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Abstract

In this work we developed and analyze a Mathematical Model for the Spread
and Control of Lassa Fever using Quarantine Technique. The model is a
first order Ordinary Differential Equations, in which the human population
is divided into six mutually- exclusive compartments namely; Susceptible
Individuals (S, ) , Susceptible vector (S,) , Infected Human (I,) ,

Quarantine Human (Q,) , Recovered Human (R,) and Infected Vector
(ly) . The equilibrium states were obtained and their stabilities were

analyzed by using Bellman and Cooke’s theorem. The result shows that the
endemic equilibrium state is stable and the criteria for stability of the disease
free equilibrium state were established. Also, this is the first time a
quarantine compartment will be incorporated into a vector borne dynamical
model for Lassa fever.

Keywords: Disease Free Equilibrium, Endemic Equilibrium, Lassa Fever, Bellman and Cooke’s theorem,
Quarantine.

1.0 Introduction

Lassa fever is a viral disease, with possibility of transmission from an infected animal to a human; it can also be transmitted
from individual to individual. The virus attacks the liver, kidney, nervous system and spleen, causing them to bleed. It was
first discovered in the town of Lassa in 1969 in Borno State, Nigeria in the Yedseran river valley near south end of Lake
Chad [1]. It takes between one to three weeks for the symptoms of Lassa fever to show up [2]. A rat that is common in
endemic areas, known as Mastomys natalensis is the real host of the infection [3]. Human can be infected with this infection
once they eat foods that contain saliva, excreta or urine of the hosted Lassa virus rat. Lassa fever is a disease that often occurs
in the dry season because dust particles from dead rats that carry this virus are more mobile making it easy to inhale. The
fever is caused by Lassa virus which belongs to the arena virus family [4]. People with greatest chance of acquiring the
infection are the people living in the rural areas where the Mastomys are living [5].

Lassa fever is endemic in some countries like Nigeria, Sierra Leone, Liberia, Guinea etc. It affects nearly 2 to 3 million
individuals with about 5000-10,000 fatalities yearly [6]. As at 22" March 2012, approximately 623 cases including 70 deaths
were recorded from 19 states out of the 36 states in Nigeria with Edo and Taraba having the highest number of deaths. In
some patients neurological problems, including hearing loss (which may be transient or permanent) and tremors have been
described [7].

Lassa fever can be transmitted from infected rat to human and also from human to human. Lassa fever is a deadly disease that
is ravaging some West African countries including Nigeria with case fatality of approximately 5000-10,000 death occurring
annually. It takes about 2 to 21 days for the symptoms to show up and some of the symptoms include cough, vomiting, facial
swelling, diarrhea, chest pain and among others [2]. Lassa fever is a neglected tropical disease. Very few articles on
mathematical modelling of Lassa fever can be found especially on modelling of its control. Hence, in this work we seek to
describe the dynamics of the disease, formulate a mathematical model of the spread and control of the disease, obtain the
stationary points of the model and perform stability analysis on the points.

Following the method adopted by Lagos State Government, it became very important to study the method mathematically
when considering the success registered during the Ebola Saga. Since Ebola and Lassa are similar, applying a similar method
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of prevention is worth studying. Hence, it is hoped that the study of the disease mathematically will serve as information and
planning template to government officials, public health officers, and administrators.

Mathematicians and Epidemiologists have tried over the years to describe infectious diseases mathematically. Several authors
[8-13] have developed mathematical models to study dynamics or transmission of diseases, to access the disease’s spread,
and more importantly, to understand different ways to prevent epidemics, optimal control strategies via behavioural change,
vaccination, treatment, quarantine and other measure.

Also, some authors have attempted to describe the dynamics of Lassa fever mathematical; for example a Susceptible-
Infected-Susceptible model was developed and analyzed for the transmission of Lassa fever disease for stability [14], also
another researchers developed and analyzed a SIR model for controlling Lassa fever transmission in Edo state, Nigeria [15]
and lastly, a sensitivity analysis was carried out on a Lassa fever deterministic mathematical model by another group of
researchers [16]. But none of the authors put into consideration the importance of quarantine as a control strategy.

