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Abstract 
 

The object of this paper is to determine the coefficient bounds 

3

2

11 +++ − ppp bandubb  for functions belonging to the class 

( )apbM ,,
. Furthermore, the Fekete-Szego type inequalities is obtained 

for the class.  
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1.0 Introduction and Preliminaries       
Let Ap denote the class of functions of the form 

𝑓(𝑧) = 𝑧𝑝 + ∑ 𝑎𝑛𝑧
𝑛                𝑝 ∈ ℵ                                   

∞

𝑛=𝑝+1

                                                                        (1.1) 

which are analytic and p-valent in the open unit disk U = {z : |z| < 1}. Similarly let Ap,k (j) denote the class of functions of the 

form. 

𝑔(𝑧) =  (
𝑧

2
)
𝑝

+ ∑ 𝑏𝑘 (
𝑧

2
)
𝑘

                    𝑝, 𝑗 ∈ 𝑁 = {1,2,3… }

∞

𝑘=𝑗+𝑝

                                                              (1.2) 

which are also analytic and p-valent in the unit disk U = {z : |z| < 1}. The 

class of functions defined in (1.2)  is known as p valent Bessel function and was established in [1]. 

Definition 1 

Let f and g  be analytic in U , then the function  f  is subordinate to g, if there exist a Schwarz function w(z) analytic in U such 

that w(0) = 0 and |w(z)| < 1 (z ∈ U ) and f  (z) = g(w(z)) for all z ∈ U . This is denoted by f≺ g. It is also known that if g  

is univalent  in U then  f (z) ≺ g(z) if and only if f (0) = g(0) and  f (U ) ⊂  g(U ). 

Definition 2 

Let 𝜑(z) be an analytic function with positive real part in U such that 𝜑(0) = 

1 and 𝜑′(0) > 0 and maps U unto a region starlike with respect to 1 and symmetric with respect to the real axis. 

A function f (z) ∈  Ap  is said to be in the class 𝑆𝑏,𝑝
∗ (𝜑) if 

1 + ( 
1

𝑏
 (
1

𝑝
)
𝑧𝑓′(𝑧)

𝑓(𝑧)
) − 1   ≺  𝜑(𝑧)     (𝑝 𝜖 𝑁, 𝑧 𝜖 𝑈)                                                                       (1.3) 

A function f(z) 𝜖 Ap  is said to be in the class C b , p (𝜑) if it satisfies 

1 −
1

𝑏
+
1

𝑏𝑝
( 1 + 

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
)   ≺  𝜑(𝑧)     (𝑝 𝜖 𝑁, 𝑧 𝜖 𝑈)                                                                     (1.4) 

The classes 𝑆𝑏,𝑝
∗ (𝜑) and C b , p (𝜑) were studied in [2].  

For b= 1 we have the classes 𝑆𝑝
∗(𝜑) and C p (𝜑)  in [3] and  for p = b = 1 the classes reduces to the classes 𝑆𝑝

∗(𝜑) and C(𝜑) 

which were earlier introduced and investigated in [4]. These classes becomes the classes of starlike and convex functions of 

order α(0 ≤ α < 1) respectively when 
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 𝜑(𝑧) = (
1+(1−2𝛼)𝑧

1 −   𝑧
− 1) (0 ≤ 𝛼 < 1) 

Similarly, for the class of functions defined in (1.3) and (1.4), we define equiv- 

alent classes for the class of function defined (1.2) 
A function g(z) 𝜖 Ap,k(j) is said to be in the class 𝑆𝑏,𝑝

∗ (𝜑) if it satisfies 

1

𝑏
(  
1

𝑝

𝑧𝑔′(𝑧)

𝑔(𝑧)
) − 1   ≺  𝜑(𝑧)     (𝑝 𝜖 𝑁, 𝑧 𝜖 𝑈)                                                                             (1.5) 

and in Cb,k,p(ϕ) if it satisfies 

1 −
1

𝑏
+
1

𝑏𝑝
( 1 + 

𝑧𝑔′′(𝑧)

