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Abstract. In this paper we consider quasi *-algebra associated with multiplier algebra. We introduce
some new notions which enable us to define some useful seminorms on the multiplier algebras.
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1. Introduction and basic definitions

Towards developing an algebraic model for quantum systems, several authors, have come up with
various approaches.In particular,some have considered extending the algebraic framework of the
theory to accommodate the unbounded linear operators on Hilbert spaces.The extensions have
included the considerations of partial *-agebras.

DEFINITION 1.1 A partial *-algebra is a vector space A equipped with an involution x: A — A: x —
x* and partial multiplication * - 7 defined by a relation T’ C Ax A, T' = {(z,y) e Ax A: x-y € A}
such that

(1) (z,y) € T implies (y*,z*) C T

(2) (xuyl)v (1772/2) el and A’M eC Zmply (.’B, Ayl + MyQ) el

(3) for every (xz,y) € T, a product xy € A is defined, such that x -y depends linearly on y and
satisfies the equality (x - y)* = y* - x*.

Whenever (x,y) € T', we say that x is a left multiplier of y and y a right multiplier of x and we
write x € L(y), respectively y € R(x) . The product is distributive with respect to addition, that is,
(z,v),(x,2), (y,2) € ' implies (x,av+ [z) and (ax+ Bz) € T, then (ax+ py) -z = a(x.2)+ B(y- z)
and x.(av+ Bz) = a(x.v) + B(x.2) for all o, B € C, the complex numbers. The partial multiplication
s in gemeral momn-associative.

In Antoine et al.[2] a theory for such algebras has been provided.Quasi *algebras are particular
types of partial *-algebras. The notion of quasi *algebra was originally due to Lassner [7,8] . Quasi
*_agebras are linear spaces,endowed with notions of multiplication under which they may not be
closed. [10]. We recall the definition of a quasi *-algebra as given in Schmiidgen [3]. The definition
of quasi *-algebra is linked with the notion of a bimodule which we give in the following;

DEFINITION 1.2 Suppose that A is an algebra.A linear space X is said to be a left A-module if a
bilinear mapping (a,x) — a.x of A x X into X is specified and satisfies a1 - (az - ) = (a1az) - x for
aj,az € A, x € X. X is called a right A-module if the bilinear mapping (a,x) — x.a of A x X into
X is specified such that (z-a1) - ag = x - (a1a2) for aj,aa € A, x € X. X is called a A-bimodule if
it is both a left A-module and right A-module and the module operations satisfy the following axiom
ap - (ag-x) = (z-a1) - as

We now furnish the definition of a quasi *-algebra given in Schmiidgen [3]
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DEFINITION 1.3 A topological quasi *-algebra is a couple (X, A) comprising a locally convex space
X and a *-algebra A which is a linear subspace of X such that

(1) X is an A-bimodule. The operations (a,z) — a.x and (z,a) — z.a extend the multiplication
of A, and they are separately continuous bilinear mappings of A x X resp. X x A into X
,where A carries the induced topology of X ,

(2) there is a continuous involution x — x* on X which extends the involution of A and satisfies
(a-x)"=2"-a* and (r-a)*=a*-2* ,a€ Aandx € X

(8) A is dense in X .

Remark/[1] In Trapani [1] different types of seminorms on a quasi *-algebra (U, Up) are constructed
from a suitable family § of sesquilinear forms. A sesquilinear form is a map 2 : U x U — C , such
that C is the complex field.Qis said to be positive if Q(a,a) > 0, for a € U. On the other hand
seminorms plays a relevant role in the theory of respresentations,in the sense that the existence of a
bounded seminorm is very closely linked to the existence of a nontrivial bounded *-representation of
a *-algebras in a Hilbert space [9]. In [1] the approach of Yood [6] to the partial algebraic situation,
namely the quasi *-algebra was studied.

