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Abstract

The study of flow of fluid between two parallel co-rotating discs
continues to be of great concern to engineers and mathematicians. Previous
works on this physical phenomenon have extensively applied experimental,
analytical and numerical methods such as finite difference, spectral, and
boundary element methods of analysis. Consequently, the present study is on
the use of finite element method to develop models for predicting velocities
and pressure distribution for viscous flow between two parallel discs co-
rotating at the same angular velocity.

Finite element method an element-wise and powerful numerical tool is
used in this study to solve Continuity and Navier-Stokes equations. The first
approach was to reduce the non-linear Navier-Stokes equations to solvable
non-dimensional governing differential equations for radial velocity,
tangential velocity and pressure by order of magnitude analysis; Galerkin-
weighted-residual finite element is then used to discretize the governing
equations into element equations which are solved to obtain models to predict
velocities and pressures distribution. The resulting finite element solutions
for radial velocity, tangential velocity and pressure are compared to the
closed-form analytical solutions obtained from the present study’s governing
equations. Finally, different values of Reynolds number, radius ratio, swirl
velocity, and angular velocity are used to determine their effects in the flow
domain.

The results obtained showed that finite element method models
converged fast to closed-form analytical models as the number of elements
are increased, and the more the radial and tangential velocity profiles
assumed better parabolic profile. More so, radial and tangential velocities are
seen to depend on Reynolds number, radial location, and angular velocity
with radial velocity increasing significantly with swirl ratio; while pressure is
observed to depend on all the parameters except Reynolds number.

Therefore in this study, two dimensional models for velocity components
and pressure distribution have been developed with the intension of aiding in
finite element-based Tesla pump/turbine design of experimental set-up
and/or software since with the models design geometry and flow parameters

can easily be varied’

Keywords: Tesla pump, 2D viscous flow, Navier-Stokes, discs-gap, close-formed, analytical solution, finite
element solution

1.0  Introduction
Nikola Tesla in 1913 patented a turbine, referred to as bladeless turbine. This bladeless turbine is based on the principle of
centripetal fluid flow over a bladeless disc surfacewith the fluid and disc interface being governed by the adhesion and
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boundary layer effects.

Today, the flow of fluid in Tesla systemis categorized into two main configurations: turbine and pump configurations, which
are sometimes simplified into radial inflow or outflow, with or without swirling, between two closelyspaced parallel co-
rotating discs. Present study is on the pump configuration, which involves the fluid entering discs gap through a small inlet
hole near the discs centre from where it makes contact with the rotating discs to flow radially outwards.The tangential and
radial velocity components in this flow are mainly due to the effects of adhesion, boundary layer effects and centrifugal
forces.

Fluid flows are known to be governed by Continuity and Navier-Stokes (C-NS) equations. And the solutions to the Navier-
Stokes equations by analytical manipulations are often a formidable task because of the inherent non-linear nature of the
equations. Therefore, these governing equations are usually simplified into a more workable form, notably by order of
magnitude analysis.Consequently, in previous studies [1 — 5] on flow between two rotating discs closed-form analytical
solutions were formulated from continuity and Navier-Stokes equations using order of magnitude analysis, and the resulting
governing equations are numerically solved (by integral method, Taylor’s series) and then compared to Fluent 12 and/or
experimental results. Their results approximated closely to previous analytical and/or experimental results. Whereas in other
previous studies [6 — 8], and [8] the closed-form analytical governing equations are solved by numerical methods, such as
finite element method to solve 2D Navier-Stokes equations between porous discs or channel, Other researchers [9 — 12] used
finite element method in 1D between parallel plates. Their results are found to converge well with exact or experimental
results.

In this present study, therefore, we formulated close-formed analytical equations from C-NS equations and then used the
finite element method to solve the close-formed analytical equations in order to develop velocities and pressure models in
two-dimensional viscous flow between two parallel co-rotating discs. These models have been developed with the intension
of aiding in finite element-based Tesla pump/turbine design of experimental set-up and/or software since with the models
design geometry and flow parameters can easily be varied

2.0  Methodology

2.1 Model Geometry
The model geometry for the study is a two dimensional domain in cylindrical coordinates with point O at the midpoint
between the two discs (Figure 1).
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Fig. 1: Model Geometry
Figure 2shows that as the fluid enters at r;, the flow sustains a uniform flow that becomes laminar significant distant from the
inlet.
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Fig. 2: Radial Outflow Laminar Profile.
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2.2 Domain Discretization

The domain Q (0 < x < 1;-1 < < +1) is subdivided into 4, 6 and 8 rectangular elements mesh along the r- and z-axes
respectively (see Appendix A).