𝑔′(𝑧)
)   ≺  𝜑(𝑧)     (𝑝 𝜖 𝑁, 𝑧 𝜖 𝑈)                                                             (1.6) 

[1 +
1

𝑏
 ( 
1

𝑝
 
𝑧𝑔′′(𝑧)

𝑔′(𝑧)
− 1)]

𝛼

  [1 −
1

𝑏
+
1

𝑏𝑝
 ( 1 + 

𝑧𝑔′′(𝑧)

𝑔′(𝑧)
)]

1−𝛼

≺ 𝜑(𝑧)  (𝑏 𝜖 𝐂\{0})            (1.7) 

where b is a non zero complex number 

Fekete and Szego  in 1933 gave the sharp bound for the functional |a3 − 

µa
2

| for f (z) 𝜖  S when µ is real. The determination of the sharp bounds for the functional |a3 − µa
2

| is known as the Fekete-

Szego problem.  And this has been investigated by several authors for different subclasses of S in  [5 - 14]. 

In this paper sharp bounds for the Fekete-Szego coefficient functional are obtained for the class Mb,p,α(ϕ) defined in (1.7),the 

class is actually the linear combination of the class defined in (1.5) and (1.6) respectively. 

Let Ω be the class of analytic functions of the form 

𝑤(𝑧) = 𝑤1𝑧 + 𝑤2𝑧 + 𝑤3𝑧 + ⋯ =∑𝑤𝑘𝑧
𝑘                                                                                          (1.8)

∞

𝑘=1

 

in the open unit disk U satisfying |w(z)| < 1. 

To prove our result, we shall make use of the following lemmas 

 

Lemma 1 [2,4]  

If w ∈ Ω. Then 

|𝑤2 − 𝑡𝑤1
2|  ≤  {

−𝑡             𝑖𝑓 𝑡 ≤ −1
1       𝑖𝑓 − 1 ≤ 𝑡 ≤ 1

𝑡                𝑖𝑓 𝑡 > 1
} 

when t < −1 or t > 1, the equality holds if and only if w(z) = z or one of its rotation. If −1 < t < 1, then equality holds 

only if w(z) = z
2 

one of its rotations. Equality holds for t = −1 if and only if 

𝑤(𝑧) = 𝑧
𝜆 + 𝑧

1 + 𝜆𝑧
        (0 ≤ 𝜆 ≤ 1) 

or one of its rotations, while for t = 1, the equality holds if and only if 

𝑤(𝑧) = −𝑧
𝜆 + 𝑧

1 + 𝜆𝑧
        (0 ≤ 𝜆 ≤ 1) 

Or one of its rotations,  

Although the above upper bound is sharp, it can be improved as follows  

when -1< t < 1 

|𝑤2 − 𝑡𝑤1
2| + (1 + 𝑡)|𝑤1|

2  ≤ 1      (−1 < 𝑡 ≤ 0) 
𝑎𝑛𝑑 

|𝑤2 − 𝑡𝑤1
2| + (1 −  𝑡)|𝑤1|

2  ≤ 1      (0 < 𝑡 < 1) 
 

Lemma 2 [2] 

If w ∈ Ω, then for any complex number t 

|𝑤2 − 𝑡𝑤1
2|  ≤ max  (1, |𝑡|) 

The result is sharp for the functions w(z) = z or w(z) = z
2  

 

 

Lemma 3 [13 ]  

If w ∈ Ω, then for any real numbers q1   and q2, then the following sharp estimate holds 

|𝑤3 + 𝑞1𝑤1𝑤2 + 𝑞2𝑤1
2|  ≤ H  (𝑞1, 𝑞2) 
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 𝐻(𝑞1𝑞2) =

{
 
 
 
 

 
 
 
 

