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Abstract

This paper focuses on the influence function of the unit inner source of heat onto the
thermoelastic displacement. The main function associated with the influence is the

Green’s function denoted by U K (X & ) Approaching this function from Maysel’s

formula, the result follows that the product of the dilatation caused by the unit
concentrated body forces equals the displacement caused by internal temperature.

Keyword:

1. INTRODUTION

In principle, to analyze properties and possibilities for the definition of the introduced influence functions in the theory of
Green’s elasticity, it seems quite enough to define this for the function Uk(x,g) of the Green’s family. [1]. Indeed, since the
influence functions are deductions from the stated family of Green, functions, then the function Uk(x, §) can be called the

main function [ 2]. It shows the influence function in this case is due to the unit inner source of heat onto the thermoelastic
displacements [3 ]. As discussed in [ 4], the Green’s function in elastostatics gives the solution of the boundary value
problems for the equation in terms of initially prescribed surface or displacements, body forces and respective components.

Many literature had discussed different methods in components of influence functions. But the issue of the unit source of
heat has not been analyzed. In this paper we clarify the physical sense of the function u,(x,£) in a full measure using

Maysel’s formula [ 5-7]. The result follows that the product of the dilatation caused by the unit concentrated body forces
equals the displacement caused by internal temperature.

2. MATHEMATICAL SETTINGS
The Green’s function in variable separable is given as

G(x,&)= g(x, &)+ f(x,¢) (l)
where g(x,&)+ f(x,&) are separable variables as in [8].

The influence function in question can be deduced from the equation [9 ] given by
U,(9) = 7[T, (0% (2,6)4V (2) = 7[G(x, 0% (2,6)dV (2) =U, (x¢) 2)
\ \

where %) = UJQ(J-) is the thermoelastic bulk dilatation induced by the action of the body force

F=06(x=¢),1,k=12,3, yisthe Lame elastic constant. The inner heat source is given by
F=0(x=¢) ®)

onto the thermoelastic displacement.
Equation (2) is generated from the unit internal heat source with known boundary conditions as in [10].
The solution to this equation can also be given using Maysel’s formula

Ui(&) = 7T (0% (z,£)dV (2) (4)

From Eq.(4), we can clarify the physical sense of the function Uk(x,é) in a full measure. It should be noted that

from Maysel’s formula in eqn (4) it follows that
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0% (x,¢)=U,(x.¢), ©)
which means that the product of the dilatation caused by the unit concentrated body forces 5ik5(x - §) and ¥ equals to the

displacements U, (X, 5) , caused by the internal temperature

Ti:5(x_§)' ©)

3. APPLICATION USING MAYSEL’S FORMULA

Upon substituting T =o' (X - Z) into eqn (4) and accounting for the Dirac’s function property given by the equation
[f@s(z-&)dv@) = () ™

v

and

[f(e) 8(ye=-y)dT(y,) = f(y) ®)

we obtain the equality in (5) which allows egn (2) to be re- written in the form

Ui xé)=rJ6 et @) = ok v

From eqn (9), it follows that the function Uk(X,é) is determined by the integral over the body volume V of the product of
the function describing the influence of the unit heat source, F =&(x—z), onto the temperature T = G(x, z) and the
function describing the influence of the unit inner temperature T = §(x —¢&) on the thermoelastic displacements Uk(x,f).

Therefore, for the function Uk(X,f) it is convenient to use a new term of a function of double transitive influence. Upon
operating the variable X in eqn (9) with Laplacian and using the equation

VPT(X) = a'F(x); x,£eV; V2 G(x,&) =5(x=¢&) (10)
we have,
ViU (x.€)=7]Vi( 2)0%(z,6)dV(z) = -7 [ 5(x - 2)0" (2, £)dV ().
together with the Dirac’s function property given by eqns (7-8), one can get
\V&:
ViU, (x &)=—0"(x,¢) 12
Then, from eqgn (11), it follows that with regard to the variables of the point X = (Xl, Xy, X3) the boundary conditions for the
function Uk(X,é) are similar to ones for the function G(x,ej) determined by [Seremet] , i.e.

Uk(yﬂf)h-o =0,yel};0U, (y’é:)/any|FN=0'yerN;
U (y.€)+alou, (v.£)/an, |y =0y eTy,. 12

Thus, from egns (12), (13) and those in [11], it follows that to determine the influence functions U, (X,f) the corresponding
boundary-value problem described by eqn (10) should be solved the difference being that the unit heat source
a‘F= 5(X—.§) should be replaced with the elastic dilatation ek (X f) multiplied by the coefficient 7 .