2.3  Mathematical Formulations

Present study flow problem is governed by Continuity and Navier-Stokes equations (1), (2), (3) and (4)in cylindrical
coordinates:

Continuity equation:
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2.4  Relevant Assumptions and Boundary Conditions
In order to simplify the non-linear C-NS equations aboveto workable level, the following assumptions are made:the flow is

0
defined under cylindrical polar coordinates (r", 0, z* ), the flow domain is symmetrical over 0-coordinate (i.e. (% = 0])

with very large discs radii and small gap, the flow is steady-laminar-fully-developed, the fluid is viscous-Newtonian-
incompressible-isotropic, the body forces (gravitational and inertia ) are negligible,the flow is two-dimensional in the radial

0
and tangential directions but with the flow significantly in radial direction and due to angular velocity, ® ((a—p =01), no-
K

slip condition exists at discs faces, that because flow profile between any two discs are the same two discs are model,that
analysis are carried out with discs angular velocities equal (o”41 = ®"q2), the source strength Q at inlet is assumed to be zero,
with assumptions (i) and (ix) flow is taken to be pure Couette- Poiseuille flowdisc-driven with constant pressure gradient is
imposed on the flow.

Applying Coriolis effects, order magnitude analysis and transformation to non-dimensional parameters to equations (1), (2),
(3) and (4), the resulting equations are (see Appendix B):

Continuity equation:

r-momentum equation:
2
—2U0a)052/c:—1cd—p+i 6_1; 6)
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6-momentum equation:
2
VAYROI'S +V0Kﬂ = i[ﬂj (7

ok Rel on?
Z-momentum equation:
dp
——=0 @)
dz
2.5  Subject to Non-Dimensional Boundary Conditions:
Ugeiny = Ollgeery =YorUge gy =0
Ko ) * * * * *
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K, dv ©)
* _ * _ ori(CL) _ * _
Veri(-b) - O’Veri(CL) - dZ* - O’Vari(+b) =0
Prigy=0) = 0

3.0  Method of Solution

We used finite element method to solve the above equations (5), (6) and (7) over domains of (4), (6) and (8) rectangular
elements mesh along the r- and z-axes respectively(see Appendix C).

3.1  Determination of Radial Velocity Model

For radial velocity model determination the governing equation is:

d 1 (d%u
—2052an)lc = —K‘—p t—|— (10)
dx  Re, \ dn
Subject to these boundary conditions:
K= Ko : u;co(—ry) = 0’Uo(CL) = Umax ! uKO(+77) = O
du (11)
K=K Ui, = O,d—:;ax =0, Uit = 0
The residual, R, of the governing equation (10)is
1 | d° d
O=——+-|— +K—p—2a)O{2U0K (12)
Re, | dn dx
The Galerkin scheme is therefore given as
[ wRdQ =0 (13)
Qe
Where the Galerkin-weighted residual integral is
1 | d?u d
jw -— 5 +K‘—p—26()a2UoK‘ dQ=0 (14)
o Re, | dn dx

The weak form of equation (14)is

2
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Where,

Q = domain of fluid body between discs = dkdn

w = weight function which depends on « and 7.

Let exact solution u(x, 1) be approximated by the finite element solution u® over the element domain Q¢, then,

u(z«,n)=ue<x,n>=iu?wf (1)

(16)
i dw,( )
j=1
Also let w the Welght function be
w(x,n)=v, (x.n) 17)
So that
dw _dy; (x)
dx  dx (18)
dw dl//.()
dp  dy
Where,
i,j=1.23,..n,
w7 (x,17) =the jth interpolation functions of element e
By substituting equations (16) through (18) into (15) yields,
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Where,
du dul® du
qn:[———} =— ;T =elementsurface (20)
dp dn]; dn|
In matrix form
[MgJus ={fe}+{Q} (21)
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3.2 Determination of Tangential Velocity Model
For tangential velocity model determination the governing equation is:

ov 1 (0%
N,k +V k — = — 5 )
ok Rel\odn
Subject to
K =K, :V(—ﬂ) = Koa)’vo(CL) =Vmax ’V€(+77) = K@
deax (24)
K =K Vgy =0, dn =0V, =0

The steps in determination of radial velocity solutions for 4, 6 and 8 elements are followed in determination of tangential
velocity solutions from the 6-momentum governing equation(23).

