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Abstract. By employing the non-commutative analoque of Leray-Schauder fixed point theorem, Arsela-
Ascoli theorem and Michael selection theorem, we establish the existence of solution of impulsive quantum
stochastic differential inclusions(IQSDI) in the framework of Hudson and Parthasarathy formulation of
quantum stochastic calculus. The result hold in an infinite dimensional locally convex space. Important
properties of these solutions are studied.
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1. Introduction

For well over a century, differential equations have been used in modeling the dynamics of changing
processes. A great deal of the modeling development has been accompanied by a rich theory for
differential equations. The dynamics of many evolving processes are subject to abrupt changes, such
as shocks, harvesting and natural disasters. These phenomena involve short-term perturbations from
continuous and smooth dynamics, whose duration is negligible in comparison with the duration of an
entire evolution. In models involving such perturbations, it is natural to assume these perturbations
act instantaneously or in the form of ”"impulses”. As a consequence, classical impulsive differential
equations have found application in modeling impulsive problems in physics, population dynamics,
ecology, biological systems, biotechnology, industrial robotics, pharmacokinetics, optimal control,
and so forth. Again, associated with this development, a classical theory of impulsive differential
equations has been given extensive attention. Much attention has also been devoted to modeling
natural phenomena with differential equations, both ordinary and functional, for which the part
governing the derivative(s) is not known as a single-valued function. Our consideration in this paper
concerns the establishment of a solution of impulsive quantum stochastic differential inclusions in
the framework of Hudson-Phathasarathy formulation of quantum stochastic calculus.

The plan for the rest of the paper is as follows: section 2 contains fundamental structures and
definitions that we use in the sequel. In section 3 we assemble some auxiliary results that are use
in establishing the main result. The main result concerning the existence of solution to impulsive
quantum stochastic differential inclusion is established in section 4.

2. Fundamental structures and definitions

In this section we state some fundamental structures and definition that will be use in the sequel.
Given a multifunction F : R™ — 28" a single valued map f : R™ — R" is a selection if f(x) €
F(z) VxeR.

(i) Upper and Lower Semi continuous Multivalued Maps: Let N C Aand I C R,. For arbitrary
n,§ € DRE, (t,x), (to,z0) € I x N and real numbers ¢,d, ¢ > 0, we define the map d ¢ :
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(i)

(iii)

[I X ./\[] — RJr by
dn&((t, @), (fo, x0)) = max{|t — tol, |z — zollne}-

The following shall be employed in what follows. For arbitrary n,£ € DQE

"2((7775) = {xn,f = <T],.%’f>,$ € "Zl}

Byee(0) = {26 € A(n,€) : lzpel < e}

Bamg(to,l‘o) ={(t,z) € I x N dn,ﬁ((t’ ), (to, o)) < 577,6}-

Amapo: I xN — 25¢s4(DSE)” will be said to be upper semi continuous at a point (tg, zg) €
I x N, if for each pair ,£ € DQE and € > 0 there exists d, ¢ = 0y ¢((to, z0), €) > 0 such that

d)(tv 95)(777 5) - ¢(t0, 1'0)(777 f) + Bn,{,e(o)

on Bs, . (to, o). The map ¢ is said to be upper semi continuous if it is upper semi continuous
at every point (t,z) € I x N. Furthermore, for a sesquilinear formed valued map we define

Beo(0) = {¢(t,2)(n, &) € P(t,2)(n, &) = [o(t, 2)(1,€)] < €}

A sesquilinear form valued multifunction P : I x N' — 25¢s4(DBE)* wi]] be said to be upper
semi continuous at a point (tg,xg) € I x N if for every 1, € DRQE and € > 0 there exist
dne = 0pe((to, z0),€) > 0 such that