1  𝑓𝑜𝑟 (𝑞1, 𝑞2) ∈  𝐷1  ∪  𝐷2
|𝑞2| 𝑓𝑜𝑟(𝑞1, 𝑞2) ∈ ∪𝑘=3

7  𝐷𝐾  

2

3
(|𝑞1| + 1) (

|𝑞1|+1

3|𝑞1+1+𝑞2
)

1

2
𝑓𝑜𝑟 (𝑞1, 𝑞2) ∈  𝐷8 ∪ 𝐷9  

𝑞2

3
(
𝑞1
2−4

𝑞1
2−4𝑞2

) (
𝑞1
2−4

3(𝑞1−1
)

1

2
𝑓𝑜𝑟 (𝑞1, 𝑞2) ∈  𝐷10 ∪ 𝐷11~ {±2, }

2

3
(|𝑞1| − 1) (

|𝑞1|−1

3|𝑞1−1−𝑞2
)

1

2
𝑓𝑜𝑟 (𝑞1, 𝑞2) ∈  𝐷12 }

 
 
 
 

 
 
 
 

 

The extremal functions up to rotations are of the form w(z) = z
3

, w(z) = z 

𝑤(𝑧) = 𝑤0(𝑧) =  
(𝑧[(1 − 𝜆)𝜖2 + 𝜆𝜖1] −∈1∈2 𝑧

1 − [(1 − 𝜆) ∈1+ 𝜆 ∈2]𝑧
 

𝑤(𝑧) =  𝑤1(𝑧) =  
𝑧(𝑡1−𝑧)

1−𝑡1𝑧
    ,          𝑤(𝑧) = 𝑤2(𝑧) =  

𝑧(𝑡2+𝑍)

1+ 𝑡2𝑧
 

| ∈1|=| ∈2| = 1,  ∈1= 𝑡0 − 𝑒
−
𝑖𝜃0
2 (𝑎 ± 𝑏),

    
 𝑡 2 = −𝑒

−
𝜃0
2
 (𝑖𝑎 ± 𝑏) 

𝑎 = 𝑡0𝑐𝑜𝑠
𝜃0

2
 ,     𝑏 = √𝑖 − 𝑡0

2𝑠𝑖𝑛2
𝜃2

2
,        𝜆 =

𝑏±𝑎

2𝑏
 

𝑡0 = ( 
2𝑞2(𝑞1

2+2)−3𝑞2

3(𝑞2−1)(𝑞1
2−4𝑞2

 )

1

2
,   𝑡1 = ( 

|𝑞1|+1

3(|𝑞1|+ 1+𝑞2)
 )

1

2
 

𝑡2 = ( 
|𝑞2| − 1

3(|𝑞1| − 𝑞2)
 )

1
2

 

𝑐𝑜𝑠
𝜃0
2
=
𝑞1
2
( 
𝑞2(𝑞1

2 + 8) − 2(𝑞1
2 + 2)

2𝑞2(𝑞1
2 + 2) − 3𝑞1

2  ) 

The sets Dk  k = 1, 2, · · · , 12 are defined as follows 

D1  = { (q1, q2) : |q1 | ≤
1

2
, |q2| ≤ 1} 

 D2  ={ (q1, q2) : 
1

2

  
≤ |q1| ≤ 2, 

4

27

 
 
 
(|q1| + 1)

3 
− (|q1| + 1) ≤ q2  ≤ 1} 

D3  ={ (q1, q2) : |q1| ≤ 
1

2

  
,  q2  ≤ −1 } 

D4  ={ (q1, q2) : |q1| ≥
1

2
,  q2  ≤ −

2

3
 (|q1| + 1) } 

D5 ={ (q1, q2) : |q1| ≤ 2, q2 ≥ 1} 

D6  ={ (q1, q2) : 2 ≤ |q1 | ≤ 4,  q2  ≥ 
1

12

 
(𝑞1
2 

+ 8) }  

D7  = { (q1, q2) : |q1| ≥ 4,  q2  ≥
2

3

  
(|q1| − 1) } 

D8  ={ (q1, q2) :  
1

2

  
≤ |q1| ≤ 2,   −

2

3

 
(|q1| + 1) ≤ q2  ≤

4

27

 
(|q1| + 1)