3.3 Determination of Pressure Distribution Model

For pressure distribution model, we have determined governing equation for pressure distribution from r-momentum equation
as follows:

2
—2a°U, oK = —Kﬂ+i{a u j

dx Re, ( 0n? (25)
Pressure in the present study is stated, as one of our assumptions that it does not vary with n only with k. Hence at the
centreline between discs space, i d_u = 0 ,of which equation (25) reduces to a one non-dimensional equation:
dn\dr

d
—2a’U, 0=~ il

dx (26)
Subject to
Pai=0) = PL = 0 (27)

Therefore for pressure distribution, we used linear elements four our analyses as two, three and four linear elements as
follows (see Appendix D).
The residual, R, of the governing equation (26) is

d
0= 25?00
dx (28)
The Galerkin scheme is therefore given as
[wRdQ =0
o (29)
Where the Galerkin integral is
d
.[ W[—p— ZaZUOw} dQ2=0
o Ldx (30)
The weak form of equation 3.86 is
o= | w[d—p— 2a2uoa)} do
o5 dx
(31)

= I [Wd—p—ZWaZUOdeQ
o5 dx

Where,

Qf = linear element length

w = weight function which depends on k.

Let the exact solution p(x) be approximated by the finite element solution p® over the element domain Q¢, then,

p(x) = p° (K)zg Py ()
dyj (x)

dp _ < e
E_ij(’() dr

=1

(32)
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Also let w the weight function be

W(K)zl//i (K) (33)

So that
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dx dx

Where,

i,ji=123,..m,
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By substituting equations (32) through (34) into (30) yields,
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4.0  Results and Discussion
Table 1: Radial Velocity Centreline Nodal Values

Radial velocity centreline nodal values

Node number Node 2 Node 5 Node 8 Node 11 Node 14

Four elements 0.0 0.1137S | 0.2049S - -

Six elements 0.0 0.0577S | 0.1627S 0.2783S -

Eight elements 0.0 0.1330S | 0.1440S 0.1540S 0.3330S

Table 2: Tangential Velocity Centreline Nodal Values

Tangential velocity centreline nodal values

Node numbers Nodes 1, 2, 3 Node 4,5,6 | Node 7, 8,9 Node 10, 11, 12 | Node 13, 14, 15
Four elements 0.0 0.1137T 0.2049T - -

Six elements 0.0 0.0577T 0.1627T 0.2783T -

Eight elements 0.0 0.1330T 0.1440T 0.1540T 0.3330T
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Table 3: Pressure Distribution Centreline Nodal Values

Pressure Distribution centreline nodal values

Node number Nodes 1 Node 2 Node 3 Node 4
Two elements -0.500J -1.000J - -
Three elements -0.333] -0.667J -1.000J -

Four elements -0.500J -1.000J -1.500J -2.000J

Where, S = 6a2b%0?U,0Rer; T = 6a2b%VwRer; J = aa?U,0
We have assumed that for any number of elements N, domain equation can be modelled as:
For radial velocity:
U (5,7) =U, e n (62°D°U, 00" Re, )
@37)
For tangential velocity:
VE(5,17) = Vi (6a2b2Voco Re, ) )
Where Umaxn , VmaxN , Pmaxn = radial velocity, tangential velocity and pressure distribution maximum nodal value along the
centreline.
For pressure distribution:
P (k) = —Proen (aU, 007 ) (39)

max, N
As a result of the inherent problem encounter in fluid transiting from free stream to fully-developed flow at discs gap inlet,
asymptotic analytical solutions to continuity and Navier-Stokes equations have been used [11] and [1] to describe parabolic
velocity profile between two discs gap with good accuracy. Consequently, in the present study we have similarly adopted the
same approach of developing closed-form analytical solutions to continuity and Navier-Stokes equations subject to this
present study’s boundary conditions and assumptions (see Appendix D). The resulting asymptotic analytical solutions are:
For radial velocity close-formed approximations are:

Ue(lc,n) = 2b°U_ wa’ Re, K(l—ﬂz) —at: (—1S n< +1)

(40)
Ue(x,n)=2b’U,wa’ Re, k > at:n=0
For tangential velocity close-formed approximations are:
Ve(x,n)=2bV.wRe, x(l-n*)—>at:-1<np<+1
(.77) ,oRe, x(1-7°) n )