Then, from the physical meaning of the function Uk (X,f) treated as displacements caused by the unit inner temperature, it
follows that ljk(x,f) satisfies the respective boundary-conditions at T :5(2—5). Indeed, from egn (11) and from the
boundary-value problem shown above for ij (X, f) it follows that

0
WU (% E)+ (2 + m)0,, (x,.8)=r1G(x Z)gé‘(z - &)v(z).

k (14)
Then, by making use of the Dirac’s function property given by eqns (7-8) we come to the conclusion that the influence

function Uk(X,f) determined by integral (11) satisfies the variables 55(51,52,53), the following boundary-value
problem of thermoelastostatics:
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ﬂVEUk(X,§)+(ﬂ,+,u)®,k(X,.f)—;G,k(X,.f)=0; X,§eV; (15)
U (xy), =0yel, =ik=123 )
P.(X y),, =0:P, =cn;;yely; -
LU Y)+ BP (% Y) o =0y €Ty T =T + T, + T 8)

4 ILLUSTRATIVE EXAMPLE
As an example, let us consider the generalization of a classical Poisson’s formula for a half-space which is well known in the
theory of harmonic potentials

T(§)=aTdx ] [ F=[R008)-R A&, ”

o0 00 _1 B )
J J T(y)(ZE) aR 3(y’ g)dyzdyy y= (0’ Y2:Ys )' yel,
to a case of uncoupled thermoelasticity
EXAMPLE Determine the thermoelastic displacements in the elastic half-space V(O <X £00,—0 < Xy, X, < oo) with
the fixed boundary F(y1 =0,~0<y,,y, < oo) caused by the surface temperature T(y):
T=T(y} Uiy)=0 y=0y,.y,) yeli =123 e
and the internal source of heat F(X),  x=(x,,X,,X;), XeV.
Computational Procedure: The desired thermoelastic displacements are determined by the following formula

g U, (Yo,
UL (8)=a” RO, (v () [7(50) 2oy, )
' ' g (22)
deduced from general formula (7.26) at Iy =I'y, =0 and I'; =T". Here, the influence functionsUk(X,é) and

ou, (y0 , §)/6n0 are determined by eqn (2).. So, let us re-write formulae as in [ 12] in the form :

a6 1 1 o
OM(x,&)=-(2+2u)"| ——R*-R*)+ —L¥ =R |,

(20)

(23)

L& f =(51k -Bg, %J.f; k=1236, =0k =15, =1k=1,
“ (24)

for dilatation and

G:G(X’g):(@[)ﬁl(R_l_R{l) R:|X_$Z|;XE(Xl’xz’xs);éE(51152153);
R, = R(X, 651.) & E(_ & 5219:3); B :(ﬂ“ "'E’W)/(}L + y), (25)

for the Green’s function. Now, upon substituting them into egn (9) and calculating the respective integrals we obtain the
expression for the influence of a unit heat source on the thermoelastic displacements as following

uk(x,g):_yzdzljjo(x+zu)-{4i£(R*(z,é)—Rf(z,é))

T k

1 0 __ 1._ _
+ Lg)za—é Rll(z’g)}E[R {(x,2) - R (x, )z, dz,

=y[8n<z+zﬂ>]1{a§k[R(x@)—R1<x,s>]+leLgms(x,g)}. "
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Now, having derived Eqgn. (25) we are in a position to calculate the limit of the normal derivative with respect to the above
displacements

4. DISCUSSION

The specific features of the introduced influence functions (functions of double transitive influence) are the consideration of
both physical process (heat conduction and elasticity) in solids (in the sense of uncoupled thermoelasticity):

In the case of stationary heat conduction the function of the influence of the unit internal heat source onto the temperature
field are the Green’s functions of the respective boundary-value problems for the Laplacian. However it is known that for the
domains of regular shape these functions either have already been constructed or can be constructed by the methods of
mathematical physics [1, 2, 3, 8-12 ]. They satisfy the equations of the boundary-value problem in the theory of elasticity
(16) to (18) (regarding the variables of the point & and the equations for the fictive boundary-value problem in the heat

conduction (12), (13) (regarding to the variables of the point x.). They resulted from the direct influence of the initial
prescribed factor (initial cause, which in our case is an initial inner source of heat) on the final desired result (in our case on
the thermoelastic displacements).

5. CONCLUSION

To conclude,we note that both the introduced influence functions and suggested integral formulae can be realized in terms of
elementary functions for a great number of thermoelastic bodies of a regular shape. Therefore, for the bodies with a regular
shape there is a real possibility to generalize the known classical integral formulae from the theory of harmonic potentials
onto uncoupled thermoelasticity.
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