7)

⇒
∑
r>1

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r is absolutely convergent almost surely

as well as in the mean. ⇒ for every t ∈ Z, r = 1 and n = 1, 2, . . . , p
E
∣∣((ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r)n

∣∣ 6 k0 where k0 is a constant that depends only on

ψ,Ψ,B,C and σ2.
Similarly if r = 2 then there exists some k1 > 0 such that:

E

∣∣∣∣∣
(

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r

)
1

∣∣∣∣∣ 6 k1τ
( r−1

2 )

Now for any n = 1, 2, . . . , p

E

∣∣∣∣∣
(

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r

)
1

∣∣∣∣∣ 6 k1τ
( r−1

2 )

=

((
r−1∏
i=1

(
ψ + Ψ + θet−i + Θet−is + Bet−i

))
⊗

(
r−1∏
i=1

(
ψ + Ψ + θet−i + Θet−is + Bet−i

)))
1n;1n

=

(
r−1∏
i=1

(
ψ + Ψ + θet−i + Θet−is + Bet−i

)
⊗
(
ψ + Ψ + θet−i + Θet−is + Bet−i

))
1n;1n

=
((
E
[(
ψ + Ψ + θet + Θet + Bet

)
⊗
(
ψ + Ψ + θet + Θet + Bet

)])r−1
)

1n;1n

Hence;

E

((
r−1∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)

)
1n

)2

= (E([(ψ ⊗ ψ + 2ψ ⊗Ψ + 2ψ ⊗ θet + 2ψ ⊗Θet + 2ψ ⊗ Bet + Ψ⊗Ψ + 2Ψ⊗ θet + 2Ψ

⊗Θet + 2 Ψ⊗ Bet + 2θ ⊗Θe2
t + 2θ ⊗ Be2

t + Θ⊗Θe2
t + 2Θ⊗ Be2

t + B⊗ Be2
t )])

r−1)1n;1n

= ((ψ ⊗ ψ + 2ψ ⊗Ψ + Ψ⊗Ψ + 2σ2(θ ⊗Θ + θ ⊗ B +
1

2
Θ⊗Θ + Θ⊗ B +

1

2
B⊗ B))r−1)1n;1n 6 kτ

r−1

Therefore; E

∣∣∣∣( r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r

)
1

∣∣∣∣ 6 k1τ
( r−1

2 ) for a suitable choice of

k1. Since τ < 1

⇒
∑
r>1

E

∣∣∣∣∣
(

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r

)
i

∣∣∣∣∣ <∞ ∀ i = 1, 2, . . . , p

Thus (7) is established. It is then obvious that the vector-valued stochastic process {Xt, t ∈ Z}

defined by: Xt = Cet +
∑
r>1

r∏
i=1

(ψ + Ψ + θet−i + Θet−is + Bet−i)Cet−r, t ∈ Z is strictly stationary.

Hence;

Trans. of the Nigerian Association of Mathematical Physics, Vol. 6 (Jan., 2018) 106



On specification, stationarity ... Ojo & Adekola Trans. of NAMP

ρ((ψ ⊗ ψ + 2ψ ⊗Ψ + Ψ⊗Ψ + 2σ2(θ ⊗Θ + θ ⊗ B + 1
2Θ⊗Θ + Θ⊗ B + 1

2B⊗ B)) = τ < 1

is a sufficient condition for strict stationarity of the mixed seasonal one-dimensional bilinear model
(4). Hence the proof is established. �

5. Estimation of parameters

The estimation procedures of the model is similar to [5]. We shall report the estimation of the
parameters of the one dimensional case. Suppose that Xt are generated by equation (4), the sequence
of random deviates {et} could be determined from the relation:

et = Xt − ψ1Xt−1 − ψ2Xt−2....− ψp+1Xt−p−1 −Ψ1Xt−s −Ψ2Xt−2s....−ΨP+DXt−Ps−D −

θ1et−1 − θ1et−2....− θqet−q −Θ1et−s −Θ2Xt−2s....−ΘQet−Qs − b11Xt−1et−1 − ....− bm1Xt−iet−1

(8)

To estimate the unknown parameters in (9) we shall minimize the error by obtain-
ing the first and second order partial derivatives of (9) with respect to the parameters;
ψ1, ψ2....ψp+1; Ψ1, Ψ2....ΨP+D; θ1, θ2....θq; Θ1,Θ2....ΘQ and bi1

∂et
∂ψi

= −Xt−i −
q∑
i=1

θi
∂et−i
∂ψi

−
Q∑
i=1

Θi
∂et−is
∂ψi

−
m∑
i=1

bi1Xt−i
∂et−1

∂ψi
(9)

∂et
∂ψi

= −Xt−i −
q∑
i=1

θi
∂et−i
∂ψi

−
Q∑
i=1

Θi
∂et−is
∂ψi

−
m∑
i=1

bi1Xt−i
∂et−1

∂ψi
(10)

∂et
∂θi

= −et−i −
Q∑
i=1

Θi
∂et−is
∂θi

−
m∑
i=1

bi1Xt−1
∂et−1

∂θi
(11)

∂et
∂Θi

= −et−is −
q∑
i=1

θi
∂et−i
∂Θi

+

m∑
i=1

bi1Xt−i
∂et−1

∂Θi
(12)

∂et
∂bi1

= −Xt−iet−1 −
q∑
i=1

θi
∂et−i
∂bi1

−
Q∑
i=1

Θi
∂et−s
∂bi1

− bi1Xt−i
∂et−1

∂bi1
(13)

And the second derivatives;