Ve(K,77) = ZbZVOa) Re, xk >at:n=0;

For pressure distribution:

PE(K‘,O) =-2U wa’x —>at:n=0 (42)
Where the subscript e stands for analytical solution

Following [1], the present study models with respect to the above asymptotic approximations can be written as:
Radial velocity models:

U (x,7)=6Na’h’U,wa’ Re, K'(l—l]z)

(43)
Tangential velocity models:
V4 (x,17) = 6Na*b*V,wRe, x(1-7%) (44)
Pressure distribution models:
P? (k) =—-NaU,wa’x (45)

The above results are discussedbased on the following used arbitrary values: a=b =1, U; = 5.0, V; =0.02, ® =52, o = | and
k = 1 except when they are varied for further investigation.

Figure 4 and Figure 5compare analytical result with present models results for 4, 6 and 8 elements for radial velocity against
disc-gap and tangential velocity against disc-gaprespectively. These graphs show that for both analytical and present models
results, u and v at the discs surface are zero, thus satisfy the no-slip boundary conditions at discs walls; also since w1 = o2
curves converge with the ideal parabolic profile curve. Lastly, from Figures 4 and 5 it is reveal that present models results
approximate well the analytical result as the number of elements is increased from 4 to 8.
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Fig. 4: Comparison of Analytical and Present Modelssolutions Along Discs Gap
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Fig. 5: Comparison of Analytical And present Modelssolutions Between Discs Gap

Figure 6and figure 7 are graphs of radial velocity against half discs gap and tangential velocity against half discs gap
respectively. The graph compare analytical result with present models results for 4, 6 and 8 elements. From Figures6and 7, it
is revealed that u and v increases from zero at the disc surface towards the mid-section of disc gap due to the effects of
boundary layer, centrifugal and adhesion forces, and Coriolis effect.
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Fig. 6: Comparison of Analytical and Present Model Solutions Between Half Discs Gap
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Fig. 7: Comparison of Analytical And Present Model Solutions Between Half Discs Gap

Figure 8and Figure 9 are graphs of radial and tangential velocities against radii ratio respectively. In the graphs analytical
solutions are compared with present models solutions for 4, 6 and 8 elements. And the results depict that radial and tangential
velocity both increase as radiusratio is increased from zero at the fluid inlet to maximum at disc outlet (i.e. disc periphery).

300
g ue(k) /
B w0200 — T
= ue() N R
B uscotoo
00 0.2 0.4 0.6 0.8
radius ratios
Legend
Red Analytical solution (ue)
Blue Four element (u4)
Green Six element (u6)
Pink Eight element (u8)
Fig. 8: Comparison of Analytical and Present Model Solutions Along Centreline
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Fig. 9: Comparison of Analytical and Present Model Solutions Along Centreline

Figure 10 is a graph of pressure against radius ratio. The graph compares analytical result with present models results for 2, 3
and 4 elements. From Figure 10 it is revealed that pressure increases as the radius ratio increases from domain inlet to outlet
which can be attributed to deceleration of fluid in radial direction and the effect of centrifugal force.
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Fig. 10: Comparison of Analytical and Present Model Solutions Along Centreline

From Figures 11, 12, and 13, it is revealed that pressure increases with flow swirl ratio (o), discs angular velocity (o), and
flow mean velocity(U,) and independent of Reynolds number.From Figures 11 and 12, since flow is disc-driven both o and ®
zero at inlet,but as the discs rotation increases, swirling develops from both discs thus causing pressure to build up

proportionately.
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Fig. 11: Effect of Variation of Swirl Ratio On Pressure
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Fig. 12: Effect of Variation of Angular Velocity on Pressure
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Fig. 13: Effect of Variation of Mean Velocity on Pressure
From Figures14 and 15 radial and tangential velocities can be seen to increase as Reynolds number (R.) increases from 0.5 to
10. And at R = 10, a parabolic profile curve is represented, which can be attributed to high boundary layer and adhesion

effects resulting from the geometry of the domain (discs-gap).
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Fig. 14: Variation of Reynolds Number on Radial Velocity-Discs Gap Profile
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Fig. 15: Variation Reynolds no. on Tangential Velocity-Discs Gap Profile