3 
− (|q1| + 1) } 

D9  = {(𝑞1, 𝑞2):  |𝑞 −  1|  ≥  2,   −
2

3

 
(|𝑞1|  +  1) ≤  𝑞2  ≤

2|𝑞1| (|𝑞1| |+1

𝑞1
2+2|𝑞1|+4

 } 

D10  = {(𝑞1, 𝑞2):  2 ≤ |𝑞1| ≤ 4,
2|𝑞1| (|𝑞1| |+1

𝑞1
2+2|𝑞1|+4

   ≤ 𝑞2 ≤
1

12
(𝑞1

2 + 8)} 

D11  = {(𝑞1, 𝑞2):  |𝑞1| ≥ 4,
2|𝑞1| (|𝑞1| |+1

𝑞1
2+2|𝑞1|+4

   ≤ 𝑞2 ≤
2|𝑞1| (|𝑞1| |−1

𝑞1
2−2|𝑞1|+4

} 

D12  = {(𝑞1, 𝑞2):  |𝑞1| ≥ 4,
2|𝑞1| (|𝑞1| |−1

𝑞1
2+2|𝑞1|+4

   ≤ 𝑞2 ≤
2

3
(|𝑞1| − 1)} 

 

2.0 Main Results 

Theorem 2.1: 

Let g(z) be given by  (1.2) and 𝜑 (z) = 1 + B1z + B2z
2 

+ B3z
3 

+ · · · if g(z) ∈ 

Mb,p,α(𝜑) then for any real number µ 
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|𝑏𝑝+2 − µ𝑏𝑝+1
2 | ≤

{
 
 
 

 
 
 4𝑏𝑝

2𝐵1
𝜏𝛼

(
𝐵2
𝐵1
−
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼))  𝑖𝑓 𝜇 ≤ 𝜎1

4𝑏𝑝2𝐵1
𝜏𝛼

                   𝑖𝑓𝜎1 ≤  𝜇 ≤ 𝜎2,   

4𝑏𝑝2𝐵1
𝜏𝛼

(
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼 −

𝐵2
𝐵1
))  𝑖𝑓 𝜇 ≥ 𝜎2

}
 
 
 

 
 
 

                                                     (2.1) 

𝜎1 =
𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(
𝐵2

𝐵1
− 1 −

𝑏𝑝𝐵1𝜆𝛼

𝜂𝛼
2 ),    𝜎2 =

𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(
𝐵2

𝐵1
+ 1 −

𝑏𝑝𝐵1𝜆𝛼

𝜂𝛼
2 ), 

and  

𝜎3 =
𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(
𝐵2

𝐵1
−

𝑏𝑝2𝐵1𝜆𝛼

𝜂𝛼
2 ),                                                                     (2.2)  

The inequality (2.1) is sharp. Further the result is improved as follows if σ1  < µ ≤ σ3, then 

|𝑏𝑝+2 − µ𝑏𝑝+1
2 | +

𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(1 −

𝐵2

𝐵1
+

𝑏𝑝𝐵1

𝜂𝛼
2 (𝜇𝑝𝜏𝛼 + 𝜆𝛼) |𝑏𝑝+1|

2 ≤
4𝑏𝑝2𝐵1

𝜏𝛼
              (2.3) 

and also if σ3 ≤ µ < σ2, then 

|𝑏𝑝+2 − µ𝑏𝑝+1
2 | +

𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(1 +

𝐵2

𝐵1
+

𝑏𝑝𝐵1

𝜂𝛼
2 (𝜇𝑝𝜏𝛼 + 𝜆𝛼) |𝑏𝑝+1|

2 ≤
4𝑏𝑝2𝐵1

𝜏𝛼
              (2.4) 

