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Abstract

In this paper, flow due to oscillatory movement of one of the plate is
considered in horizontal parallel plates embedded in porous medium.
Brinkman- extended- Darcy equation was utilized to model the flow. Laplace
transform technique was utilized to obtain solutions describing the flow at
small and large values of time for steady and transient flows. A special case
when the value of Da — o is presented.
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1.0 Introduction

The study on oscillating fluid flow exists in many practical applications. Example of the applications is acoustic streaming
around an oscillating body [1].In [2] the problem is termed viscous fluid flow caused by oscillation of flat plate as Stoke’s
second problem. Penton [3] presented solution of transient flow due to the oscillation of plate, and the large times steady
state flow is set up with the same frequency of plane boundary. The starting solution is obtained from the addition of transient
solution to steady solution, since the problem is linear.

Recently, Singh [4] studied generalized Couette flow of two viscous, incompressible, immiscible fluids with heat transfer in
presence of heat source through two straight parallel horizontal walls. The lower wall is bounded below, by a naturally
permeable material of high porosity and the flow inside the porous medium is assumed to be of moderate permeability,
modeled by Brinkman equation.

In addition, Pantokratoras[5] studied the steady laminar flow in afluid-saturated porous medium channel bounded by two
parallel plates withconstant but unequal temperatures. One plate is moving with constantvelocity while the other is stationary
using Brinkman-Darcy—Forchheimer model. Jaballah et al [6] studied the numerical simulation of the heat transfer and the
mixed convection of an incompressible fluid filling a horizontal channel where some porous blocks are intermittently inserted
in transverse to the channel axis. Eldabe et al [7] analyzed the steady magneto hydrodynamicflow of an incompressible
electrically conducting visco-elasticfluidthrough a porousmedium between two porous parallel plates under the influence of a
transverse magnetic field using Brinkman-Forchheimer extension of Darcy's momentum equation for flow. Jain et al [8]
studied Couette flow through a highly porous medium between two horizontal parallel porous flat plates with transverse
sinusoidal injection of the fluid at the stationary plate and its corresponding removal by constant suction through the plate in
uniform motion has been analyzed.

Similarly, Fang [9] presented unsteady and steady velocity profiles for an incompressible Couette flow with mass transfer in
simple horizontal channel. They discussed and solved the steady state temperature. Also they discussed and solved the steady
state temperature. Similarly, Fang [10] presented pressure-driven unsteady and steady velocity profiles for an incompressible
Couette flow with mass transfer in a simple horizontal channel. Das [11] studied and presented effect of suction and injection
on MHD three dimensional Couette flow and heat transfer through a porous medium. Sharma [12] studied unsteady free
convection oscillatory Couette flow through a porous medium with periodic wall temperature.

Erdogan [13] recently, studied fluid flow due to moving boundary in its own plane. Sinusoidal variation of the velocity was
considered. The time required to attain steady flows for the cosine oscillation of the boundary is one-half cycle and it was
observed that for sine oscillation it is a full cycle.Other studies carried out recently among many others in porous media are
[14] and [15]. So far no study is presented for oscillatory Couette flowin horizontal channel embedded in porous medium.
Hence the present study.
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2.0  Governing Equation

A horizontal channel filled with uniform porous material between y=0 and y=h is considered. At y=0 the wall is initially
oscillatory moving. The governing equation in non dimensional form is

R &)

at dy? Da

where u(y, t) is the velocity, y viscosity of the fluid, y is the coordinate and t is the time. The initial and boundary conditions
are

t<0: u=0forally

t>0:u=exp(iwt)aty =0 2

u=0 aty=H

The non dimensional parameters used in the governing equation and conditions are defined as:

uz%,Tzwt,yzy’@,th\@,D

Solution
In order to obtain analytical solution at small and large times, Laplace transform technique is utilized. The Laplace transform
of u is defined by

u =fue‘“dt

0
Therefore the equation and the conditions take the form:

d?u _ 1) -
o= (5507 “)
S<0:u=0forally

5>0:L‘L=$aty=0 ®)
u=0aty=H

The solution of the differential equation (4) subject to the boundary condition (5) is