Figures16 and 17 reveal that as @ increases from 52rad/s to 720rad/s both radial and tangential velocities increase. Since
angular velocity is observed to depend on radius location is expected that v increases with ®; also since flow is discs-driven
in the direction of increasing radius ratio, u will tend to increase with .
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Fig. 16: Variation of Angular Velocity on Radial Velocity-Discs Gap Profile
20
;: p1.52-(1-m2) 1s
% p1-180-(1-n?2)
- T 10
= bD1-360-(1-m3) —[- =
E-’s p1.-720.(1-m3) 5 1
s 7 7 Il M R ~
(1 .l— — 0.5 o 0.5 a1
m
discs-gap
Legend
Red o= 52
Blue o= 180
Green o= 360
Pink o= 720

Fig. 17: Variation of Angular Velocity on Tangential Velocity-Discs Gap Profile
Figure 18 indicate that radial velocity increaseswith swirl ratio.Radial velocity is expected to be low at swirl ratio less than
unity this because under this condition slip flow is experienced which results in low radial velocity. At swirl ratio equal to or

greater than unit radial velocity are expected to be higher.
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Fig. 18: Variation of Swirl Ratio on Radial Velocity-Discs Gap Profile
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From Figures19 and 20, different values of radius ratio (0.25, 0.50, 0.75 and 1.0.) are applied to present models and the result
shows radial and tangential velocity both increase as radii ratio increases.
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Fig. 20: Variation of Radii Ratio On Tangential Velocity-Discs Gap Profile

Tables4 and 5 depict comparison of analytical and present study models nodal and percentage error values of 4, 6 and 8
elements for radial and tangential velocities respectively. Tables4 and 5 show how fast the present study model solutions
converge with analytical solution for radial and tangential velocities; while Tables6 and 7 show that the error between present
model and analytical decreases fast as number of elements is increased.

Table 4: Comparison of Nodal Values of Analytical and Present Models Solutions

Radius locations | Four elements Six elements Eight elements Analytical solution
(K, 0) $2) U6 us Ue

0 0 0 0 0

0.125 19.976 27.129 32.468 32.500
0.250 39.952 54.259 64.935 65.000
0.333 53.216 72.273 86.493 86.580
0.375 59.928 81.388 97.403 97.500
0.500 79.904 108.518 129.870 130.000
0.625 99.880 135.647 162.338 162.500
0.667 106.592 144.762 173.247 173.420
0.750 119.856 162.776 194.805 195.000
0.875 139.832 189.906 227.273 227.500
1.000 159.808 217.035 259.740 260.000
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Table 5: Comparison of nodal values of analytical and present models solutions

Radius locations | Four elements Six elements Eight elements Analytical solution
(x, 0) V4 V6 V8 Ve

0 0 0 0 0
0.125 0.080 0.109 0.129 0.130
0.250 0.160 0.217 0.259 0.260
0.333 0.213 0.289 0.345 0.346
0.375 0.240 0.326 0.389 0.390
0.500 0.320 0.434 0.519 0.520
0.625 0.399 0.543 0.649 0.650
0.667 0.426 0.579 0.693 0.694
0.750 0.479 0.651 0.779 0.780
0.875 0.559 0.760 0.909 0.910
1.000 0.639 0.868 1.039 1.040
Table 6: Percentage error of Table 4 values

Radius locations | Four elements Six elements Eight elements

(K, 0) U4 U6 us

0 0% 0% 0%

0.125 38.5354 16.5261 0.0985

0.250 38.5354 16.5246 0.1000

0.333 38.5355 16.5246 0.1005

0.375 38.5354 16.5251 0.0995

0.500 38.5354 16.5246 0.1000

0.625 38.5354 16.5249 0.0996

0.667 38.5353 16.5251 0.0997

0.750 38.5354 16.5251 0.1000

0.875 38.5354 16.5248 0.0997

1.000 38.5354 16.5250 0.1000

Table 7: Percentage error of Table 5 nodal values

Radius locations (x, | Four elements Six elements Eight elements

0) V4 V6 V8

0 0% 0% 0%

0.125 38.4615 16.1538 0.7692

0.250 38.4615 16.5385 0.3846

0.333 38.4393 16.4740 0.2890

0.375 38.4615 16.4103 0.2564

0.500 38.4615 16.5385 0.1923

0.625 38.6154 16.4615 0.1538

0.667 38.6167 16.5706 0.1440

0.750 38.5897 16.5385 0.1282

0.875 38.5714 16.4835 0.1099

1.000 38.5577 16.5385 0.0961

Table 8 shows comparison at the nodes of analytical and present study model solutions for pressure distributions. Present
study model can be seen to have converged very fast with the analytical solution; while Table 9 shows that the percentage
error between present study models and analytical decreases very fast to zero for 8 elements.
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Table 8: Comparison of nodal values of analytical and present models solutions for pressure distribution