Also by Lemma 2, we can write 

|𝑏𝑝+2 − µ𝑏𝑝+1
2 | ≤

4𝑏𝑝2𝐵1

𝜏𝛼
max {1, |

𝑏𝑝𝐵1

𝜂𝛼
2 (𝜇𝑝𝜏𝛼 + 𝜆𝛼) −

𝐵2

𝐵1
|} ,              (2.5) 

for any complex number µ. 

Furthermore, by Lemma 3 we have 

𝑏𝑝+3 =
8𝑏𝐵1𝑝

2

[(1 − 𝛼)𝑌 + 3𝛼𝑝]
{𝑤3 +  𝑞1𝑤1𝑤2 +  𝑞2𝑤1

3} 

Which becomes 

|𝑏𝑝+3| ≤
8𝑏𝐵1𝑝

2

[(1−𝛼)𝑌+3𝛼𝑝]
𝐻(𝑞1𝑞2),                                                                                                                           (2.6) 

such that H(𝑞1, 𝑞2) is as defined by Lemma 3, 

𝑞1 =
2𝐵2𝜏𝛼𝜂𝛼 − 𝑏𝑝𝐵1

2𝛾𝑘
𝛼)𝜂𝛼

2

𝜏𝛼𝜂𝛼
3𝐵1

 

And 

𝑞2 =
𝐵3𝜏𝛼𝜂𝛼

3 + [𝜆𝛼𝛾𝑘
𝛼 − ([1 − 𝛼]𝑘 + 𝛼𝑝3)𝜏𝛼]𝑏

2𝑝2𝐵1
3 − 𝑏𝑝𝐵1𝐵2 𝜂𝛼

2𝛾𝑘
𝛼

𝜏𝛼𝜂𝛼
3𝐵1

 

Where 

𝜆𝛼 = [𝑝3(1-α)+4p(1-α)+3(α-1)- α𝑝2], 𝜂𝛼 = [𝑝[1 − 𝑝(1 − 𝛼)] + 3(1 − 𝛼)],  
𝜏𝛼 = 2𝑝 + 4 − 4𝛼,            𝛾𝑘

𝛼 = [(1 − 𝛼)𝑘 − 3𝛼𝑝2] 
𝑘 = [(𝑝 + 1)2(𝑝2 + 𝑝 + 1)],     𝑘 = 𝑝3 − 8𝑝 − 8, 𝑌 = 2𝑝2 + 7𝑝 + 3 

 

Proof: 

If g(z) ∈  Mb,p,α(ϕ),  then there exist an analytic function 𝑤(𝑧)  =  𝑤1𝑧 + 

𝑤2𝑧
2 +  𝑤3𝑧

3 + · · · ∈  Ω such that 

[1 +
1

𝑏
(
1

𝑝

𝑧𝑔′(𝑧)

𝑔(𝑧)
− 1)]

𝛼

[1 −
1

𝑏
+
1

𝑏𝑝
(1 +

𝑧𝑔′′(𝑧)

𝑔′(𝑧)
− 1)]

1−𝛼

=  𝜑(𝑤(𝑧)).                                          (2.7) 

Expanding the left hand side of (2.7) binomially we have 

 

1 + (1 − 𝛼) [(
𝑏𝑝+1[(𝑝 + 2) − (𝑝 + 1)(𝑝 − 1)]

2𝑏𝑝2
)  𝑧    

+    (
𝑏𝑝+1
3 [(𝑝 + 1)(𝑃 − 1) − (𝑝 + 2)(𝑃 + 1)

4𝑏𝑝2
+ 
𝑏𝑝+2[(𝑝 + 2(𝑝 + 1) − (𝑝 + 2)(𝑝 − 1)