P(t, x)(n,€) C P(to, 20)(n,€) + Bp,e(0)

on Bs, . (to, o). The map PP is said to be upper semi continuous if it is upper semi continuous

at every point (t,z) € I x N. For arbitrary n,{ € DQE, let ® : I x A — 24 be a closed
multivalued map. For each pair (¢,z), (t,2) € I x A we define

dye((t,2), (¢, 2)) = max{|t — 1|, ||z — 2'[|¢}

Byes(to, zo) = {(t,x) € I x A: dye((to, o), (t,x))(n, &) < d} and

Breo(®(t,z)={ye A: inf — K|y <€)
e (@(t,x) = {y kegl(tvx)lly |lne <€}

Amap @ : IxN — 25¢51PFE)” wil] he said to be lower semi continuous at a point (fo, zo) € IX
N, with respect to the seminorm |[.||,¢ if for each pair n,{ € DQFE and € > 0 there exists §, ¢ =
dy.e((to, o), €) > 0 such that for each y, € ®(to,70), infycarr)lly — Yollpe <6 V ye
N, almost all te€land dye((t,2),(t,2")) < dye. If ® is lower semi continuous at every
point (tg, o) € I x N with respect to the seminorm |[.||,¢, then it will be said to be lower
semi continuous on I x N.

A sesquilinear form valued multifunction P : I x N/ — 25¢5a(PSE)* wil] be said to be lower
semi continuous at a point (tg, zg) € I X N, with respect to the seminorm ||.||,¢ if for every
n,¢ € DQE and € > 0 there exist 6, ¢ = 9, ¢((to, o), €) > 0 such that for each
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(vi)

(vii)

(viii)

89

yneo € Plto,xo)(n,€) infy cppa)lUneo — el < € ¥V y € N,almostall t €
I and  dye((t,2), (to, 20)) < g )

The space Pad(I, A)yee = {X : I — A : X is adapted and weakly absolutely continu-
ous everywhere except for some ¢; at which X (¢,") and X(tz), k=1,2,...,m exists and
X(t) = X(t)}.

For each pair n,¢ € DQE, we define the space of complex valued numbers associated with
(i) as Pad(l, A)wacne = {(n, ©(.)§) : @ € Pad(l, A)wac}-

On Pad(I, A)yac, we define a seminorm

[®llpne = sup{[|[®(¢)ll4e, t € I}, (2.0)

and denote by Pyqc(A) the completion of the locally convex space whose topology is gener-
ated by the seminorm in (2.0). B

Let E,F,G,H € L?OC(I X A)mus and (g, zo) be a fixed point of I x A. Then a relation of the
form

dX(t) € E(t, X (t))dA~(t) + F(t, X (t))dAs(t) + G(t, X (t))dAS (t) + H(t, 2(t))dt
for almost all t € I\{tx}}",

AX—y, = Ju(X (1)), t=tp,k=1,2,...,m (2.1)

X(to) = d(t),t € I

or equivalently

Clin X(00)] € P X(0)(0€) amost all t € T\{1e}fy,

<T,7 AXt:tk§> = <T,7 JkX(tk)£>7 t= tk? k= 17 27 -y T, (22)

(n’X(t0)§> = <77’ ¢(t)£>at €l,

where 0 =ty < t1 < tg < ... < tm < tm+1 = T,1 = [0,T], is called impulsive quan-
tum stochastic differential inclusions (IQSDI). Note: The map P : I x A — 25¢sa(DIE)°
is a multivalued sesquilinear form having non empty, compact values. X (o) € A, Jj, €
CAA), k=1,2...mAX|—, = X(t]) - X(t;), X(t;), X(t]) represent the left and
the right limit of X (¢).

For any process X : I — Aandanyte I, X(t)represents the history of the state from
previous time up to the present time ¢ , the map Jj characterize the jump of the solutions
at impulse points t;, k= 1,2, ..., m.

By solution of Impulsive quantum stochastic differential inclusion (2.1) or equivalently (2.2)
we mean a stochastic process ® : A — A lying in the space Pac(A) Nwac((ty, trs1), A),0 <
k < m, satisfying

d

[ @] € P(t, (1)) (n,§)  almost all t € J\[ti]y—

and the condition
AD|—y, = Jp(®(t,)) and @(0) = Xp.
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The following theorems shall be employ to prove our main result.