The main aim of this paper is to consider the approach in [1] for the case of a quasi *-algebra
determined by a multiplier algebra as we outline in Section 2. We define on such an algebra a family of
invariant positive sesquilinear forms. In this framework, the case of left or right invariant sesquilinear
forms defined in Trapani [1] is imbedded in our approach. In Section 3, we introduce the notions of
quasi-invariant positive sesquilinear forms, normal multiplier , quasi-* invaraint and quasi-normal
elements and establish some propositions. We observe that when the multiplier-algebra satisfies these
conditions it is possible to define a C*-seminorm. In order to have a bounded *- representation, a
sesquilinear form must satisfy the admissibility condition . This condition of admissibility is given
in [6] for the case of positive linear functionals on * -algebras and also in [1] when a positive
linear functional is defined with respect to a sesquilinear form. In this work we define the notion of
admissibility for the case of a family of sesquilinear forms associated to the multiplier algebra. We
recall the following definitions from [1]

DEFINITION 1.4 Let (U,Uy) be a quasi *-algebra with unit 1 and p a seminorm on U .We say that
p is a Q* seminorm on (U,Uy) if

(1) p(1) =1
(2) pla) = p(a®)
(8) for each x € Uy there exists Ky > 0 such that p(ax) < Kyp(a) , Va € U

If p is a Q*-seminorm, we can define po(x) = max{sup,,)—1 p(az),sup,)—1 p(ra)}. Then p(z) <
po(z) for every x € Uy and p(az) < p(a)po(x) Ya € U,z € Uy

DEFINITION 1.5 The seminorm pqg is an m*- seminorm on Uy if

(1) p(x) = p(z*) for every x € Uy
(2) plax) < p(a)po(x) Ya € U,z € Uy

A Q*-seminorm p is called an extended C*-seminorm if p(z*z) = p(z)? Vz € U. Note that if
p is an extended C*- seminorm on (U,Uy) and p is submultiplicative, that is p(az) < p(a)p(z) ,
Va € U,z € Uy then po(x) = p(x) for every = € Uy.

DEFINITION 1.6  Let (U,Uy) be a quasi *-algebra with unit 1 . A positive sesequilinear form Q on
U x U is called left-invariant if Q(za,b) = Q(a,x*b) and is called right- invariant if Q(ax,b) =
Q(a,bx*) Ya,b e U,x € Uy

The set of all positive, left-invariant (resp. right-invariant) sesquilinear forms is denoted by
P(resp.P.) . Due to positivity, any Q in P, is hermitian, that is Q(b,a) = Q(a,b) for any
a,b € U and satisfies the Cauchy’s inequality |[Q(a,b)|> < Q(a,a)Q(b,b) for a,b € U. The set

N(Q) ={a € U: Qa,a) =0} is a quasi-ideal of U , that is, if a € N(Q) and = € Uy then za € N(Q)
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2. Quasi*-algebras of multiplier algebras

In this Section we will give a construction of quasi *-algebras from multiplier algebra given in [4].
Let U, be a *-algebra without unit such that x € U, and x = 0 whenever zy = 0 Yy € U,.

DEFINITION 2.1 A multiplier on U, is a pair (I,r) of linear operators on U, such that l(zy) =
l(x)y, r(xy) = zr(y) and zl(y) = r(x)y for each x,y € U,.

Let M(U,) be the collection of all the multipliers on U, is a *-algebra with pointwise linear
operations of multiplication and involution define as follows;

(1) (ll,Tl)(lg,TQ) = (lllg,TQTl) V(ll,rl), (lg,?"g) S P(UO)
(2) (I,r)* = (r*,1*) where I*(z) = l(z*)* and r*(z) = r(z*)* z € Uy .