∂2et
∂ψ2

i

= −
q∑
i=1

θi
∂2et−i
∂ψ2

i

−
Q∑
i=1

Θi
∂2et−s
∂ψ2

i

−
m∑
i=1

bi1Xt−1
∂2et−1

∂ψ2
i

(14)

∂2et
∂Ψ2

i

= −
q∑
i=1

θi
∂2et−i
∂Ψ2

i

−
Q∑
i=1

Θi
∂2et−s
∂Ψ2

i

−
m∑
i=1

bi1Xt−1
∂2et−1

∂Ψ2
i

(15)

∂2et
∂θ2

i

=
∂et−i
∂θi

−
Q∑
i=1

Θi
∂2et−is
∂θ2

i

−
m∑
i=1

bi1Xt−1
∂2et−1

∂θ2
i

(16)

∂2et
∂Θ2

i

=
∂et−is
∂Θi

−
q∑
i=1

θi
∂2et−i
∂Θ2

i

+

m∑
i=1

bi1Xt−i
∂2et−1

∂Θ2
i

(17)

∂2et
∂b2

i1

= −Xt−i
∂et−1

∂bi1
−

q∑
i=1

θi
∂2et−i
∂b2

i1

−
Q∑
i=1

Θi
∂2et−s
∂b2

i1

− bi1Xt−i
∂2et−1

∂b2
i1

(18)
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∂2et
∂ψiΨi

= −
q∑
i=1

θi
∂2et−i
∂ψiΨi

−
Q∑
i=1

Θi
∂2et−is
∂ψiΨi

−
m∑
i=1

bi1Xt−i
∂2et−1

∂ψiΨi
(19)

∂2et
∂ψiθi

= −
q∑
i=1

∂2et−i
∂ψiθi

−
Q∑
i=1

Θi
∂2et−is
∂ψiθi

−
m∑
i=1

bi1Xt−i
∂2et−1

∂ψiθi
(20)

∂2et
∂ψiΘi

= −
q∑
i=1

θi
∂2et−i
∂ψiΘi

−
Q∑
i=1

∂2et−is
∂ψiΘi

−
m∑
i=1

bi1Xt−i
∂2et−1

∂ψiΘi
(21)

∂2et
∂ψibi1

= −
q∑
i=1

θi
∂2et−i
∂ψibi1

−
Q∑
i=1

Θi
∂2et−is
∂ψibi1

−
m∑
i=1

Xt−i
∂2et−1

∂ψibi1
(22)

∂2et
∂Ψi∂θi

= −
q∑
i=1

∂2et−i
∂Ψi∂θi

−
Q∑
i=1

Θi
∂2et−s
∂Ψi∂θi

−
m∑
i=1

bi1Xt−1
∂2et−1

∂Ψi∂θi
(23)

∂2et
∂Ψi∂Θi

= −
q∑
i=1

θi
∂2et−i
∂Ψi∂Θi

−
Q∑
i=1

∂2et−s
∂Ψi∂Θi

−
m∑
i=1

bi1Xt−1
∂2et−1

∂Ψ∂Θii
(24)

∂2et
∂Ψi∂bi1

= −
q∑
i=1

θi
∂2et−i
∂Ψi

−
Q∑
i=1

Θi
∂2et−s
∂Ψi

−
m∑
i=1

Xt−1
∂2et−1

∂Ψibi1
(25)

∂2et
∂θi∂Θi

= −∂et−i
∂Θi

−
Q∑
i=1

∂2et−is
∂θi∂Θi

−
m∑
i=1

bi1Xt−1
∂2et−1

∂θi∂Θi
(26)

∂2et
∂θibi1

= −∂et−i
∂bi1

−
Q∑
i=1

Θi
∂2et−is
∂θibi1

−
m∑
i=1

Xt−1
∂2et−1

∂θibi1
(27)

∂et
∂Θibi1

= −∂et−is
∂bi1

−
q∑
i=1

θi
∂2et−i
∂Θibi1

+

m∑
i=1

Xt−i
∂2et−1

∂Θibi1
(28)

Proceeding as in [6], we can note that maximizing the likelihood function of (Xn0
, Xn0+1. . . . , Xn)

is the same as minimizing the function; V = V (λ) =
n∑
t=1

e2
t

λ =


ψ
Ψ
θ
Θ
bm1

 G(λ) =



∂V

∂ψ

∂V

∂Ψ

∂V

∂θ

∂V

∂ψ

∂V
∂bm1



, (29)
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and

H(λ) =


∂2V
∂ψ2

∂2V
∂ψ∂Ψ

∂2V
∂ψ∂θ

∂2V
∂ψ∂Θ

∂2V
∂ψ∂bm1

∂2V
∂Ψ2

∂2V
∂Ψ∂θ

∂2V
∂Ψ∂θ

∂2V
∂Ψ∂bm1

∂2V
∂θ2

∂2V
∂θ∂Θ

∂2V
∂θ∂bm1

∂2V
∂Θ2

∂2V
∂Θ∂bm1
∂2V
∂b2m1

 (30)

minimizing V(λ) with respect to λ, the normal equations are non-linear in λ.
The solutions of these equations require the application of Newton Raphson algorithm which

iterative equation is given as follows:

λk+1 = λk −H ′(λk)G(λk) (31)

And can be adopted to obtain the (k + 1)th iteration (λ̂k+1) of the estimates from the kth estimate

(λ̂k). The estimates obtained by the iterative equations (31) usually converge having good sets of
initial values of the parameters.

6. Conclusion

In this paper we have specified the mixed seasonal Autoregressive Moving Average Bilinear Model
and estimated its parameters using the procedure of minimizing error (least squares) and Newton-
Raphson iterative procedure.
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