3. Theorems

THEOREM 3.1 Let U and U denote respectively the open and closed subsets of a convex set K of
A such that 0 € U and let N : U — K be a compact and semi continuous map. Then either

(i) The equation x = Nz has a solution in U or

(ii) There exists a point u € 0U such that u = ANu for some A € C such that ReX € (0,1) and
Im) € (0,1), where 6U is a boundary of U.

THEOREM 3.2 Let X : I — A be a stochastic process that satisfy the following conditions :
(i) For any arbitrary pair n,§ € DRE,

let K C A such that F : K — K is a compact map.

(ii) || f(x)|lpe < m for each x € X, f € F and m < oo.

(iii) For every e > 0 (depending on 0, &) there exist 0,¢ such that for every x,y € X,

d(z,y)(1,&) < dye.

Then,

(n, (f(x) = f(y))§) <e ¥V feF, zyeX
Next, we shall establish the a priori estimates on possible solutions of problem (2.1)-(2.2).

THEOREM 3.3  Suppose that the following hold for arbitrary pair n,§ € DRQE. (i) There exists a
continuous non-decreasing function ¢ : Ry — Ry and

p € LY(I,Ry)  such that [P(t,2)(n, &) < p(t)e(||X||y.e)

forae tel and zeA (3.3.1)
with
psds</ — k=1,...,m+1, 3.3.2
tho1 Ne_1ne P(u)
where
Noge = llzolln.e,
Nk—l,n,é = sSup HJk—l(x)Hn,E + Mj_o,
]| 7,6 €=My —2,My 2]
th—1
My_o = Fk_ll/ p(s)ds, for k=1,..,m+1, (3.3.3)
tr—2
and
Ty(2) / du >N, lel +1] (3.3.4)
1(z) = —, 2z2>N;_4 R ) . .3.
Ni1me B(u)
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Then, for each k =1,...,m + 1 there exists a constant My_1 ¢ such that

sup{[| X ()llne : € [trs tea]} < Mi—1me

for each solution X of the problem (2.1 - 2.2).

Proof. Let X be a possible solution of (2.2). Then X|jy,,j is a solution to

GXO9 EPEXO)0.6  almostall 1 [0,t1), X(0) = Xo.
Since
Clin XM < |5t X (),
we have
L1, X0 < PO X (Dge).  forae 1€ [0.n]

Let t* € [0, 1] such that

sup{[| X () ([ : £ € [0, 1]} = [ X () lIne}
then

L, X(0)6)

I X ®)lne)

From inequality (3.3.11), it follows that

< p(t) for a.e t€0,t1]).

d

e L xeel e
dt— S S.
/o oK (o) 5/0 pls)d

Using change of variable formula, we get

Xt llne gy - h
Py (X () ne) = /X H JEU)S / p(s)ds < / p(s)ds.

Given that ¢ : Ry — R, and p € L(I,R,) such that

[P, X) (0, &) < p)o (| X]]n.e),

we obtain that

(@) he <y ( | " pls)is)

Hence,

IX () e = sup{[IIX (®)llne : t € [0,t2]} < T </O 1p(8)d8> = Mo.

(3.3.5)

(3.3.7)

(3.3.8)

(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)
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Now X[, +,) is a solution to

d

$<U,X(t)§> e P(t, X(t)(n,€) almost all ¢ € [tq, 2]

AXli=t, = J(X(t1)).

Then

%\(mX(t)ﬁ)l < pM)o([[X@)ll5¢)  almost all

Let t* € [t1, t2] such that

SUup{[| X (8)[lne = ¢ € [t1, 2]} = [ X ()lne-

Then
d
aloxosl
at < p(p).
O X (#)Ine
From this inequality, it follows that
d
- —|{n, X
e Ll X(5)6)

5 wdsﬁ/tl pls)ds.

Proceeding as above we obtain

X@) g a b
Tyl X ()] = /N T < / p(s)ds < /

This yields

X()| = sup{|X ()] : £ € [ta,12]} < T3 ( / 2p<5>d5) = M.

Continuing this process and taken into account that X |[tm 7] is a solution to the problem,

d
dt

AXli=t,, = J(X(tm)),

then there exist a constant M, such that

T
sup{|| X (t)||ne : t € [tm,T]} < an{H (/t p(s)ds) = M,,.

t € [t1,ta].

