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Abstract 
 

Fish populations are becoming increasingly limited, catches are declining 

due to overexploitation and extinction of fish biomass as a result of difficult 

sustainability of fish stock. The aim of the research is to determine an 

optimal harvesting strategy which fulfills the economic objective of the 

harvester while maintaining the population density of the fish species over a 

prespecified threshold values throughout the harvest. To achieve that, the 

research developed a modified version of a bioeconomic model for Prey-

Predator interaction in Polluted Environment with Constant Harvesting by 

incorporating reserve zones. Maximum Sustainable Yield (MSY) and 

coexistence equilibrium points of both Tilapia and Nile perch are 

determined. The study revealed that, migration rate beyond 0.7 = has no 

impact whatsoever on the MSY and coexistence equilibrium point of the 

Tilapia and Nile perch. Similarly, the study revealed that the optimal 

economic rent of Tilapia and Nile perch species in unreserve zone increases 

with varied migration rate. Thus, the study recommends creation of reserve 

zones for efficient control of overexploitation and extinction of fish biomass 

in both reserve and unreserve zones and Migration rate at 0.7 = should be 

kept. 
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1.0     Introduction 
Fish is one of the major and healthiest sources of protein to human beings; not only that, it does provide man with 

employment, business opportunities, and recreational activities among other things. According to [1] tilapia fish farming has 

been an important source of protein of the world and it is well suited for farming, since they are fast growing and hardy. 

Many developing countries such as Nigeria evolved seriously engages its citizens in the fishing venture. In 2015, the Fishing 

industry in Nigeria contributed 3.5% to the national GDP contended by National Bureau of Statistics [2].Though, fish 

biomass has been considered globally to decline due to intensive  

harvesting, water pollution, and Predatory effects among the species of fish[3,4]. These lead to the phenomenon of 

overexploitation and extinction of fish stock.  
In an attempt to provide better control strategies to curb the menace of overexploitation and extinction of fish stock, 

successful researchesresults are in the following studies:[4-21]. 

In this paper we modified the model due to [4] by incorporating reserve zones, natural death rate and Maximum Economic 

Yield (MEY). Our aim is to study the impact of reserve zones on Maximum Sustainable Yield (MSY), Maximum Economic 

Yield (MEY), and optimal economic rent of the model 

 

2.0 Materials and Methods 

The total populations of the fish species in our model is subdivided into four compartments (see Figure 1).  We presented the 

model variables in Table 1 and parameters in Table 2. 
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Table 1: Model Variables and their Description 

