Transactions of the Nigerian Association of Mathematical Physics
Volume 4, (July, 2017), pp211 - 216
© Trans. of NAMP

The Impact of Shocks Correlation On The Optimal Asset Allocation For An Investor
With Ornsten-Uhlenbeck Stochastic Interest Rate Model

S. A. lhediohial, B. I. Oruh? and B. O. OSU3

!Department of Mathematics, Plateau State University Bokkos, P.M.B 212 Jos, Plateau state, Nigeria.
23Department of Mathematics, Michael Okpara University of Agriculture Umadike Umuahia, Abia
State, Nigeria.

Abstract

In this paper, we investigated and obtained a closed form solution to an
investment and consumption decision problem with risk-free asset having a
rate of return that is driven by the Ornstein- Uhlenbeck process. To easily
handle the HIB equation derived (which was a nonlinear second other PDE),
we transformed the PDE into an ODE by using elimination of dependency of
variable as in literature. It was found that the optimal investment strategy on
the risky asset becomes totally dependent on the relative risk aversion
coefficient and the total amount available for investment (only) if there is no
correlation. While it becomes totally dependent on the relative risk aversion
coefficient , the total amount available for investment , the correlation
coefficient of the Brownian motions, the constant volatility of the interest rate,
the diffusion parameter of the risky asset and rate of return of the risk free
asset if there is correlation.
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1.0 Introduction

The classical Merton’s portfolio optimization problems shows that an investor dynamically allocates his wealth between one
risk asset and one risk-free asset and chooses an optimal consumption rate to maximize total expected discounted utility of
consumption [1, 2]. In this Merton’s model, there are no, transaction costs, borrowing and shorting constraints. Hundreds of
literally extensions and applications on investment and consumption problems have been inspired by this pioneer work of
Merton. For example, the introduction of transaction costs into the investment and consumption problems, one can refer to
[3-5]. In investigating the optimal consumption problem with borrowing constraints authors in [6-9] have made very useful
contributions. However, the above mentioned models generally were studied under the assumption that risky asset price
dynamics was driven by a geometric Brownian motion (GBM) and the risk-free asset with a rate of return that is assumed
constant. Some authors have studied the problem under the extension of geometric Brownian motion (GBM) called the
constant elasticity of variance (CEV) model which is a natural extension of the GBM. The constant elasticity of variance
(CEV) model has an advantage that the volatility rate has correlation with the risky asset price. Cox and Ross [10] originally
proposed the use of constant elasticity of variance (CEV) model as an alternative diffusion process for pricing European
option. This has also been applied to analyze the option pricing formula [11-14]. Further applications of the constant
elasticity of variance (CEV) model, in the recent years, has been in the areas of annuity contracts and the optimal investment
strategies in the utility framework using dynamic programming principle. Detailed discussions can be found in [15-22].

This paper aims at investigating and giving a closed form solution to an investment and consumption decision problem where
the risk-free asset has a rate of return that is driven by Ornstein-Uhlenbeck Stochastic interest rate of return model. Dynamic
programming principle, specifically, the maximum principle is applied to obtain the HIB equation for the value function.
Owing to the introducing of consumption factor and the Ornstein-Uhlenbeck Stochastic interest rate of return, the HIB
equation derived is much more difficult to deal with than the one obtained in [16].
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Inspired by the techniques in [16] and [23], we transform the nonlinear second-order partial differential equation into an
ordinary differential equation using elimination of dependency on variables, which is easy to tackle.

The rest of this paper is organized as follows. In section 2 is the problem formulation of the financial market and the
proposed optimization problem. In section 3, dynamic programming principle is applied to obtain the HIB equation and the
optimal investment and consumption strategies in the power utility preference case investigated and the findings given.
Section 4 concludes the paper.

