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Abstract 
 

 

Two models derived by the direct application of the Schrodinger Hamiltonians are 

presented. The first model is for binary alloy active region Quantum Well QW, the second 

is for ternary alloy active region QW.  The models are quite rich in parameters that can 

be tuned to get desired results. The thickness t for the active region of the quantum wells 

are considered.  
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1. INTRODUTION 

Energy is the basic need of the world and the world uses energy at the rate of 15 terawatts [1, 2]. The increase in the usage of 

energy scales exponentially with the increase in the world’s population and activities needing energy [3, 4]. 

Solar energy is the most abundant renewable source of energy available to mankind [5, 6]. The efficient conversion of solar 

energy to electricity is a critical research problem that is ongoing. Most of the present Photovoltaic (PV)cells are driven by 

semiconductor and optoelectronic technologies that are bulk-based [7]. PV cells also draw from thin film technologies based 

on direct band gap materials and have reached conversion efficiency of about 11%[8, 9]. The conversion efficiency of the PV 

cells is still left to be improved. 

The search for technologies that will improve the conversion efficiency and production cost of PV cells lead to the 

Nanostructure technology where, instead of searching for new materials for new application and for new wavelength ranges, 

one now uses various combinations of materials to synthesize new material systems or control their composition and 

thickness. Both lattice-matched and lattice-mismatched pairs are now grown and it is impossible to tell which material 

combinations has which specific properties and is useful in which applications [3]. The materials may be combined within 

the same group, or even between different groups to grow binary, ternary, quaternary and even penternary alloys. This 

articles focus on the Quaternary alloy system AxByC1-x-yD, such as Cu2ZnSnS4 (CZTS, which is a promising candidate for 

nano structured PV solar cells and has attracted considerable interest recently)[10, 11, 5]. This is because all the constituents 

of CZTS are low cost, less toxic and earth abundant [6].The active region is in the nanometric range (ultrathin). 

A theoretical model through the use of the Schrodinger Hamiltonian is presented in this article. Section two 
covers the mathematical formulation which leads to an expression for the thickness, t of the active region shown 
in Figure 1. And the next concluding section suggests a possible application. 
 

2. Model with binary alloy semiconductor active region. 
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Figure 1: Skecth showing a QW solar cell wafer with three layers. The first and last layers are CZTS. The middle layer (the active region) is either CuS or ZnS or SnS 
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Consider a Quaternary alloy AxByC1-x-yD, the effective masses of electrons are MAD, MBD and MCD for electrons in CuS, ZnS 

and SnS respectively see reference [12, 13] 

The potential electron experienced in the well is ( )zV  , 

( ) ( ) ( )zyVzxVzV 21 +=  - - - - - - - (1) 

( ) ( ) ( ) ( ) ( )zyxMzyMzxMzM CDBDAD −−++= 1  

( ) yMxMMyMxMzM CDCDCDBDAD −−++=  

( ) ( ) CDCDBDCDAD MyMMxMM +−+−=  

( ) ( ) ( ) CDMzyMzxMzM ++= 21
 - - - - - - (2) 

From Eq. (2) the mole fraction ( )zx  obtained is 

( ) ( ) ( )( )CDMzyMzM
M

zx −−


= 2

1

1  

Substitute for x in Eq. (1) and ( )zV becomes 

( ) ( ) ( )( ) ( )zyVMzyMzM
M

V
zV CD 22

1

1 +−−



=

 

 ( )( ) ( ) ( )zyVzyMMzM CD 2121 +−−=   

 ( ) ( ) ( )  −+= zyzMzV 1
 - - - - - - - (3) 

Where  
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  - - - - - - - - - (4)  

The 1 – D Effective mass Schrodinger Equation is 

( )
( )  EzV

dz

d

zMdz

d
=
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2

2

        - - - - - - - (5a)

 

Substituting for ( )zV using Eq. (3) gives 

( )
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           - - - - - - (5b)

 

For infinitesimal change ( )zy can be written as 
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where is a number and ( )zM takes value from 
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ADM , and hence (5b) becomes
 

( )
( )

( )



 E

M

zM
zM

dz

d

zMz
=








−


++








−

2

1

2 1

         - - - - -         (5c)

 

Now, 
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The Eq. (5c) becomes 
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Introduce a new function ( )zu  

( ) ( ) ( )
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From Eq. (6) 

( ) ( )( ) ( )zuzM
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=  - - - - - - - (7) 

Differentiate Eq. (7) once and twice and then substitute into Eq. (5) to get 
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Eq. (5) becomes 
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1V and
2V are percentage partition of (Eg1 – Eg2) and (Eg1 – Eg3) respectively 

The Hamiltonian of an electron in the well interacting with electromagnetic field is  
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Put ( ) ( )  functionWorkWWEzmP =−= ,2 2
1  of the active region 
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Compare Eqs (8) and (9), they coincide if  
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Eq. (12) can be re written as 
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Look for z from Eq. (18) 
( ) ( )
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( ) ( ) ( ) 054
525222462 =+−+−−+ bzabzazbzzbzaq  

( ) ( )  0415 224252 =−−−++ bzzzbzaqbza  

( ) ( ) 0415 226452 =−−−++ bzzbqzaqzbza  

( ) ( ) 0415510105 226410584632423245 =−−−++++++ bzzbqzaqzzbzabzbazbabzaa  
145124210338246546 510105 qzabqzbaqzbaqzbabqzaqza +++++  