2.0 Materials and Methods
2.1 Mathematical Formulation
Here, we divide the population into six mutually- exclusive compartments namely; Susceptible Human (S, ), Susceptible

vector (S, ) , Infected Human (I, ), Quarantine Human (Q ) , Recovered Human (R ) and Infected Vector (I, )

The model parameters to be incorporated include; recruitment rate of human due to natural birth and immigration ( A ),
contact rate between infected vector and susceptible human ( S, ), contact rate between infected human and susceptible
vector (4, ). Natural death rate of human ( &), the rate at which quarantine human becomes susceptible ( p;), the rate at
which recovered human becomes susceptible ( p, ). The rate at which infectious individuals leave the compartment for the

quarantine compartment (o ), removal rate from quarantine compartment ( £ ) to recovered compartment, removal rate from
infectious compartment () to recovered compartment, death due to infection for infection compartment ( z4 ), death due to

infection for quarantine compartment ( z, ), recruitment rate of vector ( A, ) and death rate of vector due to natural causes or

accident. The flow diagram is presented blow (figl) in which the circles represent the different compartments and the arrows
represent the transition between the compartments.

)u Ay

Fig 1: a schematic diagram of the model equations

2.2 Model Assumptions

The population of the susceptible human (S, ) increases through the recruitment of individuals into the population at a rate
A, as recovered and quarantine humans become susceptible at a rate p, and p; respectively. The population decreases as
susceptible human move into the infectious compartment (1) via interaction between the susceptible human (S, ) and
infected vector (1, ) atarate S, and natural death of human at a rate x .
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The population of the infected human (1) increases as the susceptible human move into the infected human compartment
via interaction between the susceptible human and infected vector 1, at a rate S, ; and decreases as infected human move
into the recovered class due to treatment at a rate y, move into the quarantine class at a rate ¢, natural death rate x and
death due to Lassa fever infection at a rate 14, .

The population of the recovered humans (R, ) increases as infected and quarantine humans move into the recovered class
due to treatment at a rate  and & respectively. The population decreases as the recovered humans become susceptible at a
rate p, and natural death at a rate 4 .

The population of the quarantine humans (Qy ) increases as infected humans leave the compartment for the quarantine
compartment at a rate ¢ and the population decreases as members move into the recovered class ( Ry, ) and susceptible
human (S, ) class due to treatment at a rate & and p, respectively, natural death rate x and death due to the infection for
quarantine compartment at a rate /s, .

The population of the susceptible vector S, increases through the constant recruitment of vector into the population at a rate
A, and the population decreases as members of the susceptible vector S, move into the infected vector compartment via
interaction between the susceptible vector and infected human at a rate £, and natural death at a rate x .

The population of the infected vector S, increases as members of the susceptible vector move into the infected vector
compartment via interaction between the susceptible vector and infected human at a rate /4, and decreases due to natural

death of the vector.
From figure 1 and the assumptions stated above, we have the following differential equations;

ds
#(t) = Ay +BRy (1) + RQy () — (1 + By Iy (1))SK (1) 1)
d
W® _ g 105, O (s g +5+ 7)1, (1)
dt )
d
R#(t)zylH(t)%&‘QH O —(u+P)Ry (V) (3)
d
Q#(t)ﬁm () —(u+ 1 + P +£)Qy ()
4)
d
IO _p (et B 1, )8, 0
dt ®)
dl
18 1, 08,041 O
(6)
2.3 Mathematical Analysis of the Model
Equilibrium Points
At equilibrium S () _diy(® _dQu(®) _drRy(®) _dSy@® _dv(® _, )
For convenience, LetSy =x;, 1y =X, Qy =X3, Ry =X, Sy =% and I, =Xx. Then,
Ay +PyXg + PiXg — (11 + By X)X, =0 8)
PuXeXy —(u++85+7)% =0
)
YXp+EX —(u+Py)X3 =0
(10)
OXp —(u+py + PR +&)%x, =0
(11)
A=+ B %)% =0
(12)
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By XoXs — iy X6 =0