—(n, X(t)§) € P(t, X(t))(n,§) almost all ¢ € [ty,, T

(3.3.14)

(3.3.16)

(3.3.17)

(3.3.18)

(3.3.19)

(3.3.20)

(3.3.21)

(3.3.22)

(3.3.23)
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Consequently for each X to (2.2), we have

IXllye < max{|Xollye, My_1:k=1,...,m+1}. (3.3.24)
|

THEOREM 3.4  Assume that the map P : (I x /Nl) —y 9sesq(DYE)” satisfies the following conditions :
(i) for each pair n,& € DRE,P(t,x)(n,§) is closed and convex in C.

(i) The map (t,x) — P(t,z)(n, ) is lower semi continuous on (I x A),

then there exists a continuous map f : (I x A) — sesq(D @ E)?

which is a selection of P(t,x)(n,§).

4. Main result

The following theorem furnish our main result.

THEOREM 4.1  Suppose that the following hypothesis are satisfied

(i) The map P : I x A — 25¢9PRE)” s sych that for each pair n,& € DRE, (t,z) € I x A, P(t,z)(n, &)
is closed and convex in C, the space of complex numbers.

(i) The map (t,x) — P(t,x)(n,€) is lower semi continuous and measurable on (I x A).

(iii) For every r > 0, there exists function hye, : I — R lying in L' (I,R.), such that |P(t,z)(n, €)| =
sup{|vpe| : vye € P(t, ) (1, €)} < hyer, forae te€l and z€A with ||z <7

Then the impulsive problem (2.1) -( 2.2) has a solution.

Proof. Let
[ PwaC(“Zl) — LEOC(A)
such that

f(x) e F(x) V y € Pyac(A).

Consider the single valued problem

%(n,X(t)@ =F(X@)n, &) telt#ty,k=12,..m
AX|i=t, = Ju(X(t;,))€ t=tpk=1,2....m (4.1)
X(0) = Xo

Let

N(X)(t)(n,€) = [[N(X)(#)llne = [{n, N(X)()&)| = <n,xo£>+/0 [(n, (E(t, X (t))dAx(t)+
F(t, X (t)dAs(t) + G(t,X(t))dA;r(t) + H(t, X (t))dt)§)| + Z (n, JL(X(t,))€),
0<tr<t
where

(E(t, X (8))dAx(t) + F(t, X (t))dAs(t) + G(t, X (t))dAg (t) + H(t, X (t))dt = P(t, X () (1, ).
93 Trans. of the Nigerian Association of Mathematical Physics, Vol. 6 (Jan., 2018)



.. stochastic differential inclusion Abimbola € Ayoola Trans. of NAMP

We now transform problem (4.1) into a fixed point problem by considering the operators

Nye(X)(t) = 0 + / f(x S I J(X(E)E). (4.2)

0<tr<t

We show that N, is compact for each pair 7, £ € DQE. That is

NX)() =0+ /t " E(t, X(1))dAx () + F(t, X (£))dAs(t)+

G(t, X(£)dAS (t) + H(t, X(t))dt + Y Ju(X
0<tp<t
N : Puue(A) = Puac(A).

Step 1 : N is continuous. Let {X,,} be a sequence such that X,, - X € Pwac(fl).

IN(Xa(6) = N(X ()l < / B (s, X () (. £) — P(s, X (5)) (1, )| ds
Y X)) — T (1) e

O<tp<t

T
< / IB(s, X () (1, €) — P(s, X (5))(1, €)|ds
0

+ o<t 1Tk (Xn(ty)) — Je(X (1))l (4.3)
Since P and Jg,k = 1,2,....,m are continuous, then
[N (Xn) = N(X))llne < [[P(t, Xn(s))(n,€) — P(t, X () (1, €)In.¢

+ 20t <t [T (Xn(ty)) = J(X(#;))] = 0 (4.5)
as n — oo which implies that N is continuous.

