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Abstract 
 

This paper considers the development of hybrid one step second derivative 

multistep block method for stiff initial value problems. We evaluated the first 

and second derivative of the polynomial basis function at selected grid points, 

solve for the unknown parameters and substitute the results into the 

approximate solution to obtain a continuous scheme. Discrete methods which 

are by-product of the continuous scheme are implemented in block method. 

The methods are convegent and A-stable, results of numerical examples 

show that the methods are good for stiff problems. 
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1        Introduction 

This paper considers numerical solution to 

( )  Nn

' xxxxyyxfxy ,,=)(),,(= 0         (1) 

where nx  is the initial point, Nx  is the final point, mmf RRR →: , is a continuously differentiable real valued function. The 

Jacobian arising from (1) vary slowly and the eigenvalues have negative real part. f is assumed to satisfy the condition of 

existence and uniqueness of solution in the interval  ba, , that is 

(i) ( ) ( )yxfyx ,, →  is continous over the region  ba,    D  

(ii) for all the couple ( )yx,  and ( ) ( ) ( ) ,,,:,  −− yykyxfyxfyx  k  being independent of x  called Lipschitz constant. 

Higher Derivatives Multistep Method (HDMM) which has the general form 

( ) ( ) jnj

j

s
i

l
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jnj
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kn fthyty +++  + 
0=1=0=

=
        (2) 

where ( )tj  and ( )tj
 are polynomials of degree 1.= −+ srk   ,0, rk   r  and s  are the number of interpolation and collocation 

points respectively. The commonest among these methods is the second derivatives method, (when 𝑙 = 2). This method has 

the advantage of reaching higher order with fewer function evaluation, the method has been reported to have good stability 

properties for solving stiff problems [1]. Among the authors that developed numerical methods for the solution of stiff 

problems in  the form (1) include [2-9] 
 

2.0 Mathematical Background 

2.1 Development of the method 

We consider the approximate solution of the form 

( ) n

n

k

n

xxy 
0=

= 
         (3) 

with its i-th derivative of the form 
( )( ) ( ) in

n

in

k
i xinnnnxy −−−− 21=)(

=

)(

        (4) 

with x    ,,ba  where n ’s are constant to be determined. Let the solution of (1) be sought on the 

partition bxxxxxa NnnN =<...<<...<<=: 110 +  with a constant stepsize 
.

1
=

−

−

N

ab
h

 Evaluating the first and second 

derivative of (3) at ,0,1,=,= sjxx jn +
 gives a linear system of equation in the form 
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UXA =           (5) 

where 

 TpA 121,= −   
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Where 𝐹′ = (𝐾 − 1) and 𝐹′′ = (𝐾 − 1)(𝐾 − 2) represent both the first and second derivatives respectively. Using Crammer’s 

method, we solve for the constant s'  then substitute the results into (5) to give a continuous method in the form 

  ( ) ( ) snsnrnntn ftfthyyy +++ +++++  ......= 1 ( ) ( ) mnmn gtgth ++++  ...1

2    (6) 

 
h

xx
t n−

=
, where ( ) ( ) ( ) ( )tttt 2121 ,,,   are polynomials of degree 1.−++ msr  

Evaluating (6) at selected points gives a discrete block method in the form 
( ) ( ) ( ) ( )  ( ) ( ) 1

102

1

100

1

1 = +++ ++++ mmmmmm GGhFFhYY        (7) 

where 

   Tnrnrnm

T

rnnnm yyyYyyyY ,...,=,,...,= 21211 −−−−++++
 

   Tnsnsnm

T

snnnm fffFfffF ,...,=,,...,= 21211 −−−−++++
 

   Tnmnmnm

T

mnnnm gygGgggG ,...,=,,...,= 21211 −−−−++++
 

2.2   Stability Properties 

We consider the basic properties of the developed method which include order, local truncation error, consistency, zero-

stability, convergent and the region of absolute stability of the method. 

2.2.1   Order of the method 

Let the linear operator ( ) hxyL :  associated with the block (7) be defined as 

( )  ( ) ( ) ( ) ( )  ( ) ( ) 1

102

1

100

1

1=: +++ +−+−− mmmmmm GGhFFhYYhxyL       (8) 

expanding using Taylor series and compairing the coefficients of h we obtain 

( )  ++++ )(...)()()(=: 2

210 xyhcxyhcxhycxychxyL pp

p

'''       (9) 

The linear operator L  and the associated continuous linear multistep method (6) are said to be of order p  if where 

0 1 2= = = ... = = 0pc c c c  and 
1 0pc +  ,

1+pc  is called the error constant and the Local Truncation Error is given by  

( ) ( )( ) ( )211

1 0= +++

++ + r

n

pp

pkn hxyhct         (10) 

2.2.2   Consistency 

A block method is consistent if it has order 1p  

2.2.3   Zero-stability 

A block in (7) is said to be Zero-stable, if the roots of the first characteristics polynomial ( )z  is defined by 

( ) ( ) ( )( )01det=  −zz  satisfies 1z  and the roots 1z  have multiplicity not greater than the order of the differential equation.              

2.2.4    Convergence 

A method is said to be convergent if it is consistent and zero-stable 

2.2.5   Linear stability 

The linear stability is derived by applying the test equation ( ) ( )
n

kk yy =  to yield ( ) ,=1 ww yzmy + ( )zmhz ,=   is the amplification 

equation given by 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )020011211=  zzzzzm ++−−−
−   

the matrix ( )zm  has eigenvalues ( )k0,0,...,  where 
k  is called the stability function, which is a rational function with real 

coefficients [8] 
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2.2.6   Region of absolute stability 

A Region of Absolute Stability ( )RAS  of a Linear Multistep Method (LMM)  is the set, 

 = : forR h h where the root of the srability polynomial are absolute less than one. We use boundary locus method to get the 

region of absolute stability [9]. 