(13)
From equation (13)
By XoXs = thy Xg
(14)
. = By XoXs
= 2>
Hy (15)
Substitute equation (15) into equation (9)
M—(ﬂ+ﬁﬁ+5+7)xg =0
Hy (16)
X5 X
( M—(ﬂ+ﬂl+5+}/) )% =0
Hy a7
w—(y+;ﬁ+5+y) =0orx,=0
Hy (18)
Suppose x, =0
X, =0
Substitute into equations (9), (10), (11), (12) and (13)
Brxe¥ =0
(19)
eXy —(u+Py)x3 =0
(20)
—(u+pu+RB+e)x, =0
(21)
Ay —pxs =0
(22)
—thy Xg =0
(23)
From equation (22)
0
Xg =——
—Hy (24)
Xg =0 (25)
From equation (22)
A = pXs
(26)
Y
u 27
From equation (20)
0
Xq =
—(u+ 1 +R +¢) (28)
X4 = 0
(29)
Now, substitute equation (29) into equation (19)
—(u+Py)x3 =0
(30)
@31)
Now, substitute equations (19), (29) and (31) into equation (8)
Ay —ux =0
(32)
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X =—+
H (33)

2.4  Stability Analysis of Disease Free Equilibrium (DFE)
We recall that the system of the equation of the model at equilibrium is

Ay +PyXg + PXg — (1 + ByX)% =0

(34)
BuXeXy —(u+m+5+y)X =0
(35)
YXo+ Xy —(1+Py)X =0
(36)
Xy —(u+pp + P +£)X, =0
@7
A = (u+ B %)% =0
(38)
By XoXs — iy %6 =0
39)
The Jacobian matrix at disease free equilibrium is given by J (i,o ,0,0 i ,0) =
H Hy
- 0 Ps o0 Lul]
U
0 —-(S+u+y+u) 0 0 0 PPy
u
0 e —(u+p2) € 0 0
0 ) 0 —(u+uw+p+e) O 0
0 0 0 0 0 —u
0 Aby 0 0 0 -
y7i
i ]
The characteristics equation becomes
_—al—/l 0 [0 [ 0 —a, ]
a5 —a; A 0 0 0 a,
0 ¥ —ag—1 & 0 0
0 ) 0 —ag—A 0 0
0 -ay 0 0 -ag—-4 0
0 a, 0 0 g —ty —4|

Tﬁe determinant is
(u=2) (0 +p+y+ )= Ap) (—(u+ P2) = ) (e + pty + Py + &) — A4)

(40)
(~u=7) (- 1y —2) =0
This implies
==, Ly ==(0+u+y+m), lg=—(u+p,) Ay = —(u+p+p +¢) (41)
A =g Jg=—1y
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Since all the eigen-values are all negatives, it means the diseases free equilibrium state is stable.

2.5  Stability analysis of the Endemic Equilibrium State (EES)
The characteristics equation becomes

[~y —2 0 P3 Py 0 —ay |

oy -0y —A 0 0 0 o,

0 7 —ag—A & 0 0

0 5 0 —ag-2 0 0

0 —ay, 0 0 —a5—A 0

0 ay 0 0 ag  — iy —A]

The characteristics equations obtained from the Jacobian determinant with the Eigen value A
284 (ag + g+ oy +ag +ag+ ) )40+ (g + g + g + g + 11y )t + (g + iy + 0y + gt

g + oy + gy )tg + (g +0t7)on = gty + g )+ (07 + g+ +ag)ag + (g +0y+ 1 )ag

+y + 7)oy — oy +ag iy s + (a7 + oy + iy Jag + (1 + 7)oy =0y, + gty )ag + (7 + 1y )y

—y 0ty + G by )0+ (~g @ + 0ty py )0ty + g (03 = )t g (O + Pn) A% + (7 + ay + iy Jatg

+(uy + 7)oy — a3 (R, + Py — gy ))ats + (1 + 7)oy — gty + gty Jtg + (—etqty + o8y )y

+ay (013 — gty — 3R )ag + (—ty + ay pay o + a1y (03— )ty — 133R ) + (—g 2 + o718 )y

(42)