Radius locations | Two elements Three elements Four elements Analytical solution
(x, 0) P2 P3 P4 Pe

0 0 0 0 0

0.125 -16.25 -32.50 -65.00 -65.00
0.250 -32.50 -65.00 -130.00 -130.00
0.333 -43.29 -86.58 -173.16 -173.16
0.375 -48.75 -97.50 -195.00 -195.00
0.500 -65.00 -130.00 -260.00 -260.00
0.625 -81.25 -162.50 -325.00 -325.00
0.667 -86.71 -173.42 -346.84 -346.84
0.750 -97.50 -195.00 -390.00 -390.00
0.875 -113.75 -227.50 -455.00 -455.00
1.000 -130.00 -260.00 -520.00 520.00
Table 9: Percentage error of Table 8 values

Radius locations | Two elements Three elements Four elements

(x, 0) P2 P3 P4

0 0% 0% 0%

0.125 75.0000 50.0000 0.0000

0.250 75.0000 50.0000 0.0000

0.333 75.0000 50.0000 0.0000

0.375 75.0000 50.0000 0.0000

0.500 75.0000 50.0000 0.0000

0.625 75.0000 50.0000 0.0000

0.667 75.0000 50.0000 0.0000

0.750 75.0000 50.0000 0.0000

0.875 75.0000 50.0000 0.0000

1.000 75.0000 50.0000 0.0000

It can be seen in Tables 10 and 11 that present model solutions converges fast with the analytical solution as the number of
elements increases for radial and tangential velocities. Tables 12 and 13 show that the errors between analytical and present
study models decrease with increase in number of elements.

Table 10: Comparison of analytical and present models solutions for half discs gap

Discs gap Four elements Six elements Eight elements Exact solution
-1<n<0 U4 U6 U8 Ue
1.000 0 0 0 0

0.875 37.455 50.868 60.486 60.938
0.750 69.916 94.953 113.579 113.750
0.625 97.384 132.256 158.200 158.438
0.500 119.857 162.776 194.708 195.000
0.375 137.336 186.514 223.102 223.438
0.250 149.821 203.470 243.384 243.750
0.125 157.312 213.644 255.554 255.938
0 159.809 217.035 259.61 260.000
Table 11: Comparison of analytical and present models solutions for half discs gap

Discs gap Four elements Six elements Eight elements Exact solution
-1<1=0 V4 V6 V8 Ve
1.000 0 0 0 0

0.875 0.150 0.203 0.243 0.244
0.750 0.280 0.380 0.454 0.455
0.625 0.390 0.529 0.633 0.634
0.500 0.479 0.651 0.779 0.780
0.375 0.549 0.746 0.893 0.894
0.250 0.599 0.814 0.974 0.975
0.125 0.629 0.855 1.022 1.024

0 0.639 0.868 1.038 1.040
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Table 12: Percentage error of Table 10 values

Akpobi and Akele Trans. of NAMP

Discs gap Four elements Six elements Eight elements
-1<1n<0 U4 U6 U8
1.000 0.000% 0.000% 0.000%
0.875 38.5359 16.5250 0.7417
0.750 38.5354 16.5248 0.1503
0.625 38.5349 16.5251 0.1502
0.500 38.5349 16.5251 0.1497
0.375 38.5350 16.5254 0.1504
0.250 38.5350 16.5251 0.1502
0.125 38.5351 16.5250 0.1500
0 38.5350 16.5250 0.1500

Table 13: Percentage error of Table 11 values

Discs gap Four elements Six elements Eight elements
-1<1=<0 V4 V6 V8
1.000 0.000% 0.000% 0.000%
0.875 38.5245 16.8032 0.4098
0.750 38.4615 16.4835 0.2197
0.625 38.4858 16.5615 0.1577
0.500 38.5897 16.5384 0.1282
0.375 38.5906 16.5548 0.1118
0.250 38.5641 16.5128 0.1025
0.125 38.5742 16.5039 0.1953
0 38.5576 16.5384 0.1923

Tables 14 and 15 compare finite element solutions for 4, 6 and 8 elements with the analytical solution. From the tables it is
clearly revealed that present models solution converges fast with the analytical solution as the number of elements increases.