Symbol Descriptions 

( )x t  Number of Tilapia perch in unreserve zone at time t  

( )y t  Number of Nile perch in unreserve zone at time t  

( )Rx t  Number of Tilapia perch in reserve zone at time t  

( )Ry t  Number of Nile perch in reserve zone at time t  

( )TE t  Economic rent for Tilapia perch populations at time t  

( )NE t  Economic rent for Nile perch populations at time t  

Table 2: Model Parameters and their Description  

Symbol Descriptions 

1  Intrinsic growth rate of Tilapia perch in the unreserve zone 

2  Intrinsic growth rate of Nile perch in the unreserve zone 

3  Intrinsic growth rate of Tilapia perch in the reserve zone 

4  Intrinsic growth rate of Nile perch in the reserve zone 

1k  Environmental carrying capacity for Tilapia perch in the unreserve zone 

2k  Environmental carrying capacity for Nile perch in the unreserve zone 

3k  Environmental carrying capacity for Tilapia perch in the reserve zone 

4k  Environmental carrying capacity for Nile perch in the reserve zone 

1  The maximal relative increase of predation 

2  
Conversion factor from Prey to Predator 

A  Saturation constant 

1d  Death rate of Tilapia perch due to water pollution 

2d  Death rate of Nile perch due to water pollution 

1q  Catchability coefficient for Tilapia perch 

2q  Catchability coefficient for Nile perch 

1  Stiffness parameter for Tilapia perch 

2  Stiffness parameter for Nile perch 

1p  Constant price per unit biomass for Tilapia perch 

2p  Constant price per unit biomass for Nile perch 

1c  Constant cost per unit biomass for Tilapia perch 

2c  Constant cost per unit biomass for Nile perch 

1  Migration rate of Tilapia perch from reserve to unreserve zone 

2  Migration rate of Nile perch from reserve to unreserve zone 

1  Natural death rate of Tilapia perch in unreserve zone 

2  Natural death rate of Nile perch in unreserve zone 

3  Natural death rate of Tilapia perch in reserve zone 

4  Natural death rate of Nile perch in reserve zone 

1E  Harvesting effort for Tilapia perch 

2E  Harvesting effort for Nile perch 
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2.1 Model Assumption 

Assumptions of the model is given as follows:  

i.populations of Tilapia perch and Nile perch subdivided into reserve and unreserve zones; 

ii.migration is consider from reserve zone to unreserve zone ; 

iii.we assumed that water in the reserve zones to be free form  pollution;  

iv.it is assumed that in each zone the population is homogeneous 

v.natural death rate in unreserve zone is relatively greater than that of reserve zone 

vi.For simplicity, it is assumed that the growth rate of Tilapia perch is relatively greater than that of Nile perch in unreserved 

zone, while both Tilapia and Nile perch to have equal growth rate in reserve zone. 

 
 
 
 
 
 
 
 
 

 

 

 

 

Figure 1: Flow Diagram for the Model 
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3.0 Results 

In this section we present the analyticaland Numerical results obtained in this work 

3.1 Coexistence Equilibrium Point of the Model  

In this section, we were able to establish the coexistence equilibrium point of the model equations in ( )1 - ( )6 as given 

below 
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3.2 Maximum Sustainable Yield (MSY) Points and Maximum Economic Yield (MEY) Point of 

 the Model and Conditions for Existence. 

The right hand side (RHS) of the model equation ( )1  could be viewed as sum of function ( )f x , ( , )F x y , and ( )Rf x . We 

have       

( ) ( ) ( , ) ( )Rx t f x F x y f x= + +         (9) 

Such that 
0,

( )
0,

msy

msy

x x
f x

x x

 
 

= =

       (10) 

Note that: Maximum Sustainable Yield (for single stock) 
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In order to get the positive value of
msyx , the following condition must be satisfied 

1 1 1 1 1d q E  + +          ( )14  

Condition ( )14 suggests that the intrinsic growth rate of Tilapia perch in unreserve zone must exceed the sum of death rate 

of Tilapia perch due to water pollution, Natural death rate and harvesting rate of Tilapia perch; otherwise Tilapia specie in 

unreserve zone will go extinction. 

Similarly, The right hand side (RHS) of the model equation ( )2  could be viewed as a functional sum of ( )g x , ( , )G x y , 

and ( )Rg x . We have      
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In order to get the positive value of
msyy , the following condition must be satisfied 

2 2 2 2 2d q E  + +          ( )16  

Condition ( )16 suggests that the intrinsic growth rate of Nile perch in unreserve zone must exceed the sum of death rate of 

Nile perch due to water pollution, Natural death rate and harvesting rate of Nile perch; otherwise Nile perch specie in 

unreserve zone will go extinction. 

By the same token, the right hand side (RHS) of the model equation ( )3  could be viewed as a function of ( )Rh x . We have   
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In order to get the positive value of
( )R msyx , the following condition must be satisfied 

3 1 3   +           ( )18  

Condition ( )19 suggests that the intrinsic growth rate of Tilapia perch in reserve zone must exceed the sum of migration 

rate of Tilapia perch from reserve to unreserve zone and Natural death rate of Tilapia perch in reserve zone; otherwise Tilapia 

perch specie in the reserve zone will go extinction. 