(g — )ty — )Py )y — gy — g (R, + Pyy) py — gyt +SPENA” + (1 +7)en
—0u0y + gy oy + (=4 + i phy )0y = 38R — g y)) g + (—04 @y + 71ty oy = 03 (Byy — 2 )t
~((OR + Py +3PyE)ag)as + (g + oty Jon + g (03 — tg) ety )tg — gty 050 ~
a3 (OR 4y — 1400 0)) ot + (~0t4 @ 1501 — 03 (Pyypty — 2y tg)) g — 5P Bty ) A+ (- ety + 7 8y )y
+0 0, 03) g — 0130P, 4, ) org — a30P, E 1ty (OE + 0gY)) — arpa g 090t (0 —023) = 0
Where o PWBa g B AR AS

H u Hy Hy
We can now apply the result of Bellman and Cooke’s theorem of stability [17], H (Z) =P (z, € where P (z, w) is a
polynomial with principal term.
Suppose H (y) = F (y) +i G(y) (43)
If all zeros of H (y) have negatives real parts, then zeros of F (y) and G(y) are real, simple and alternate and
F (0) G’ (0) - F (0) G (0) >0 for all y belongs to real numbers (44)
Conversely, all zeros of H (z) will be in the left hand plane provided that it is in either of the following conditions

— Hy

1. All zeros of F (y) and G (y) are real, simple and the inequality (44) is satisfied for at least one y
2. All the zeros of F (y) are real and for each zero the relation (43) is satisfied
3. All the zeros of G (y) are real and for each zero, the relation (43) is satisfied.

Let the equation (43) take the form

W4 (ag+ 0y + oy +ag + g+ 1y )A° + (0 + 0y + g+ + 14y )otg + (@ + 1y + 0 + 1)

Hag + g+ g g + (1 + 7)oy gy + iy )+ (07 + 1+ + 1) + (a7 +0 + 14 )ag
by + 7)oy —0y0, + gy Yo + (o7 +aq + 1y Jatg + (pty + 7)oy =0y + g iy Jag + (7 + 1y Joy
040 + 0y fhy )0ty + (=0t ty + 07 fhy )0ty + 01y (03— 0 )ty — 03 (BR + PzYM3 + (o7 +a + 11y Jerg
+Hy +a7)oq — a5 (0P + Py — e ))as + (1 +a7) o — s + oy )t + (-4 + o8y )y
0y (03— 0 )ty — 038R )atg + (=04 + gy oy + (et — tg )t — t30R o + (-, + a7y Yy

H(4)= (45)

(0t = )ty = YR )ty = 2y 22 — 13 (3P, + Py, — gy +SRENA + (1 + 7)en
40ty + 0y )0y + (=t 0ty + 0 iy 0y — g (OR) — 040p))tg + (1t + o — 05 (Poy — 2, ) g
~(OR +Pyy)psy +0PsE)ag)as + ((—ager +az iy )on + g (g — ag)ory )t — 0400050

03 (OPpay —tgty05))tg + (- g0yt — 3 (Pyypty — py5))tg — 8P Bty )2+ (- + 74 )y

+0y 0030l — t30P, 14 )otg — 50P, E gty (OE + gy)) — oty 04 5 gt (3 — 23) = 0
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Now set A = iw in to equation (45) and apply the result of Bellman and Cooke’s theorem [17]
WO i+ oy o+ W (g + o + g+ g+ ) + (0 + iy + 0+ ag)g
Hag + o+ 1y )atg + (ty +0t7)a — 2 + gy W' =i(((t7 + pt, +0y+ )t + (a7 +y + 1y g
iy + 7)o~y + o phy )t + (07 + 0+ phy )ag + (1 + 7)oy — g0ty +az iy Joig + (o7 + iy oy
0400y + 0 fhy )0y + (=0 p + 07y Yoy + (@0 — )ty — 23 (SR, + P = (o7 + 0+ 4, Jarg
ity + 7)o = a3 (9P, + Pyy — g ))as + (1 + 7)o — gty + 0y iy )og + (- 140t + 27 1y )0y