Table 14: Comparison of variation of radial velocity along centreline for analytical and present models solutions

Radius locations (k, | Four elements Six elements | Eight elements Analytical solution
n) U4 ué us Ue
(1,0) 0 0 0 0
(0.875, 0.0) 19.976 27.129 32.451 32.500
(0.750, 0.0) 39.952 54.259 64.903 65.000
(0.625, 0.0) 59.928 81.388 97.354 97.500
(0.500, 0.0) 79.905 108.517 129.805 130.000
(0.375, 0.0) 99.881 135.647 162.256 162.500
(0.250, 0.0) 119.857 162.776 194.708 195.000
(0.125, 0.0) 139.833 189.906 227.159 227.500
(0.0, 0.0) 159.809 217.035 259.61 260.000

Table 15: Comparison of variation of tangential velocity along centreline for analytical and present models solutions

Discs gap Four elements Six elements Eight elements | Analytical solution
(x,m) V4 V6 V8 Ve
(1,0 0 0 0 0
(0.875, 0.0) 0.080 0.109 0.130 0.130
(0.750, 0.0) 0.160 0.217 0.260 0.260
(0.625, 0.0) 0.240 0.326 0.389 0.390
(0.500, 0.0) 0.320 0.434 0.519 0.520
(0.375, 0.0 0.400 0.543 0.649 0.650
(0.250, 0.0) 0.479 0.651 0.779 0.780
(0.125, 0.0) 0.559 0.760 0.909 0.910
(0.0, 0.0) 0.639 0.868 1.038 1.040
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Table 16: Percentage error of Table 14 values

Akpobi and Akele Trans. of NAMP

Radius locations (k, | Four elements Six elements | Eight elements
n) U4 ué us
(1,0 0 0 0
(0.875, 0.0 38.5353 16.5261 0.1507
(0.750, 0.0 38.5353 16.5246 0.1492
(0.625, 0.0 38.5353 16.5251 0.1497
(0.500, 0.0 38.5346 16.5253 0.1500
(0.375, 0.0 38.5347 16.5249 0.1501
(0.250, 0.0 38.5348 16.5251 0.1497
(0.125, 0.0 38.5349 16.5248 0.1498
(0.0,0.0) 38.5350 16.5250 0.1500
Table 17: Percentage error of Table 15 values

Discs gap Four elements Six elements Eight elements
(x,m) V4 V6 V8

(1,0 0 0 0

(0.875, 0.0 38.4615 16.1538 0.0000
(0.750, 0.0 38.4615 16.5384 0.0000
(0.625, 0.0 38.4615 16.4102 0.2564
(0.500, 0.0 38.4615 16.5384 0.1923
(0.375, 0.0 38.4615 16.4615 0.1538
(0.250, 0.0) 38.5897 16.5384 0.1282
(0.125, 0.0 38.5714 16.4835 0.1098
(0.0,0.0) 38.5576 16.5384 0.1923

In Table 18 is revealed that radial velocity increases at a fast rate even with small increment of Reynolds number, while for
tangential velocity the rate of increase of tangential velocity with Reynolds number lower as shown in Table 19.

Table 18: Effect of variation of Reynolds number on radial velocity

n Re;=0.5 Rer=2 Rer=5 Rer =10
0 0.00 0.00 0-00 0.00
0.125 37.455 149.821 | 374.552 749.105
0.250 69.916 279.666 | 699.164 1.398x10°
0.375 97.384 389.534 | 973.836 1.948x10°
0.500 119.857 479.427 | 1.199x10° 2.397x10°
0.625 137.336 549.343 | 1.373x10° 2.747x10°
0.750 149.821 599.284 | 1.498x10° 2.996x10°
0.875 157.312 629.248 | 1.573x10° 3.146x10°
1.000 159.809 639.236 | 1.598x10° 3.196x10°
Table 19: Effect of variation of Reynolds number on tangential velocity

n Re;=0.5 Rer=2 Rer=5 Rer =10
0 0.00 0.00 0-00 0.00
0.125 0.15 0.60 1.50 3.00
0.250 0.28 1.12 2.80 5.60
0.375 0.39 1.56 3.90 7.80
0.500 0.48 1.92 4.80 9.60
0.625 0.55 2.20 5.50 11.00
0.750 0.60 2.40 6.00 12.00
0.875 0.63 2.52 6.30 12.60
1.000 0.64 2.56 6.40 12.80