In the same way, the right hand side (RHS) of the model equation ( )4  could be viewed as a function of ( )Rl y . We have 
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In order to get the positive value of
( )R msyy , the following condition must be satisfied 

4 2 4   +           ( )20  

Condition ( )20 suggests that the intrinsic growth rate of Nile perch in reserve zone must exceed the sum of migration rate of 

Nile perch from reserve to unreserve zone and Natural death rate of Nile perch in reserve zone; otherwise Nile perch specie in 

reserve zone will go extinction. 

Proposition 3.2.1 

The existence of MSY points for Tilapia and Nile perch in both reserve and unreserve zone must satisfied conditions in ( )14

, ( )16 , ( )18  and ( )20 respectively. 

3.3 The Maximum Economic Yield Point and its Conditions for Existence     

Gordon’s model established that the net revenue (Sustainable Economic Rent) derived from fishing as a function of Total 

Sustainable Rent (TSR) and Total Costs (TC) is given by 

Sustainable Economic Rent=TSR TC−  

1
qE

SER pqkE cE


 
= − − 

 
        ( )21  

From equation ( )21 , the maximum Sustainable Economic Rent occurs at fishing effort is 

( )
1

2
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d SER c
E

dE q pqk
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       ( )22  

In order to get the positive value of
MEYE , the following condition must be satisfied  
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c
qk

p
           ( )23  

Proposition 3.3.1: The existence of MEY points for both Tilapia and Nile perch must satisfied the condition in ( )23 . It 

suggests that the fishing cost price ratio is less than the product of effort exerted and the carrying capacity, such that fish 

resources could be exploited. 

3.4 Numerical Results  
In this section, we present the numerical results of the model by establishing the equilibrium points, Maximum Sustainable 

Yield, Maximum Economic Yield and Optimal economic rent of the model. We used the baseline values for the variables and 

parameters as in Table 3 for computed results. We also computed the impact of reserve zones on MSY, coexistence 

equilibrium point and optimal economic rent with varied migration rate from reserve to unreserve zones (see table 4-5). In 

addition, the computed results for MEY at equilibrium effort is presented in Table 6. 

Table 3: The baseline value for Variables and Parameters for the Model for Prey-Predator Interaction in Polluted 

Environment with Constant Harvesting Strategy and Reserve Zones 
Parameter Value Source 

 

1  
0.80                        [4] 

2  
0.65 [4] 

3  
0.90 Assumed 

4  
0.90 Assumed 

1k  
600000                       [4] 

2k  
500000                       [4] 

3k  
600000                       [4] 

4k  
500000                       [4] 

1  
0.000005                       [4] 

2  
0.000003                       [4] 

A  60000                       [4] 

1d  
0.2                       [4] 

2d  
0.2                       [4] 

 

 

 

 

 

 

Table 4: Computed Results of the Impact of Reserve Zone on Maximum Sustainable Yield and Coexistence equilibrium 

point of the Fish Species with varied Migration Rate from Reserve to Unreserve Zone  

Change in Migration Rate 
( ) ( )( , , , )msy msy R msy R msyx y x y  

* * * *( , , , )R Rx y x y  

 

0.5 

 

(150000,96153,100000,100000)  
 

(133333,59524,200000,166667)  

0.6 (150000,96153,666667,666667)  (133333,59524,133333,111111)  

0.7 (150000,96153,33333,33333)  (133333,59524,66667,55556)  

0.8 (150000,96153,0,0)  (133333,59524,0,0)  

0.9 (150000,96153,0,0)  (133333,59524,0,0)  

1 (150000,96153,0,0)  (133333,59524,0,0)  
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Continuation of table 3 

1q  
0.000005                       [4] 

2q  
0.000012                       [4] 

1  

0.1                       [4] 

2  
0.12                       [4] 

1p  
750                       [4] 

2p  
700                       [4] 

1c  
500 Assumed 

2c  
500 Assumed 

1  
0.5 Assumed 

2  
0.5 Assumed 

1  
0.2 Assumed 

2  
0.2 Assumed 

3  
0.1 Assumed 

4  
0.1 Assumed 

1E
 

1.20                       [4] 