4𝑏𝑝2
 )  𝑧2   +  ]                       
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(
𝑏𝑝+1
3 [(𝑝 + 1)3(𝑃 − 1) + (𝑝 + 1)2(𝑃 + 2)

8𝑏𝑝4
 +    

𝑏𝑝+1 𝑏𝑝+2[2(𝑝 + 1)(𝑝 − 1) − (𝑝 + 1)
2(𝑝 + 2)]

8𝑏𝑝3
−    

𝑏𝑝+1 𝑏𝑝+2[(𝑝 + 2)
2]

8𝑏𝑝2

+ 
𝑏𝑝+3[(𝑝 + 3)(𝑝 − 1) + (𝑝 + 3)(𝑝 + 2)]

8𝑏𝑝2
 𝑧3 +⋯ 

+
(1 − 𝛼)(−𝛼)

2!
[+𝛼 [(

𝑏𝑝+1(𝑝 + 1)

2𝑏𝑝
−
𝑏𝑝+1

2𝑏
) 𝑧 + (

𝑏𝑝+1
2 − 𝑏𝑝+2

4𝑏
− 
𝑏𝑝+1
2 (𝑝 + 1)

4𝑏𝑝
 +
𝑏𝑝+2(𝑝 + 2)

4𝑏𝑝
 ) 𝑧2]]

+ (
𝑏𝑝+1𝑏𝑝+2

4𝑏
− 
𝑏𝑝+3 + 𝑏𝑝+1

3

8𝑏
+
𝑏𝑝+1
2 − 𝑏𝑝+1𝑏𝑝+2(𝑝 + 1)

8𝑏𝑝
 
𝑏𝑝+1𝑏𝑝+2

8𝑏𝑝
+
𝑏𝑝+3(𝑝 + 3)

8𝑏𝑝
) 𝑧3 +⋯ ) 

and on the right hand side 

𝜑(𝑤(𝑧) = 1 + 𝐵1(𝑤1𝑧 + 𝑤2𝑧
2 + 𝑤3𝑧

3 +⋯) + 𝐵2(𝑤1𝑧 + 𝑤2𝑧
2 + 𝑤3𝑧

3 +⋯)2 + 𝐵3(𝑤1𝑧 + 𝑤2𝑧
2 + 𝑤3𝑧

3 +⋯)3 

= 1 + 𝐵1𝑤1𝑧+(𝐵1𝑤2 + 𝐵1𝑤1
2)𝑧2 +(𝐵1𝑤3 + 2𝐵2𝑤1𝑤2+ 𝐵1𝑤1

3) 𝑧3 +⋯,                                                            (2.9) 
From (2.9) and (2.8), we have 
𝑏𝑝+1

2𝑏𝑝2
(1 − 𝛼)[(𝑝 + 2) − (𝑝 + 1)(𝑝 − 1)] + 𝛼[𝑝(𝑝 + 1) − 𝑝2]) =  𝐵1𝑤1 

Which implies 

𝑏𝑝+1 =
2𝑏𝑝2𝐵1𝑤1

[𝑝[1 − 𝑝(1 − 𝛼)] + 3(1 − 𝛼)]
                                                                                                                         (2.10) 

From (2.9) and (2.8) we also have  

𝑏𝑝+2 =
2𝑝 + 4 − 4𝛼

4𝑏𝑝2
[
𝐵1𝑤2𝑅𝛼

2 + 𝐵1𝑤1
2𝜂𝛼

2 − 𝑏𝑝𝐵1
2𝑤1

2[3𝑝(𝛼 − 1)𝜆𝛼 + 3(𝛼 − 1) − 𝛼𝑝
2

𝜂𝛼
2

]                               (2.11) 

And for the third coefficient we have 

𝑏𝑝+3 =
[(1 − 𝛼)𝑌 + 3𝛼𝑝]