2.0 The problem formulation:

We assume that an investor trades two assets in an economy continuously-c riskless asset (bond) and a risky asset (stock), Let
the price of the riskless asset be denoted by B(t) with a rate of return r(t) which is stochastic and driven by the Orinstein-
Uhlenbeck model.That is

dB(t) = r(t)B(t)dt 1)
where

dr(t) = a([? - r(t))dt + 0dz,(t):r(0) =1, (2a)
then

r@)=0o—BRe * +o ftz e~ t-Ddz (a) (2b)

Where a is the speed of mean reversion,8 the mean level attracting the interest rate and ¢ the constant volatility of the
interest rate.z, (t) is a standard Brownian motion. Also, let the price of the risky asset be denoted by s(t) with the process

ds(t) = s(O)[udt + Adz, ()], (3a)
then
s(0) = 5(0) exp [2z,(0) + (1= 2) t] v £ € (0, 00), (3b)

where p and A are constants and u the drift parameter while A is the diffusion parameter.z, (t) is another standard Brownian
motion.

Through this work, we assume a probability space (Q, F, p) and a filtration {F,}. Uncertainty in the models are generated by
the Brownian motions z, (t) and z,(t).

Let (t) to the amount of money the investor decides to put in the risky asset at time t,then the balance [w(t) — m(t)] is the
amount to be invested in the riskless assets, where w(t) is the total amount of money available for investment.

Assumption:

We assume that transaction cost, tax and dividend are paid on the amount invested in the risky asset at constant rates,
0,0 and d respectively. Therefore for any policy 7, the total wealth process of the investor follows the stochastic differential
equation (SDE)

dw™(t) = () "‘((t;’ + () - n(O] 55— (0 + 6 — D(D)dt. )
Applying (1) and (3a) in (4) gives
dw™@t) ={[(u+d)— (@) +9 + 0)]n(t) + r(t)w(t)}dt + An(t)dz,(t). (5)

Suppose the investor has a utility function U(.) which is strictly concave and continuously differentiable on (—oo, +o0) and
wishes to maximize his expected utility of terminal wealth, then his problem can therefore be written as
Mate[U(T)] (6)
subject to (5).
The optimization problem is under consideration is for the power utility function given as
-
U =2 p#1 ™
where ¢ is a constant.
3.0 The Optimal investment strategy for the power utility function
Here we obtain the explicit solutions for the optimization problem using stochastic control and the maximum principle.
3.1 The general framework
Define the value function as
G(t,r,s,w) =MX[e(Uw)] = 0;U(T,W)=UWw),0<t<T
r(t) =r,w() =w,s(t) =s (8)
The corresponding Hamilton-Jacobi-Bellman (HJB) equation using the maximum principle is
Ge+a(B —1)G, +usGs + {[(u+d) — (r +9 + 8)]m + rw}G,, + A%snGg, + % (062G, + A252Ggs + 122 Gyy] = 0 (9)
where the Brownian motions do not correlate, and
G+ a(B—1)G, + usG, +{[(u + d) — (r + 9 + O + rw}G,, + 271Gy, + posG,s + poAnG,,, + % [62G,, + 252Gy, + A21%G,,,) =0 (10)
where the Brownian motions correlate with correlation co-efficient p. G;, G, G,, and G, , are first partial derivatives with
respect to t,s, w and r respectively. Also G,, G, G, G- Gss and G, are second partial derivatives, with the boundary
condition that at the terminal time T,
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G(T,r,s,w) = u(w)

The differentiation of (9) with respect to  gives
[(u+d)— (+9+0)]G, + 125G, + 121G, =0
and the optimal strategy

* _ —[(p+d)-(+94+0)IGy  sGsw
T[d,ﬁ,@ - A? Gww B m !
for the case where the Brownian motions do not correlate.
Differentiating (10) with respect to m gives
[(u+d)— @ +9+0)]G, + 1%Gs, + poAG,,, + 1*7G,,, =0
and the optimal strategy

* _ ~[(u+d)-(r+9+6)1Gy, _ SGsw _ poAGry
T[d,ﬁ,@ - A2 Gww Gww AZGWW'
for the case where the Brownian motions correlate.
3.2. The optimal strategy for the power utility

Trans. of NAMP
(11)
(12)

(13)

(14)

(15)

We consider two cases-when the Brownian motions do not correlate and when they correlate with correlation co-efficient p.