The unit is defined by (i,7) where i(z) = x. For any element = € Up, we put l,(y) = xy and
rz(y) = yx , y € Uy .The map =z € Uy — M(Uy) embeds U, into a *-ideal of M (Up). Now
let p be a Q* seminorm which satisfies the condition of an extended C*-seminorm be define on
M(Uy), and put Ny, = {(lz,72) € M(Uy): p((lz,rz)) = 0,2 € Up} is a *ideal, thus M (Uy)\MN,,
is a normed *-algebra with the norm define by |/(l5,75) + Np| . Put M = M(Up)\M, with norm
define by ||7p((lz,72))l| = p((lz,72)) ,where 7, is the map m,: M(Uy) — M (Uy)\MN,, then N is
a C*-algebra since ||my((lo,72)* (L 72)) | = P((ls 72)* Loy 72)) = P((las 72))? = [I7p((Ley72)) |17 We
denote the norm on N by |(lz, 7). Now since ||r(a)|] = sup{||r(a)z| : = € Up,|z| < 1} <
lall sup{JiCz)| - & € Uy, ]l < 1} and (@) = sup{lled(a)] : & € Uo, |l < 1} < flallsup{llr(e)] -
x € Up,|lz|]| < 1}. It follows that [ is bounded if and only if r is bounded, and we have that
1l = sup{ll(t(@)[|, =]l < 1,2 € Uo}= supf{lr(z)[,||z]| < Lz € U} = [[r[|, where we have
[1(@)[| < llal[ sup{[|(r(2)[|, =[] < L,z € Up} and [r(z)[| < [lal|sup{[|l(z)[],[|z]| < 1,z € Uo}. Then
M(U,) is a normed *-algebra with norm ||(l,r)| = sup{||l(z)] : ||z]| < 1,z € Up}. Let the norm
closure of M(Up) be denoted by M (Uy) whence D is a dense linear subspace of M (Up) . Now we
denote the pair (M (Uy), ||(Z,7)]), (O, |mp((lz, 72))|)) simply by (M (Up), M) with norms given by
Il(1,7)|| and |(Iz,7)| respectively.

We introduce the notion of a Cauchy Multiplier for a sequence of multipliers (ly,7a)aca in the
next definition.

DEFINITION 2.2 Let € > 0 be given, we say that a sequence of multiplier (lo,7a)aca € M(Up) is
said to be Cauchy if there is an index N for which if o, > N, we have ||(lo,7a) — (Ig,78)|| =
[l = 13: 70 = 75)| = sup{llla(@) — @) < 2]l < L. € Up} < e

Assume that a multiplier sequence (I, 74 )aca € M (Up) is Cauchy then it is convergent in the norm
of M (Uy), we denote by (I,7) € M(Up) the limit for such a sequence and M (Up) the norm completion
of M(Uy). The notion of a normal elements of a Multiplier algebra is introduce as follows; we note
that the condition of normal elements is given by A*A = AA* . We have (I,r)*(l,7) = (r*,*)(I,7) =

(r*lLrl*) = ((r)*, (Ir*)*) = (I, Ur)* = [(Lr) (7 )] = () r)* = {r) (0 1) = (L) (1 r)*
DEFINITION 2.3 We say that a Multiplier algebra is right- normal if rypr = T2+, we have that the

equality holds (Iy«z, Tyz+) = (lygsz, T2=z) . We denote the set of all right normal elements by M and
similarly "N for left-normal elements.

Since for y € Uy we have ly4(y) = zay = ly(ay) = 1x(la(y)),thus we write Iz, = l;l, and also
U(y) = la(y*)" = (xy*)* = yz* = r5-(y) ,and we have [} = ry« hence we can write [}, = (l4l)* =
I30% = (laz)* = Tz+q+ hence we have [}, = rz+4- and thus we can extend the multiplication of 91 on
M (Uyp) as follows,

(1) M x M(Uy) — M(Up):
((lwvrcc)v (laaTa)) — (lxaarax)

(2) M(Uy) x N — M(Up):
((laara)’ (lxvrx)) — (laxarxa)
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(3) The involution * of 9 is extended on M (Uy) denoted also by *
(lagm Txa)* - (7‘2377 l;a) = (la*x* , Tx*a*)
(la:a» Taa;)* = (l:c*a* 5 Ta*x*)

V(ly,re) € Mand (lg,re) € M(Up)

Remark[2] The multiplication and involution above are always defined and continuous, since
we have [[mp((leasTaz))l| = |17p((le,72)(lasma)) | < [(la,72)[[[(la,7a) | = p(le,72)[|(las 7a)|| and
17p((laz, 72a)) | = [[7p((las 7a) (L, 72) || < (s 72 )[[[(Tas ma) | = P(las 7)) | (las 7a)

Notation[1] In the sequel we denote (l34,7qz) by (za,azx) and similarly also for (az,za).