2E
 

1.50 [4] 
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Table 5: Computed Results of the Impact of Reserve Zone on Optimal Economic Rent of the Fish Species with varied 

Migration Rate from Reserve to Unreserve Zone  

Change in migration rate *

TE  
*

NE  

0.5 20,000,115,591 66,754,772,177 

0.6 24,000,115,591 80,105,669,726 

0.7 28,000,116,697 93,456,567,276 

0.8 32,000,115,591 106,807,464,825 

0.9 36,000,114,485 120,158,362,374 

1 40,000,116,144 133,509,254,607 

 

Table 6: Computed Results for Gordon-Schaefer Economic model Using of Parameter Values as Provided in Table 3 

Specie 
MEYE  MSYE  BEE  

Tilapia perch 62,222 80,000 124,444 

Nile perch 23,359 27,083 47,718 

 

4.0 Discussion 
In the computed results of the model in the presence of reserve zone, with varied migration rate at Maximum Sustainable 

Yield point and coexistence equilibrium points of the fish species in the unreserve zone changes respectively. Harvesting is 

restricted in the reserve zone we no longer need threshold values to control harvesting. As such, add third coordinate to the 

first coordinate and fourth to the second coordinate in both MSY and coexistence equilibrium points. Migration rate beyond 

0.7 in both MSY and coexistence equilibrium points is similar to migration rate at 0.5 (see Table 4). Equivalently in the 

computed results, increasing migration rate contemporaneously increases optimal economic rentof Tilapia and Nile perch 

species in the unreserve zone (see Table 5).The study revealed that, migration rate beyond 0.7 has no impact whatsoever on 

the MSY and coexistence equilibrium point of the fish species. Thus, optimal economic rentof Tilapia and Nile perch species 

in unreserve zone is attain at migration rate 0.7. 

In this work, we computed the equilibrium effort at MEY, MSY, and Bionomic equilibrium as provided in Table 6. The study 

revealed that, BEE E meaning that the fishery is more profitable and hence in an open access fishery, it would attract more 

and more fishermen. As such, it has an increasing effect on harvesting effort. Therefore, in as much as the harvesting effort 

increases as the results of invariably influx of fishermen; then, Both MSY and MEY declines. [20]contended that, the 

situation of BEE E cannot be maintained indefinitely. That contention quite agrees with our results which revealed that as 

the unreserve zone receives spillover from the reserve zone with varied migration rate; then, there would be an increase in 

optimal economic effort portrayed the influx of fishermen. Nonetheless, by reason of high harvesting pressure from the 

fishermen; it adversely affect the change from BEE E  to BEE E  (i.e Sustainable economic rent is negative) meaning 

that some fisheries are losing money and therefore drops out of market, thus decreasing total harvesting effort. 

 

5.0 Conclusion 

A model due to [4] have been improved, proposed and studied. We establishing the coexistence equilibrium point of the 

improved model. Computed results of the impact of reserve zone on MSY and coexistence equilibrium points are presented 

in Table 4.  We also computed results of the impact of reserve zone on optimal economic rents presented in Table 5. 

Similarly, we computed the equilibrium effort at MEY, MSY, and Bionomic equilibrium as provided in Table 6. 

The computed results of impact of reserve zone on optimal economic rents, show that with varied migration rateincreases the 

optimaleconomic rent of both fish species. However, this alters MSY, and coexistence equilibrium points of both fish species 

in the unreserve zones. In fact, migration rate beyond 0.7 provide similar value toMSY, and coexistence equilibrium points of 

the Tilapia and Nile perch species in reserve zone. The study however suggested that, migration rate at 0.7 should be 

sustained in the reserve zone in order to prevent resurfacing of overexploitation and extinction of fish stock. 

 

6.0 Recommendation 

We recommend the creation of reserve zones to both private and public fishing industries. Nevertheless, in order to prevent 

intensive harvesting efforts which obviously causes overexploitation and extinction of fish biomass; therefore 0.7 = as 

migration rate should be retain. 
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