3.2.1. Case 1: When the Brownian motions do not correlate.

We consider power utility function described by (7).To eliminate the dependency on w, let the solution to the HIB equation

(9) be
-
G(t,r,s,w) = H(t,r,s)% ,

with boundary condition
H(T,r,s) =1,
then

wi-¢ wl=® wl=¢ _ _
Gy = EHD G, = WHT' Gy = EHS' Gow =W ¢HS'GW =w ¢Hs-

Applying (17a) and (16¢ ) to (13) gives
* _ [u+d)-(r+9+0)]w | syHs
Tage == 2 Tgo

Applying (16a). (16c) and (17) to (9) and simplifying yields
[(u+d)—(+0o+0)]?

Ht+a(,8—r)Hr+ysH5+[(1—¢)r+ H+—

212
(1-¢)n?s? He?
R
another second order partial differential equation.
To eliminate dependency on s, we further conjecture that
si=¢
H(t; r, S) - ﬁ](t,‘r‘)
where
_1-9
I(Tl T) - Sl_¢
We obtain the following from (19a)

s1=
1
Applying (19a) and the equivalents of H, from (19c) to (17) gives

X [(p+td)-(r+9+0)] | 1-¢
R e 7]

s1-9 si-¢ - ¢ —h—
H = Elt;Hr = EIT"HS =S ¢I;Hrr = Td,lrr and Hys = —¢s 1

Also the application of (19a) and (19c) to (18) yields, on simplification,

e+ a(B =)l + [ = §) D)+ 1y = 0

Equation (21) is also a second order partial differential equation, so we conjecture that

T

1-¢

167) =" ®

to eliminate dependency on r such that at the terminal time T,
_ (1-¢)?

I(T) = (rs)1=¢

From (22a) obtain,

1-9 g _ ——
t= Zjd_i'lr =r~?Jand I, = —¢pr=*7"J.
The application of (22a) and (22c) on (21) gives
ri=® g5 ri=¢

— Lt a(p -+ (1= ) -2 =

J+Z (=) =0,

(16a)
(16b)

(16c)

17

(18)

(19a)

(19b)

(19c)

(20)

(21)

(22a)

(22b)

(22¢)

(23)
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which simplifies to
< 2
U4 [0 4 (1 - Y- 2) - (1 - p)]] = 0.

dt

E +(1-¢) [Zroc(ﬁ T')+22:22(y—/12_a'2¢]] =0 (24)
Equation (24) becomes
L) =0, (252)
where
o) = (1— ¢) [2rc<(ﬁ—r)+227;22(;4—/12_g2¢]. (25b)
From equation (25a) we get
Y= ¢, (26)
and on integration
J(©) =JMexp [ ¢ wau]. (27)
Applying (22b) to (27) obtains

(1-¢)? T
J(©) = =Egexp [f} ¢ waul. (28)
Therefore, the optimal value function for the investor's problem is
G*(t,7,s,w) = %exp [ftTC (u)du]. (29)

