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Abstract 
 

Bernoulli Numbers and Euler Numbers are two classes of special numbers 

that have wide applications in the resolution of power series, and in the 

evaluation of moments and cumulants of a statistical distribution. In this 

work, the method of generating functions is employed to show that both 

types of numbers can be expressed in terms of trigonometry. This 

trigonometrical characterization is further explored to establish a 

connection between Bernoulli Numbers and Euler Numbers. The work 

also attempts to provide approximate trigonometric expressions for both 

Bernoulli and Euler Numbers. 
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1.0     Introduction 
Both Bernoulli numbers and Euler Numbers are of great importance in statistics and applied mathematics [1]. In determining 

the moments of a random variable, power series expansion of the appropriate generating function may be employed [2]. 

However, in some cases the expansion may be excessively tasking, and one alternative may be to express them in terms of a 

known power series whose coefficients are Bernoulli numbers or Euler numbers. The analytic method of generating functions 

has been used variously in [3], [4] and [5] to show that both types of numbers can be given in terms of logarithmic 

representation. In this work an attempt is made to further express this special numbers in terms of trigonometry, and this 

trigonometrical characterization is then used to establish a connection between Bernoulli Numbers and Euler Numbers.  

 

2.0 Bernoulli Numbers and Polynomials 
According to [1], and of course [6], Bernoulli numbers came to be with the work of Jacob James Bernoulli (1654 - 1705) 

which was titled Ars Conjectandi. It was in connection with a purely algebraic problem but whose scope of importance was 

later extended into probability theory and engineering. Euler had one of his finest triumphs when he established the 

connection between Bernoulli numbers and the Rieman Zeta function, for cases where the arguments are even [7]. This he 

gave as  
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Bernoulli numbers were shown by [8], [9] and [10] with Bernoulli polynomials, {βn(x)}, as follows: 

Let Sn-1(x) = 1n-1 + 2n-1 + 3n-1 + … + (x-1)n-1,     n >  1  - - -   (2) 

We seek a set of polynomials that, for each n, will satisfy  

Sn-1(x) = ( ) ( ) 0
1
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n

 −    - -  - - (3) 

Replacing x by x + 1 in (2), results in  

Sn-1(x+1) = 1n-1 + 2n-1 + 3n-1 + … + (x-1)n-1 + xn-1   

i.e. Sn-1(x+1) = Sn-1(x) + xn-1   -  - - - (4) 
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The method of generating functions as used by [2], [3] and [4] to derive the Bernoulli polynomials, βn(x), is presented as 

follows: 

Let g(x, t) = ( )
!n

t
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n    - - - - - (6) 

be a generating function for βn(x), with β0(x) = 1. 

Replace x by x + 1 to get 
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Subtract (6) from (7) 
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i.e   g(x + 1, t) - g(x, t)  =  text    - - - -   (8) 

Suppose g(x,t) is taken to be proportional to ext 

i.e.  g(x, t) = A(t) ext 

Then we can show from (8) that A(t) = 
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The Bernoulli numbers are now obtained from βn(0) and are given as the coefficients of the generating function g(0, t) = 

1−te

t
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Direct expansion gives  
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Expand the left hand side of (11) and comparing coefficients of 
!nt n

on both sides to get  
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If we make some analytic dissection of (10) by substituting the values of  0  and 1 , the expression can be re-written in the 

form  
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Integrating with respect to t gives 
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This is a representation of Bernoulli numbers in terms of the logarithmic and hyperbolic functions. 

 

3.0 Euler Polynomials and Numbers 
According to [11] and [12], the Euler numbers are most simply introduced through associated polynomials, {En(x)}, called 

the Euler polynomials. These polynomials are unique and satisfy the relation 
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for any real x. Equations (13) and (5) have some rough resemblance. By same argument as in (5) we can deduce the 

generating function for the Euler polynomials as  

g(x, t) = ( )


=

=
− 0 !1

2

n

n

nt

xt

n

t
xE

e

e
   - - - - - (14) 

It was verified by [12] that when n is odd, 
2

1  is a zero of En(x), and consequently defined the Euler numbers as En = 2nEn 
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If we replace t by it in (15) we have 

( )
( )



=

=
+ 0

22 !21

2

n

n

nit

it

n

it
E

e

e

 

i.e.    ( )
( )



=

−=
0

2

2

!2
1)sec(

n

n

nn

n

tE
t     - - - - (16) 