2.2.7   Specification of the Method 

We developed method in the form 
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We now consider some case as u and v takes different values 

Case 1 
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=u  and ,
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3
=v  the block method of the form ( )7  reduces to 
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The method is of order 9. The amplification matrix )(z  has eigenvalues: 
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The region of absolute stabilty is shown in figure 1. 

Case 2: 
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The method is of order 9. The amplification matrix )(z  has eigenvalues: 
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The method is of order 9. The amplification matrix )(z  has eigenvalues: 
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The region of absolute stability is as shown below 

 
                            Figure 1: RAS for Case 1                                 Figure 2: RAS for Case 2 

 

 
Figure 3: RAS for Case 3 
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3.0  Numerical Examples 

We present three numerical examples to check the efficiency of the developed method. The following notations were used in 

the Tables below: SDBM 1 is Second Derivatives Block Method for case I; SDBM 2 is Second Derivative Block Method for 

case II; SDBM 3 is Second Derivative Block Method for case III 

Example I: We consider a stiff nonlinear system of two dimensional with corresponding initial conditions 
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The computed results are shown in Table 1. The method was found to be convergent and A-stable. Table 1 shows that the 

results of the new method and that of the existing methods. 

Example II: Consider a stiff system of equation 
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we solve the problem in the range [0,40]. Table 2 compares the absolute error of Example II using the developed method it 

was found to satisfy the basic stability properties compete favourably with the existing methods. 

Example III: We consider the linear problem considered in [10, 11] 

 ( ) = 95 , (0) =1, ( ) = 97 , (0) = 1, 0,1' 'y x y z y z x y z z x− + − −   

The eigenvalues of the Jacobian matrix at ( ) 0x =  and 2=1 −  and 96.=2 −  The analytical solution of the problem is given as 

( ) ( )2 96 96 21 1
( ) = 95 48 , ( ) = 48 .

47 47

x x x xy x e e z x e e− − − −− −  

The results obtained from the solution of Example 3 using stepsizes 0.03125 and 0.1, the numerical results were compared 

and shown in Table 3. From the results obtained it show that the new method compete favourably with the existing methods. 
 

Table 1: Absolute errors for Example 1 

 x               
iy    

11SDBMN   
21SDBMN   

31SDBMN    SDMM   

100 
1y   ( )033.1411 −e   ( )036.0609 −e   ( )033.5748 −e   ( )036.7359 −e   

 
2y   ( )036.6010 −e   ( )021.0213 −e   ( )036.5495 −e   ( )022.6182 −e   

150   
1y   ( )061.1609 −e   ( )062.2161 −e   ( )061.3049 −e   ( )062.4686 −e   

 
2y   ( )041.4105 −e   ( )042.1862 −e   ( )041.3973 −e   ( )045.3609 −e   

250  
1y   ( )103.8401 −e   ( )107.3291 −e   ( )104.3154 −e   ( )108.1636 −e   

 
2y   ( )062.5698 −e   ( )063.9833 −e   ( )062.5457 −e   ( )069.7597 −e   

500  
1y   ( )197.6043 −e   ( )181.4513 −e   ( )198.5456 −e   ( )181.6166 −e   

 
2y   ( )101.1436 −e   ( )101.7726 −e   ( )101.1329 −e   ( )104.3432 −e   

 

Table 2. Absolute error for Example 2 

x   
iy    

11SDBMN      
21SDBMN    31SDBMN    ( )8SDMY    ( )11SDMY   

40  
1y   ( )165.347 −e   ( )126.145 −e   ( )153.730 −e   ( )073.812 −e   ( )071.022 −e   

 
2y   ( )165.352 −e   ( )126.145 −e   ( )153.730 −e   ( )071.906 −e   ( )085.111 −e   

70 
1y   ( )231.046 −e   ( )216.317 −e   ( )234.500 −e   ( )128.909 −e   ( )139.160 −e   

 
2y   ( )245.663 −e   ( )216.293 −e   ( )232.250 −e   ( )124.454 −e   ( )134.580 −e   

100  
1y   ( )296.431 −e   ( )283.743 −e   ( )282.586 −e   ( )182.082 −e   ( )186.668 −e   

 
2y   ( )293.452 −e   ( )281.905 −e   ( )281.293 −e   ( )181.041 −e   ( )183.334 −e   
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 Table 3.Absolute error for Example 3 

 Method   errory1   ( )0202)(1 −− eerrorez   

 JK   ( )080.2735 −e         ( )080.2879 −− e   

0.03125   4H   ( )080.2735 −e         ( )080.2879 −− e   

 7AB   ( )070.2735 −e         ( )050.2879 −− e   

  SDEBDF    ( )070.2735 −e   
      

( )090.2879 −− e   

  11SDBMN    ( )161.1102 −e          ( )198.6736 −e   

  21SDBMN    ( )161.6653 −e          ( )181.3010 −e   

  31SDBMN    ( )175.5511 −e          ( )194.3368 −e   

 

4. Conclusion 

An A-stable hybrid one step second derivative block method has been derived for the solution of stiff initial value problems, 

the method was found to be consistent, zero-stable and convergent. The results from the numerical example show that the 

developed method performed better and compete fevourably with the existing method 
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