Now let 7 be a locally convex topology on 91 such that 7 is compatible with the the norm on
I , in the sense that every Cauchy sequence that converge in the norm of 91 also converges in the
topology T where 7 is given by a family of seminorms {py}aea [5] and coincide to the norm topology
define on 91 . The norm on M is extended to M (Up) and the extension is also denoted by ||-|| . We
have the following,

DEFINITION 2.4  Let the topology on M and its extension to M (Uy) be denoted by 7. Then for any
(la,7a) € M(Up) if there exists a sequence {(lz,7z)ataca n N such that ||(la,7a) — (lz,7z)all = O

then the norm *-ideal M is said to be dense in M (Up) .

We summarize the above discussion in the following

PROPOSITION 2.5 Let M be dense in M(Up), then the pair (M (Up), M) is a quasi *-algebra deter-
mined by multiplier Algebra.

3. Seminorm defined by sesquilinear forms on quasi*-algebras of multiplier algebras
(M (U0)7 m)

Following Trapani [1], we associate the family of seminorms to a family of sesequilinear forms F.
Using the notation of the previous section we have the following

DEFINITION 3.1 A positive sesequilinear form Q on M (Uy) x M (Uy) is called quasi-invariant if Q
satisfies Q((za, ax), (b,0)) = Q((a,a), (x*b,bx*)) Ya,b € U,z € Uy.

Since Uy is a *-algebra without a unit, we introduce the notion of quasi-normal and quasi *-

invariant in the following; we note that when an element commute with its adjoint then it is said
to be normal.We use this analogy to introduce the notion of quasi-normal multipliers.We say an
element a € Uy is quasi-normal if there is an element = € Uy such that az, x*a € Uy with ax = x*a.

DEFINITION 3.2 A multiplier (l,,7,) € M(Up) is said to be quasi-normal if there exists an element
(ly,rz) € M(Upy) such that (lay7a)(lzyr2)*=(ley 72)*(lay 7o) implies (lpsq, Tags) = (lag=,Tz+a) ¥ € Up
and quasi *~invariant if (lpq, Taz) = (lzra, Taz+) Ya € U, x € Up

PROPOSITION 3.3 If Q is an invariant positive sesequilinear form on M (Uy) x M(Up) then it
satisfies the relations

(1) QlzasTaz, (loy7)) = QU(Las7a)s (Larbs Toar)
(2) Q((laxa Tim)a (lb> rb)) = Q((laa Ta)a (lbw*vrw*b))

Proof. Let Q be an invariant positive sesequilinear form on M (Uy) x M (Up) then

(s Taz): (1 73)) =O(wa, az), (b,)) = A((za, az), (b,5)) = (. v)(a a), (b, b))
=0((a,a), (z,2)"(0,})) = A(a,a), (",2")(b,b)) = A(a, ), (z"b, b))
=(la,70) (-t )
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Next

Ullaz: 72a), (I, 70)) =0az, az), (b,b)) = A(az, z0), (b,b)) = (. 2)(a, ), (b, b))
=0((a, ), (b,b) (%)) = Q(a,a), (b, 0) (", ")) = A(a, a), (ba",2"D))
:Q((laa 7"a)v (lbx*vrx*b)

|

PROPOSITION 3.4 For a quasi-normal multiplier, the invariant positive sesequilinear form Q on
M (Uy) x M(Uy) satisfies the relation Q((lzasTaz), (s 7)) = QU(lazs Tza)s (Lo, 7))

Proof.