Step 2 : N maps bounded set into bounded sets in Pwac(fl). Let X € By = [ € Pyqc(A) :
l|z][ne < q] for arbitrary n,§ € D®E we have that

IN(X)lne < g,

since Ji, k = 1,...,m are continuous from assumption (iii), we have

V(X (1))

/\PtX( NonElds+ 3 [(XE)),

O<trp<t

< 1 Xollne + lhqll L + D25y 1k (2 (ty)

Step 3 : N maps bounded set into equicontinuous sets of Pwac(A). Let ri,rp,€ [ and let B, = [X €
Puac(A) || X|[ne < q] be a bounded set of Pyqc(A). Then

(4.6)

INCOrD) = NEOEDle < [ hlo)lds+ 3 1ialt)lne (47)

0<tp<ra—ry
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As ro — 71, the right hand side of the above inequality tends to zero. This established the equicon-
tinuity of the case where t # t;,1 = 1,2, ....,m. To examine equicontinuity at ¢ = t; we have

IN(X)(r2) = N(X)(r1)lln.e < [P(rz, Xn(s))(n,€) = P(r1, X(s))(n,€)|ds
D IeXa(t) = Te(X () el Xolln.e

o<tp<t

+ [ 1P = 5, X)) — B — 5, X(5)) (0.l
+ > R(Xa(ty)) = Te(X () lne(B(X (s))|ds

O<tr<t

+/”mm_&xwmmm&mmM%
+/0T1 P(ro — 5, X(5))(1n,&) —P(r1 — s, X(s))(n,§)|¢q(s)ds
+/” P(ro — s, X(s))(n,€)|

+ Y Te[P(ra — tr, X(s)) — P(r1 — tg, X(s))]. (4.8)

r1<0<rs

The right hand side of (4.8) tends to zero as ro —r; — 0. To show equicontinuity at the left limit
t =t, fix 01 > 0 such that [t;, : k # 4] N [t; — 1,¢ + 61] = 0. For 0 < h < d1, we have

IN(X)(t:) = N(X)(t:i = h)| < [P((t:, X (5)) (0, &) = P((ti — h, X(5)) (0, [ Xol|n.c
ti—h

[P(ti — s, X(s))(n, &) = P(ts — h — 5, X(s5))(n,§)[(B(X(s))|ds
[P(ti — R, X(5))(n, E)|(B(z(s))lds
[P(ti — s, X(s)) = P(ti — h — s, X(s))[(B(X(s))|ds

[Pt —i—s,X(s))(n, OI(B(X(s))|ds

ti—h
+A [P(ti — h — 5, X(5))] 6q(s)ds

-1

+ D [P(ti — h — tr, X (5)) — P(ti — tes, X ()] Je(X ()

k=1

To show equicontinuity at the right limit ¢ = t:, fix 62 > 0 such that [ty : k # i|N[t; — da, ti+ 2] = 0.
For 0 < h < d2, we have
IN(2)(t; + h) = N (@) (t:)] < [[P(t: + h, X (5) = P(ti, X (5))]| Xollp.e + Jo' [Pt + 7 — 5, X (5))—
P(t; — 5, X ()| (B(X(s))|ds + [ " [P(t; — b, X (s))|(B(X(s))|ds + fy' [P(t: +h s, X (s))
Bt — 5, X(5))|6g()ds] + 1 IB(t: — by X(5))(9g()|d5 + gy, Bt — o — 1)~
Pt =ty X ()] + Xt crp <,y P(t = B — th, X (8)) (X (8]))]- (4.9)
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The right hand tends to zero as h — 0. Set

U=[X € Puac(A) : ||z]

Py.. <max[Xo, Mg_1:k=1,....,m+1].

wac —

As a consequence of steps 1,2 and 3, we can conclude that
N:U— Pwac(./i)

is compact. From the choice of U there is no y € dU such that x = ANz for any A € C such that
ReX € (0,1) and ImA € (0,1) As a result , we deduce that N has a fixed point x € U which is a
solution to problem (2.1 - 1.2). |

References

[1] Aubin, J.P. and Cellina, A. (1984). Differential Inclusions. Springer-Verlag, Berlin.