3.2.2. Case 2: When the Brownian motions correlate
Adopting (16a) and (16b), we obtain from (16a)

wi-o wi-®

1-¢
Gt = %Ht' Gw = W_¢H' wa = _¢W_¢_1H» Gs Hs» Gsw =w HS'G _¢HT' Grr = HHTT' Gss -
-9
WTPHSS and G,,, = w™?H,. (30)
Applying the equivalent of G, G, G, and G,,, from equation (30) and (16a) to (15) gives
_ [(u+d)-(r+9+0)]lw | swHs , powHy (31)
T[dﬂ 6 — 22 oH ApH
Using (16a) (30) and (31) in (10) gives
wl= _ _ [(u+d)-(r+9+6)lw . swHg = powH, ¢
1_qut+ r)H, +[(,u+d) (r+z9+9) — +—¢H+ M)H]+rw]w H +
2 [(u+d)—(r+9+6)] . sHg pcrHT -9 (u+ad)—-(r+9+06)] SHs | poHy _¢
)st[—/12 +¢ M)H]W H+pas Hss+p/1 [—+ +/1¢H] H, +
¢
;az w? H,, + A*sH, + m* [[(’Hd) /1(2r+19+9)] +== SHS i(;fg] (—pw=*- 1H)] =0
(32)
That simplifies to
_ (1-¢2)po[(u+d)—(r+9+0) _ [(u+d)—(r+9+6)]? (1—¢)/1252H_52 (1-¢)Aspa HsHy
o+ e -m + - | H+ [ - )+ N |1+ P po R ¢
(1-¢)(2po-1)po] Hy?
[%] +Z Hrr + [ + pos| Hys = 0. (33)
Using (19a)-(19c and applylng the equivalent of H, H,. and H to (31) gives
[(u+d)-(r+9+6)] | 1-¢p | po Iy
7Td199 [1724'74'%7 (34)
In equation (33) obtains
51—¢ (1-¢ (A=)t d)—-(r+9+0)]2] s=¢  (1-9)AZs2 4y
[a(ﬁ—r)+ [(1 ¢) + 12 ]HI‘}'TS I+
(1 ¢)Asp0' _¢ (1-¢)(2po— 1)pa 51 2 g2t ‘l’ s(/l +2pa d-17) —
L +[ 2¢ ] 1 +21—¢ m ( ps” 1) 0, (35)

WhICh simplifies to
—h2 — —h)2 _ _ 2 —H322
I + [a(ﬂ - 4 (=9%)pal(u+ad) (r+19+6)]+(1 ) Apo] L+ [(1 _¢)r+[(1 ¢)(u+d)z(r+19+9)] R
A 24 2¢
2
(1- ¢)¢(l +2PU]1 + (1-9)? (:;a 1)pa Ir +2 +Irr - 0. (36)
Equatlon (36) is yet a second order partlal differential equation, so we conjecture as in (22a)-(22).
Therefore equation (34) becomes
[(u+d)-(r+9+6)] | 1-¢ , (1-¢)po
22 + ¢ + Apr ]’ (37)

* —
Ta90 —W
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the optimal investment in the risky asset.

Substituting for the values of I, L., and I in (36) using (22c) gives,

1-¢ — 2 - —b)2 _ _ 2 —$)322c2
ray [a(ﬁ - 4+ (=0)polurd)=(r+9+0)] | (1-9) Apa] =] 4 [(1 — p)r + oD D-C04OR | (%57

1-¢ dt Ap 272 2¢
— 2 1-¢
1-9)¢p +2pa)]r _|_(1 ®)?(2pa-1)pa (1 ¢) ( P)r—¢-1 =0, (38)
2s - 2¢
L . 1-¢ .
D|V|d|ng equation (38) by rlj yields
a-¢9 (1—¢2)pa[(u+d)—(r+19+6)1 (1-¢)*Aps _ (A=) (u+d)-(+9+60)]* | (1-9)34%s>
dt [ [ (ﬁ A + ) +0 d))r + 272 + 2¢
(- ¢)¢(12+2p0)¢ a- <1>)2 (1-9)*(2po-1)pa ¢<f (1 )
2s t 2o P ]] (39)
Equation (39) becomes
L k®) =0, (402)
where
_[a-®» _ (1-9)pol(u+d)-+9+6)] | (1-¢)*Aps _ [(A-P)(u+d)-(r+9+0)]* | (1-¢)34%s?
k() = [ r [a([)’ )+ ¢ + ) +A -+ 222 + 2¢
(1-9)p(A*+2p0)¢ | (1-9)* (1-9)*(2po-1)ps _ ¢pa*(1-¢)
25 r2(-9) 2¢ - ] (40b)
Solving (40a) yields
1 T
J@©) = E0% exp [ k(wydu| (41)
Therefore the optimal value function to the investor's problem when the Brownian motions correlate is given by
1-¢
G*(t,r,s,w) = %exp [ ) tT k(u)du] (42)