Q(lea; Taz), (o, 7)) =2((la; 7a), (1

=((las 7a), bz, T2+0)

=0 bx™*, z*b))
(
(

z*by 7ﬁbac*)

)
a,a),

(
=Q (b, b)(z,z)")

(
(
(a,a
(
=Q((laz), Tza)s (b, )

Remark[3] We denote the set of invariant positive sesequilinear forms on M (Uy) x M (Uy) by P.
We now state a definition for an invariant sesquilinear form to be admissible.The set of positive
cone of P admits a natural partial order < defined as follows: Let €21 and Qo € P, write €21 < €y iff
- eP

DEFINITION 3.5 An element Q € P is called admissible if for each (lo,7mq) € M (Uy) there exists
K(la,r‘a) > 0 such that Q((lya; Taz ), (lzay Taz)) < K(la,ra)Q((lma"":v)a (lay72))

The set of all admissible sesequilinear form in P is denoted by P® .If Q € P and (l,,74) € M(Uy),

we can define a linear functional wg“’r“) on N by

Wi (las72)) = U(Lras Tar), (las 7))

The equality Q((za, ax), (za,ax)) = Q((z*, x*)(za, ax), (a,a)) = Q((z*za, axz™), (a,a)) implies that
(lasra)

each wg is positive on M, and is a state if, and only if, Q((l4,74), (la,74)) = 1. Following [1]
and [6] we put F0 = {wy, (l‘“r“) :Q € F,(la,ma) € M(Up)}. We have the set M(F?) = {(Ip,72) €
n: supws()a’a)((lx*x,rm*)). Q€ P, (layra) € M(Up), lay7a), (lay7a)) = 1} < 00} is a *-subalgebra
of M and [(Lo,7)]> = (supwy”™ ((lowas7wa-)): @ € P,(lavra) € M(Uo)s U(lasra); (las7a)) =
1}) defines a seminorm on ‘ﬁ(]-'o) If we assume that the multiplier is normal in the sense
that ryps = rpw , (lova,Towr) = (lgez,T2+p) and the multipler is quasi *-invariant then we
have, the equality Q((za,azx*), (z*a,az)) =Q((z*, 2**)(xa, azx*), (a,a)) =Q((z*, x)(za,ax*), (a,a))
= Q((z*za,ar*x),(a,a)) and wgl a)((lx%,rw%)) = Q((z*wa,az*7), (a,a)). We put |(lz,7r:)]?
= sup{wéa’a)((lx*x,rx*x))} this gives us a C*seminorm on M(F°). Since |(ly,7:)*(lu,7s)| =
P((le,72)* (I, 72)) = p(le, 72)? = |(Iz, 72)|?. We need to extend it to M (Uy) and hence, we have the
following: Let F C P , for (lq,74) € M(Up), we put pr((la;7a)) = supz, Q((la,7a), (la,70))? , and
Fs={Q€ F: Q(a;7a), (la,7a)) = 1)} where F denotes the states in F. We set T (U) = {(l4,74) €
M(Uo): pr((la;ra)) < oo}. Then we have pr((lza;Taz)) = pr((wa,ar)) = pr((le;rz)(la,7a)) <

|(lI7TI)‘pf((laaTa)) for (laara) € P}—(U)' Thus we have p]—'((lcfcaarax)) < |(lx,’l“w)|p]:((la,’l“a)). We
summarize the above discussion in the following.
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PROPOSITION 3.6 Let F C P, if the multiplier algebra is normal and quasi *-invariant then pr

defines a seminorm on M (Uy), which is given by pr((lza, Taz)) < |(lzy72)|pF((las7a))- for (a,a) €
I7(U)

4. Conclusion

We have the following concluding remarks. The absence of examples in this work is deliberate, we
refer the reader to Trapani [1] page (105-106) for examples related to what was presented in this
work. The study of unbounded *-representations and that of unbounded seminorms are currently
subjects of research interest ,we hope to study them in subsequent work.
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