[2] Aubin, J.P. and Franskowska, H. (1990). Set Valued Analysis. Springer-Verlag, Berlin.

[3] Ayoola, E. O. (1998). On numerical procedures for solving Lipschitzian quantum stochastic differential equation.
Ph.D. Thesis, University of Ibadan, Ibadan, Nigeria.

[4] Ayoola, E. O. (2000). Converging multistep methods for weak solution of quantum stochastic differential equa-
tions. Stochastic Analysis Application, 18, 525-554.

[5] Ayoola, E. O. (2002). Lagragian quadrature schemes for computing weak solution of quantum stochastic differ-
ential equations. STAN I Number ANAK, 39(6), 1835-1864.

[6] Ayoola, E. O. (2003). Error estimates for discretized quantum stochastic differential inclusions. Stochastic Analysis
and Applications, 21(6), 1215-1230.

[7] Ayoola, E. O. (2004). Continuous selections of solution sets of Lipschitzian quantum stochastic differential inclu-
sions. International Journal of Theoretical Physics, 43(10), 2041-2059.

[8] Ayoola, E. O. and Adeyeye J. O. (2007). Continuous interpolation of solution sets of Lipschitzian quantum
stochastic differential inclusions. Journal of Applied Mathematics and Stochastic Analysis, 1-13.

[9] Ayoola, E. O. (2008). Topological properties of solution sets of Lipschitzian quantum differential inclusions. Acta
Applicanche Mathematical, 100, 15-37.

[10] Deimling, K. (1985). Non-Linear Functional Analysis. Springer-Verlag, Berlin.

[11] Deimling, K. (1992). Multivalued Differential Equations. Walter de Gruyter, Berlin.

[12] Ekhaguere, G. O. S. (1992). Lipschitzian quantum stochastic differential inclusions. Internat. S. Preoret Phys.,
31, 2003-2034.

[13] Ekhaguere, G. O. S. (1995). Quantum stochastic differential inclusions of hypermaximal monotone type. Internt.
J. Theoret. Phys, 34, 322-353.

[14] Ekhaguere, G. O. S. (1996). Quantum stochastic evolutions. Internat. J. Theoret. Phys., 35, 1909-1946.

[15] Ekhaguere, G. O. S. (2007). Topological solutions of non-commutative stochastic differential equations. Stochastic
analysis and Applications, 25(9), 961-993.

[16] Lakshmikantham, V., Bainov, D. D. and Simeonov, P. S. (1989). Theory of Impulsive Dierential Equations, Series
in Modern Applied Mathematics, vol. 6, World Scientic, New Jersy.

[17] Herderson, J. and Quahab, A. (2011). On the solution sets for first order impulsive neutral functional differential
inclusions in Banach spaces. Dynamics of Continuous, Discrete and Impulsive Systems. Series A: Mathematical
Analysis, 18, 53-114.

[18] Hudson, R. L. and Parthasarathy, K. R.. Construction of Quantum Diffusion, in Quantum Theory of Irreversible
Processes, Lecture Notes in Math, 1055.

[19] Hudson, R. L. (1991). Quantum Stochastic Calculus and Some of Its Applications, in Contemporary Stochastic
Analysis, World Scientific, River Edge, NJ., pp. 31-70.

[20] Hudson, R. L. and Parthasarathy (1984). Quantum Ito formulae and stochastic evolutions. Comm. Math. €& Phys.,
93, 301-324.

[21] Ito, K. (1951). On stochastic differential equations. Memoirs American Mathematical Society 4.

[22] Micheal, E. (1956). Continuous selections I and II. Annal of Mathematics, 63/64, 361-382, 562-580.

[23] Ogundiran, M. O. (2006). Solutions of quantum stochastic differential inclusions. Ph.D Thesis, University of
Ibadan.

[24] Samoilenko, A. M. and Perestyuk, N. A. (1995). Impulsive Differential Equations, World Scientic Series on Non-
linear Science. Series A: Monographs and Treatises, vol. 14, World Scientic, New Jersey.

Trans. of the Nigerian Association of Mathematical Physics, Vol. 6 (Jan., 2018) 96