3.3. Comparison:
The optimal investment in the risky asset when the Brownian motions do not correlate is given by (20) and when the
Brownian maotions correlate by (37), we have

[(u+d)-(r+9+6)] | 1-¢ , (1-¢)po
Ta00 = [ 22 T T e ]
[(u+d)-(r+9+6)] | 1-¢ 1-¢po
= [—2 + _] w + pre w
- (1-¢)po
M9 = Mape + prea (43)

Notice from equation (43) that the optimal investment on the risky asset when the Brownian motions correlate is greater than
or less than optimal investment on the risky asset when the Brownian motions do not correlate.

If ¢ is greater than one the optimal investment is the risky asset when Brownian motions correlate is less than that when the
Brownian motions do not correlate by a fraction of the ratio of total amount for investment and the rate of return of the
riskless asset.

If ¢ is less than one the optimal investment on the risky asset when the Brownian motions correlate is more than the optimal
investment on the risky asset when Brownian motions do not correlate.

If ¢ = 1, though not allowed, the optimal investment under both conditions are equal.

3.4. Findings

Equation (20) shows that in the case where the Brownian motions do not correlate if the sum of the drift parameter and
dividend rate equals the sum of the tax rate, transaction cost rate and the rate of the return of the risk-free asset, then, the
optimal investment strategy on the risky asset becomes totally dependent on the relative risk aversion coefficient ‘¢p" and the
total amount available for investment. Also, the investment strategy is horizon dependent as w, and r are horizon dependent.
Equation (37)

[[(um) (re9+0)] | 1- ¢ =% 4 pa)]

Ta96 = 2
the optimal investment in the rlsky asset, in the case where the Brownie motions correlate if the sum of the drift parameter
and dividend rate equals the sum of the tax rate, transaction cost rate and the rate of the return of the risk-free asset, then, the
optimal investment strategy on the risky asset becomes totally dependent on the relative risk aversion coefficient ‘¢’ the total
amount available for investment ‘w' , the correlation coefficient of the Brownian motions, ‘o’ the constant volatility of the
interest rate, ‘A’ the diffusion parameter of the risky asset and rate of return of the risk free asset. The investment strategy is

horizon dependent as w, and r are horizon dependent also.

4. Conclusions
In this work we investigated an investor’s investment problem. It is assumed that the rate of return of the risk free asset is
driven by Ornstein-Uhlenbeck Stochastic interest rate of return model.
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The application of dynamic programming principles and the conjectures on elimination of variables obtained close-form solutions to
the optimal investment strategies for the two cases considered ( where the investor has a power utility preference and taxes,
transaction costs and dividend payments are involve).

It was found that in the case where the Brownian motions do not correlate; if the sum of the drift parameter and dividend rate equal
the sum of the tax rate, transaction cost rate and the rate of the return of the risk-free asset, then, the optimal investment strategy on
the risky asset becomes totally dependent on the relative risk aversion coefficient ‘¢’ and the total amount available for investment.
While in the case where the Brownian motions correlate ; if the sum of the drift parameter and dividend rate equal the sum of the
tax rate, transaction cost rate and the rate of the return of the risk-free asset, then, the optimal investment strategy on the risky asset
becomes totally dependent on the relative risk aversion coefficient ‘¢’ the total amount available for investment ‘w’ , the correlation
coefficient of the Brownian motions, ‘o’ the constant volatility of the interest rate, ‘A’ the diffusion parameter of the risky asset and
rate of return of the risk free asset. In both cases the investment strategy is horizon dependent as w, and r are horizon dependent.
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