_ 1 EXP(_ZH\/%> ’ 1 1 1 , 1
u= _(STi)[l_exp (_ZH\/%) exp <y S+ E) + o) o <_2H\/%) exp (_y S+ E) (6)

Where i =+v-1

Taking the Laplace inverse of the equation (6) utilizing shifting and convolution theorems of the Laplace transform [16]

u(y,T) = éexp((i-ki)T)Zf{’:O[exp(ay /L'+D1—a>erfc<%+ /(i+i)T>+exp<—a ’i+D1>erfc<—— ,( i+ )T>
exp<by /L'+D1>erfc<2\/_ ’(L-}- )T)—exp( b /i+D1>erfc< 3_ }( +—)T>] @)

Where erfc(x + iy)the complementary error is function of the complex argument given by erfc(x +iy) =1 —erf (x +
iy) and erf (x + iy)is error function[13].
Atlarge Ti.e T - o

erf %4—\/: L+— \/W_)O

y T :
o ﬁﬁ _(1+D_a)£ .
us(y, T) = exp(iT) X [exp (a;v, fi+ —) ~ exp (-b\/ i+ —>] ®)

Therefore transient solution can be calculated using

w7 =u@T) —u»,T) 9)

Taking the real part of egn. (7) and (8) gives the initial and periodic Couette motion due to Cos (T), the transient solution in
initial periodic is
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u(y, T) = %exp(iT) Yo [exp (ay ’(i + i)) erf (%+ ’(i + Dl—a)T> —exp <by ’i + i) erf <%+ ’(i + Dl—a)T) +
exp <—ay ’i + i) {erf <% - ’(i + Dl—a)T> - 2} —exp (—by ’i + i) {erf (% - ’(i + Dl—u)T> - 2}] (10)

Taking the imaginary part of egn. (7) and (8) gives the initial and periodic Couette motion due to sin (T), the transient
solution in initial periodic is

u:(y,T) =%exp (i+D1—a)T)ZZ’=O [exp <ay ’i+£> erf <%+ (i+i) T)—exp <by ’H‘i) erf <%+ (H'i)T)_
exp<—a ’i+D1—a>erf( (i+D1—a)T—%>+exp<—b ,i+D1—a>erf< /(i+£)T—%>] (11)

Where a =2nH+y and b=2nH+2H -y

MATLAB is then utilized to study the effects of parameters involved in oscillatory Couette flow. The transient solution is
initially periodically oscillatory Couette flow with sine or cosine oscillation. In figure 1 variation of the velocity with porous
material for sine oscillation is depicted. It is noted that the velocity decreases periodically and became steady at large time.
Similarly, variation of velocity for cosine oscillation is depicted in figure 2. Here it is noted that velocity increases
periodically and became steady at large time.
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Figure 1: Variation of the Velocity for sine Couette Figure 2: Variation of the velocity for cosine Couette
oscillation with porous material oscillation with porous material

PARTICULAR CASE Da —» «

The governing equation in non dimensional form when Da — o is
du _ 9%u

ot ay?

With the initial and boundary conditions as

t<0: u=0forally

t>0:u=exp(iwt)aty =0 (13)
u=0 aty=H

1 - a a
u(y, T) = zexp(iT) exp(ayﬁ) erfc|—=+ViT ) + exp(—a\/f) erfc|——=+ViT
LS o) (o 7)

(12)

VT VT
— exp(byVi) erfc (% + \/l_T) — exp(=bVi) erfc (zbﬁ - \/l_T)]
2VT
erf (% + \/ﬁ) -2
us(y, T) = exp(iT) Xio[exp(ayVi) — exp(=bVi)] (14)

Therefore transient solutions are calculated using Eqgs (9). In figure 3variation of the velocity for sine oscillation is depicted.
It is noted that the velocity decreases periodically and became steady at large time. Similarly, variation of velocity for cosine
oscillation is depicted in figure 4. Here it is noted that velocity increases periodically and became steady at large time.