8𝑏𝑝2
+
𝑏𝑝+1
2 [(1 − 𝛼)𝑘 + 𝛼𝑝3

8𝑏𝑝4
+ 
𝑏𝑝+1𝑏𝑝+2[(1 − 𝛼)𝑘 − 3𝛼𝑝

2

8𝑏𝑝3
= 𝐵1𝑤3 + 2𝐵2𝑤1𝑤2 + 𝐵3  

Further simplification gives  

𝑏𝑝+3 =
8𝑏𝑝2

[(1 − 𝛼)𝑌 + 3𝛼𝑝]
 [𝐵1𝑤3 +

2𝐵2𝜏𝛼𝜂𝛼 − 𝑏𝑝𝐵1
2𝛾𝑘

𝛼)𝜂𝛼
2𝑤1𝑤2

𝜏𝛼𝜂𝛼
3

+ 
𝐵3𝜏𝛼𝜂𝛼

3 + [𝜆𝛼𝛾𝑘
𝛼 − [(1 − 𝛼)𝑘 +  𝛼𝑝3]𝜏𝛼]𝑏

2𝑝2𝐵1
3 − 𝑏𝑝𝐵1𝐵2𝜂𝛼

2𝛾𝑘
𝛼

𝜏𝛼𝜂𝛼
3

]                             (2.12)  

From (2.10) and (2.11) we have that 

𝑏𝑝+2 − 𝜇𝑏𝑝+1
2 =

4𝑏𝑝2

𝜏𝛼
[ 
𝐵1𝑤2𝜂𝛼

2+𝐵2𝑤1
2𝜂𝛼

2−𝑏𝑝𝐵1
2𝑤1

2𝜆𝛼

𝜂𝛼
2 ]   −  

𝜇4𝑏2𝑝4𝐵1
2𝑤1

2

𝜂𝛼
2  -  

=
4𝑏𝑝2𝐵1
𝜏𝛼

[𝑤2 + (
𝐵2
𝐵1
−
𝑏𝑝𝐵1𝜆𝛼
𝜂𝛼
2

− 
𝜇𝑏𝑝2𝐵1𝜏𝛼

𝜂𝛼
2

)𝑤1
2], 

Thus 

𝑏𝑝+2 − 𝜇𝑏𝑝+1
2 =

4𝑏𝑝2𝐵1
𝜏𝛼

{𝑤2 − 𝑣𝑤1
2},                                                                                                                         (2.13) 

Where 

𝑣 =
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼) − 

𝐵2
𝐵1
                                                                                                                                        (2.14) 

If  𝑣 ≤ −1, 𝑡ℎ𝑒𝑛 
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼) −  

𝐵2
𝐵1
 ≤  −1, 

Which implies 

𝜇 ≤
𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(
𝐵2
𝐵1
− 1 −

𝑏𝑝𝐵1𝜆𝛼
𝜂𝛼
2

) = 𝜎1 

By application of Lemma 1, we have 

|𝑏𝑝+2 − 𝜇𝑏𝑝+1
2 | ≤

4𝑏𝑝2𝐵1
𝜏𝛼

(
𝐵2
𝐵1
−
𝑏𝑝𝐵1𝜆𝛼
𝜂𝛼
2

(𝜇𝑝𝜏𝛼 + 𝜆𝛼)) 

Next if 𝑣 ≥ 1 then we have, 
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼) −

𝐵2
𝐵1
≥ 1 
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Which implies  

𝜇 ≥
𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(
𝐵2
𝐵1
+ 1 −

𝑏𝑝𝐵1𝜆𝛼
𝜂𝛼
2

) = 𝜎2 

By lemma 1 we have 

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | ≤

4𝑏𝑝2𝐵1
𝜏𝛼

(
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼) −

𝐵2
𝐵1
) 

If −1 ≤ 𝑣 ≤ 1  then 

−1 <
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼) −

𝐵2
𝐵1
≤ 1, 

Which show by the application of Lemma 1 

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | ≤

4𝑏𝑝2𝐵1
𝜏𝛼

 

which is the second part of (2.1). 