1661451242103382465 510105 qzbqzabqzbaqzbaqzbabqza ++++++  
1251048336234425 5255050255 zbzabzbazbabzaza −−−+−−  

04510105 210584633423245 =−−−−−−− bzzbzabzbazbabzaa  

Re-arranging, and switching off power z6 and above to give 

( ) 42346 1025 zbabaqa −−+  

( ) 242 455 zbbaa −−−+  

( ) 05 =−+ a  

Put ( )PzzP == 2 Eq. (18) gives 

( ) ( ) ( ) 04551025 54222346 =−−−−−+−− aPbbaaPbabaqa  - - - (19) 
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The thickness, t of the well,  the active region is 

12 ZZt −=  - - - - - - - - (23)
 

 

3.  Model with ternary alloy semiconductor active region. 

How about making the active layer a ternary alloy Ax B1-x C? That is Ax B1-x C sandwich between Ax By C1-x-yD 

For the active layer (and ternary alloy) 

( ) ( ) BCMzxMzM +=  - - - - - - - (24) 

Where ( )BCAC MMm −=  

Modification on the CZTS put ( )zMMCD =  in ( ) ( ) ( ) ( ) ( )zyxMzyMzxMzM CDBDAD −−++= 1  to give 

( ) ( ) ( ) ( ) ( ) ( )zyxzMzyMzxMzM BDAD −−++= 1  

 ( ) ( ) ( )( ) ( ) ( )zyxMzxmzyMzxM BCBDAD −−+++= 1  

 ( ) ( ) ( ) ( ) ( )zxzxmMzxmzyMzxM BCBDAD −+++=  

 ( ) ( ) ( ) ( )zyMzyzxmzxM BCBC −−  

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) BCBCBDBCAD MzxmzxmzyzxzyMMzxMM +++−−+−=   

( ) ( ) ( ) ( )( ) ( ) BCMzxmzyzxzymzxm +−+−+= 143
 

( ) ( ) ( ) ( ) ( )( ) ( ) BCMzxmzyzxzymzxmzM +−+−+= 143
 - (25) 
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Where 

BCAD MMM −= 3
 

BCBD MMM −= 4
 

BCAC MMM −=  

( ) ( )zxzx   

From Eq (1) 
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From eq. (25) 
( ) ( )( ) ( ) ( )( ) ( ) ( ) BCMzxmzyzxmmzxzxmmzM ++−+−= 43

 

( )
( )( )

( ) ( )( ) ( ) ( ) BCMzxmzyzxmmzM
zxmm

zx −−−−
−

= 4

3

1  

Some transforms, put 

  
4231 mmm ==   - - - - - (28) 

  
( )

( )
( ) ( )( ) ( ) BCMmzyzxmzM

xm
zx −−−−

−
= 4224

13

1
1

1




 

( )
( )( )

( ) ( )( ) ( ) ( ) BCMzxmzyzxmzM
zxm

zx −−−−−
−

= 4224

13

1
1

1




- - - (29) 

Substitute Eqs (27) and (29) into Eq (26) 
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Using Eq. (24). 
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The I-D Effective Schrodinger Eq. is 
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For infinitesimal change  
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Using Eq. (7) and Eq (36) gives 
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Compare Eqs (8) and (37). They coincide if  
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Eq. (39) becomes 
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2bza

C
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that is Eq. (13) 

Where ( )zmy =  

  =a  

  ( ) CosQeWEb 2
1

4 −=  

  +−= WEc 2  

Using Eqs. (14) and (15). Eq (40) becomes 
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Where  
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The thickness t of the well is gotten from Eq. (21) 
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From Eq. (34) 
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zyM 4
1


= and ( )

( )zM

zxM 4
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From Eq. (28) 
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For a possible application, assume 
 ( ) 4

2

1
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 ( ) ( )zxzy 2,2 21 ==  and 
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100

750  

( )BCAC EgEgV −=
100

750  

( ) CosQeWEb 2

1

4 −=  

+−= WEc 2  

ABM
, BCM

 and ACM are the effective masses associated with
ABgE ,

BCgE
and ACgE  energy gaps respectively in the ternary 

active region. 

 

4. Conclusion 

From Eqs. (22) and (23) 
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( )311
100

75
EgEgV −=

 
using Dingle’s partition proposal [13] 

( )322
100

75
EgEgV −=  

Where 
CDBDAD MandMM  are the effective masses of electron in CuS, ZnS and SnS respectively and Eg1, Eg2 and Eg3are the 

band gap of CuS, ZnS and SnS respectively. 

If is chosen at ( )zM  midpoint between 
CDM  and 

ADM  for a particular mole fraction ( )zy .  
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Then 
( )

( )zM

zyM .2
=

 

( )

2

2

2

1

.

M

zyM
y




=

 

( )zyy 2=  

 

 

Figure 2:γ considered at midpoint between MCD and MAD on the M(z) axis 
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Qe
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2

0

462

44

0

6

9 



c

e
q =  - - - - - - - (44c) 

From Eqs. (44a), (44b) and (44c), the variables to consider taking CuZnSnS4 as an example are the effective masses of 

electron and band gap in CuS, ZnS and SnS, the mole fraction ( )zy , the energy of photon =E , the work function w, 

refractive index , permittivity 0 ( for the material of active region). 

Eq (43) can satisfy varied situation as the variable changes. This model is based on the fact that the active region is a 

diatomic molecular semiconductor. For the case where the active region is a ternary alloy semiconductor the model in section 

3 apply. 
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