In both figures 3 and 4, it can be noticed that in comparison with figure 1 and 2, the flow is strongly dependent on the
oscillatory movement of the plate and porous material.
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Figure 3: Variation of the velocity for sine Couette oscillation Figure 4: Variation of the velocity for cosine Couette

3.0

oscillation
Conclusion

Oscillatory Couette flow of viscous fluid in horizontal channel filled with uniform porous material was presented. Laplace
transform technique was utilized to present transient and steady solution at small and large times. A special case Da — o is
considered. It is found that the porous material and oscillatory movement of the plate are strongly affecting the flow in the

channel

4.0
[1]
[2.]
[3.]

[4.]

[5.]

[6.]

[7.]

[8]

[9]

[10.]
[11.]
[12]
[13.]
[14.]
[15.]

[16.]

Reference

N. Tokuda, (1968) on the impulsive motion of a flat plate in a viscous fluid, J. Fluid Mech. 33, 657-672H.
Schliching (1968) Boundary Layer Theory, sixth ed. McGraw-Hill, New York

R. Penton (1968) The transient for Stokes oscillating plane: a solution in terms of tabulated functions, J. Fluid Mech.
31, 819-825.

Singh, A. K., Singh, A. K., & Singh, N. P., (2004) Generalized Couette flow of two immiscible viscous fluids with
heat transfer using brinkman model. Heat and Mass Transfer/Waerme- Und Stoffuebertragung, vol. 40(6-7), pp.
517-523.

Pantokratoras, A., (2007) Fully developed Couette flow of three fluids with variable thermo physical properties
flowing through a porous medium channel heated asymmetrically with large temperature differences. Journal of
Heat Transfer, vol. 129 (12), pp. 1742-1747.

Jaballah, S., Bennacer, R., Sammouda, H., & Belghith, A., (2008) Numerical simulation of mixed convection in a
channel irregularly heated and partially filled with a porous medium. Journal of Porous Media, vol. 11(3), pp. 247-
257.

Eldabe, N. T. M., & Sallam, S. N., (2005) Non-Darcy Couette flow through a porous medium of
magnetohydrodynamic visco-elastic fluid with heat and mass transfer. Canadian Journal of Physics, vol. 83(12), pp.
1241-1263.

Jain, N. C., Gupta, P., & Sharma, B., (2006) Three dimensional Couette flow with transpiration cooling through
porous medium in slip flow regime. Modeling, Measurement and Control B, vol. 75(5-6), pp. 33-52.

Fang, T. (2004)A note on the Incompressible Couette flow with Porous walls, Int. Comm. Heat Mass Transfer 31(1),
31-41.

Fang, T. (2004) Further discussion on the Incompressible Pressure-driven flow in a channel with Porous walls, Int.
Comm. Heat Mass Transfer 31(4), 487-500.

Das S. S. (2009)Effect of suction and injection on MHD three dimensional Couette flow and heat transfer through a
porous medium. Journal of Naval Architecture and Marine Engineering.6, 41-51

Sharma P. K. (2007) unsteady free convection oscillatory Couette flow through a porous medium with periodic wall
temperature. Tamkang Journal of Mathematics, 38(1), 93-102.

M.E. Erdogan (2000) A note on an unsteady flow of a viscous fluid due to an oscillating plane wall, Int. J. of Non-
linear Mechanics 35, 1-6

Basant K.J. and Kaurangini M.L. (2009) some exact solutions of boundary layer flow in porous media-1 ABACUS
(Journal of mathematical association of Nigeria) Vol. 36, No 2, pp.157-161.

Basant K. Jha and M.L.Kaurangini (2010) Some exact solutions of boundary layer flow in porous media Il, Journal
of Physical Sciences and Innovation Vol. 2,pp. 71-75, September.

Ross S. L. (2004) Differential Equations, third ed. John Wiley and Sons, Singapore.

Transactions of the Nigerian Association of Mathematical Physics Volume 3, (January, 2017), 251 — 254
254