The sharpness of the results is a direct consequence of Lemma 1. Furthermore when 𝜎1 <  µ <  𝜎2 the result can be improved as 

follows: 

if −1 <  𝑣 ≤  0, then 

−1 <
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼) −

𝐵2
𝐵1
≤ 0 

Which implies that 𝜎1 < 𝜇 ≤ 𝜎3 where  

𝜎3 =
𝜂𝛼
2

𝑏𝑝2𝐵1𝜏𝛼
(
𝐵2
𝐵1
−
𝑏𝑝𝐵1𝜆𝛼
𝜂𝛼
2

) 

By lemma 1, (2.13) and (2.14), we have 

𝜏𝛼
4𝑏𝑝2𝐵1

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | + (1 −

𝐵2
𝐵1
+
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼)) |𝑤1

2| ≤ 1, (2.15) 

From (2.10) and (2.15), we have 

𝜏𝛼
4𝑏𝑝2𝐵1

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | +  

𝜂2 ((1 −
𝐵2
𝐵1
+
𝑏𝑝𝐵1
𝜂𝛼
2 (𝜇𝑝𝜏𝛼 + 𝜆𝛼)))

4𝑏2𝑝4𝐵1
2 |𝑏𝑝+1|

2 ≤ 1, 

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | +

4𝑏𝑝2𝐵1
𝜏𝛼

(1 −
𝐵2
𝐵1
+
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼)) |𝑏𝑝+1|

2 ≤
4𝑏𝑝2𝐵1
𝜏𝛼

 

Further, if 0 ≤  𝑣 <  1, then 𝜎3 ≤  µ ≤  𝜎2 by Lemma 1 

𝜏𝛼
4𝑏𝑝2𝐵1

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | + (1 +

𝐵2
𝐵1
+
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼)) |𝑤1

2| ≤ 1 

Which becomes 

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | +

4𝑏𝑝2𝐵1
𝜏𝛼

(1 +
𝐵2
𝐵1
+
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼)) |𝑏𝑝+1|

2 ≤
4𝑏𝑝2𝐵1
𝜏𝛼

 

By lemma 2, we can write 

|𝑏𝑝+2 −  𝜇𝑏𝑝+1
2 | ≤

4𝑏𝑝2𝐵1
𝜏𝛼

𝑀𝑎𝑥 {1, |
𝑏𝑝𝐵1
𝜂𝛼
2
(𝜇𝑝𝜏𝛼 + 𝜆𝛼) −

𝐵2
𝐵1
|} 

For any complex number 𝜇 

By Lemma 3, (2.12) becomes  

𝑏𝑝+3 =
8𝑏𝐵1𝑝

2

[(1 − 𝛼)𝑌 + 3𝛼𝑝]
{𝑤3 + 𝑞`1𝑤1𝑤2 + 𝑞2𝑤1

3} 

And further written as 

|𝑏𝑝+3| ≤
8𝑏𝐵1𝑝

2

[(1 − 𝛼)𝑌 + 3𝛼𝑝]
𝐻(𝑞1𝑞2), 

Where 

𝑞1 =
(2𝐵2𝜏𝛼𝜂𝛼 − 𝑏𝑝𝐵1

2𝛾𝑘
𝛼)𝜂𝛼

2

𝜏𝛼𝜂𝛼
3𝐵1
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And 

𝑞2 =
𝐵3𝜏𝛼𝜂𝛼

3 + [𝜆𝛼𝛾𝑘
𝛼 − (1 − 𝛼]𝑘 + 𝛼𝑝3)𝜏𝛼]𝑏

2𝑝2𝐵1
3 − 𝑏𝑝𝐵1𝐵2𝜂𝛼

2𝛾𝑘
𝛼

𝜏𝛼𝜂𝛼
3𝐵1
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