In general Euler  numbers increase very rapidly in magnitude and their algebraic signs alternate.  Expanding both sides of 

(16), and comparing coefficients will reveal that  E0 = 1,  E2 = -1,  E4 = 5,  E6 = -61,  E8 = 1385,  E10 = -50521, E12 

= 2702765,  E14 = -199360981 and so on. 
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4.0 Relationship between the Bernoulli Numbers and the Euler Numbers 
From the sets of numbers generated for Bernoulli and Euler numbers, it seems difficult to establish a connection. But an 

approach via trigonometry may prove useful and less rigorous. Now, recall that 

Sin t . Sec t = tan t    - - - - - - (17) 

The Maclaurin series for sin t and sec t are both absolutely convergent for 

 | t | < 
2

 , hence tan t also converges absolutely within the same radius. 

Thus using (16) in (17) we get 
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If we put n+m = r on the left hand side, (18) reduces to  

( ) ( )
( ) 121

1

1

0

2 1
!2!122

−−


=

−

=

−








−−
  rr

r

r

m

m t
mmr

E
 = 

( )
( )

( )


=

−−
−

−

1

1212

22

1
!2

122

r

rrr

rr

t
r


    -    (19) 

Due to the uniqueness of the Maclaurin series representation [13], whenever it exists, we can equate coefficients of both sides 

of (19) in powers of t. 

Hence, from (19) 
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Equation (21) shows that Bernoulli numbers (excluding β1) can be obtained from a knowledge of Euler numbers, and β1 can 

then be obtained through backward substitution. 

5.0 Conclusion 
Both Bernoulli numbers and Euler Numbers are of great importance in statistics and applied mathematics. To determine the 

moments of a random variable, power series expansion of the appropriate generating function may be employed. However, in 

some cases the expansion may be excessively tasking. The alternative method which we have presented here is to express 

their generating functions  in terms of a known power series whose coefficients are the Bernoulli numbers or Euler numbers. 

This analytic method of generating functions has been used here to show that both types of numbers can be expressed in 

terms of trigonometry, and that this trigonometrical characterization can be used to establish the connection between 

Bernoulli Numbers and Euler Numbers. It is hoped that this has provided for a clearer understanding of this connection and 

hence, will make for easier application of both. 

6.0 References 
[1] Vella, D. C. (2008). Explicit Formulas for Bernoulli and Euler Numbers. INTEGERS: Electronic Journal of 

Combinatorial Number Theory. 8(A01), A01. 

[2] Stuart, A. and Ord, J. K. (1998). Kendall’s Advanced Theory of Statistics. Vol. 1 (Distribution Theory) 6th Edition, 

Oxford University Press, N.Y. 

[3] Brent, R. P. and Harvey, D, (2013). Fast Computation of Bernoulli, Tangent and Secant Numbers. Computational 

and Analytical Mathematics: 127 – 142. Springer. New York. 

[4] Graham, R. L., Knuth, D. E. & Patashnik, O. (1989). Concrete Mathematics: A  Foundation for Computer Science. 

Addison - Wesley Pub. Pennsylvania.  

[5] Dence, J. B. (1997). A Development of Euler Numbers. Missouri Journal of Mathematical Sciences. Vol. 9 p. 148 - 

155. 

[6] Hald, A. (1998). A History of Mathematical Statistics from 1750 to 1930. John Wiley and    Sons. New York. 

[7] Ayoub, R. (1974). Euler and the Zeta Function. American Mathematical Monthly. Vol. 81, p. 1067 - 1086  

[8] Rahman, N. A. (1978). A Course in Theoretical Statistics. Charles Griffin and Co. Ltd. London. 

[9] Durrett, R. (2004). Probability: Theory and Examples. Third Edition. Duxbury Press. CA. 

[10] Fekih-Ahmed, L. (2011). On Some Explicit Formulas for Bernoulli Numbers and Polynomials. arXiv Preprint 

arXiv: 1106.5247 

[11] Romano, F. (2015). More Explicit Formulas for Bernoulli and Euler Numbers. Involve: a Journal of Mathematics. 

8(2):275 – 284. 

[12] Howard, F. T. (1976). Roots of the Euler Polynomials. Pacific Journal of Mathematics. Vol. 64 p.181 - 191 

[13] Rosenlicht, M. (1968). Introduction to Analysis. Dover Publications. New York 

 

Transactions of the Nigerian Association of Mathematical Physics Volume 3, (January, 2017), 29 – 32 