H (iw) = +ay (05 - ag)a, - 38R )ag + (-40; + a7t Yoy + (03— )ty — 230R, ) + ((—eaty + 7y )y (46)
g (0 = )y — R )ty — gyt — 3 (3R, + Poy) gy —@ytyt + SRENW +i((((11y +7)en
010ty + 0ty y )0y + (=040 + 0y phy )y = 13 (OB — g2y tg + (-0, + 7 1y )y — a3 (Pyy — eyt g
~((8P + Pyy)py +8PyE)ag)as +((—exgery + )y + 1y (03— 05 )0y Jorg — 4000050 —
a3 (8P — g 2y05)) g + (—04 000501 — 13 (Poyphy — a0 t5))tg — Py Bty W+ (g + Yy
+0,0,05) g — 0P, 14, )atg — 030, E 14y (OE + atg)) — gt gty (003 — 13) = 0

Resolving in to real and imaginary parts we have
H (iw) = F (w) +iG (w)

—wt ++((q + a7 +ag +ag + ) )as + (a7 + 1y + oy +ag)og
ey + o + gy )ag + (pay + )y — g0y + oz pay )W —
(a7 + g + Yo + (18 + 7)oy — a3 (8P, + Py —aya5)) s
+(((y + o)y —ago +oguy Jag +(—aua, + o 1y )y
F(w) = +ay(az —ag)a; —agdP)ag + (—aua, + gy oy + ay(a; — ag)a, (47)
—a38R )ag + ((—ag0r, +aq sy Jon + g (a3 — ag) o, —azyR ) ag
—a,0,050; — a3 (8P, + Pyy) ty — agaycts + 8P, E))W
+(((—ay0o; + a7 14y Jog + ayaz05) a9 — a3dP 14 ) g
—a38PE gy, (BE + agY)) — apayagagtg (a3 —23) = 0
(g + 0t + 0y + g + s + 1y W — (7 + ity + 04+ tg) g + (7 + 0y + 14, )t
iy +o7)on - gty + o pay Jatg + (07 + 0y + gy Jotg + (ty + )y — gy + oy Jatg + (07 + iy )y

g+ 0 thy )ty + (~4ty + @y 1y )ty + 1y (03 = 2 )ty = 3 (3B, + Py + (st +017)y

G W)= (48)

—0u0ty + 0 fhy )0y + (=gt + 0ty iy )y — 003 (OF, — 040 )) g + (—etq @y + 07 1y o — 03 (Pyy — 24 g
~((OR +Pyy)aay +0PyE)arg)ars +((—raey +aypay Yoy + 0ty (13 - )ty )t =ty 3050 -
03 (8P pay — tgnp0tg)) o + (014000050 — 03 (Pyyiy — 2y tg))ctg — 5Py By JW
Differentiating equation (47) and (48) with respect to w and setting w = 0 we have
F(@©)=0 (49)
(s + 7)o = gy + 0z pay Yo + (~04p + a7y ), = 5 (8F, — 042,) )t

o oy taguy oy - ag (P - apay )ag — ((OR + Poy) iy +0PE)as)as

G (0)= (50)
(a4 +az ity )y +ay (g — o)y )ag — ayap0504 — a3 (SR 1y — a42y05))ag
0y 200501 — a3 (Pyytly — ) otg ~ 3Py E ity )

Also set w = 0 in to equations (47) and (48)

F(0) = +((—agop +aqpay )y + ayo05)ag — 58P 14 )atg (51)

—a30R, E 14, (OE + agy)) — o ag0905 (s —ot3) =0

G(0)=0 (52)

Since

F' (0)=0 ,F(0)#0,G" (0) #0and G (0)=0 (53)
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Hence, F (0) G’ (0) - F'(0) G (0) #0.
Therefore, the nonzero equilibrium state is stable

3.0

Conclusion

A Mathematical model for Lassa fever was developed in this study. The Disease Free Equilibrium State (DFE) was found to
be stable.

The Endemic Equilibrium State (EE) was analyzed and the result indicates it will be stable. These results show that the

disease will continue to experience peaks and troughs which are in conformity with what is obtainable in the real world.
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