Tables 20 and 21 show that for both radial and tangential velocity that the rate of increase of both velocities with angular
velocity is almost double. This implies that both velocities depend much on angular velocity.
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ular velocity on radial velocity

Akpobi and Akele Trans. of NAMP

n =52 o =180 o =360 o =720
0 0.00 0.00 0-00 0.00
0.125 37.452 129.642 | 259.284 518.569
0.250 69.911 241.999 | 483.998 967.995
0.375 97.376 337.070 | 674.139 1.348x10°
0.500 119.847 414.855 | 829.710 1.659x10°
0.625 137.325 475.355 | 950.709 1.901x10°
0.750 149.809 518.569 | 1.037x10° 2.074x10°
0.875 157.299 544.497 | 1.089x10° 2.178x10°
1.000 159.796 553.140 | 1.106x10° 2.213x10°
Table 21: Variation of angular velocity on tangential velocity

n 0=352 ®=180 | @=360 o =720
0 0.00 0.00 0.00 0.00
0.125 0.146 0.506 1.013 2.025
0.250 0.273 0.945 1.890 3.780
0.375 0.380 1.316 2.633 5.265
0.500 0.468 1.620 3.240 6.480
0.625 0.536 1.856 3.713 7.425
0.750 0.585 2.025 4.050 8.100
0.875 0.614 2.126 4.253 8.505
1.000 0.624 2.160 4.320 8.640

Table 22 shows that radial velocity increase with swirl ratio (V/U).
through flow (no swirl condition). Hence, for swirling flow, flow in the radial direction is enhanced thereby increasing radial

velocity.

Table 22: Effect of variation of swirl ratio on radial velocity

For swirl ratio equal to zero, it implies flow is pure

n o=0.25 a=0.5 a=0.75 a=1

0 0.00 0.00 0.00 0.00
0.125 2.341 9.364 21.087 37.455
0.250 4.370 17.479 39.363 69.916
0.375 6.086 24.346 54.827 97.384
0.500 7.491 29.964 67.479 119.857
0.625 8.583 34.334 77.320 137.336
0.750 9.364 37.455 84.349 149.821
0.875 9.832 39.328 88.567 157.312
1.000 9.988 39.952 89.972 159.809

Tables 23 and 24 both show that the rate of increase of radial and tangential velocities with radial location is almost double.
This implies that for high radial and tangential velocities very large radius should be considered.

Table 23: Effect of variation of radii ratio on radial velocity

n k=0.25 k=0.5 k=0.75 k=1

0 0.00 0.00 0-00 0.00
0.125 9.364 18.728 28.091 37.455
0.250 17.479 34.958 52.437 69.916
0.375 24.346 48.692 73.038 97.384
0.500 29.964 59.928 89.893 119.857
0.625 34.334 68.668 103.002 137.336
0.750 37.455 74.910 112.336 149.821
0.875 39.328 78.656 117.984 157.312
1.000 39.952 79.904 119.857 159.809
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Table 24: Effect of variation of radii ratio on tangential velocity

n k=0.25 k=0.5 k=0.75 k=1
0 0.00 0.00 0-00 0.00

0.125 0.037 0.075 0.112 0.150
0.250 0.070 0.140 0.210 0.280
0.375 0.097 0.195 0.292 0.389
0.500 0.120 0.240 0.359 0.479
0.625 0.137 0.275 0.412 0.549
0.750 0.150 0.300 0.449 0.599
0.875 0.157 0.315 0.472 0.629
1.000 0.160 0.320 0.479 0.639
5.0 Conclusion

Considered in this present study are the comparisons of analytical solutions and finite element models for viscous flow
through the gap between two co-rotating discs. From the study the following conclusions were drawn;

1.

2.

3.
5.2

Since the NS equations for fluid flow has the inherent difficult of being solved directly relevant assumptions are
made on the continuity and Navier-Stokes equations to simplify them using order of magnitude analysis. Thereby
three asymptotic analytical governing equations for radial and tangential velocity as well as for pressure distribution
were developed.

The developed asymptotic analytical formulations were solved analytically and the result used as bases of
comparison with developed models.

The models developed reveal confirmed that finite element method can used as good approximation to analytical
solution as the results obtained from the present study are highly accurate and converge well with the analytical
solutions as the number of elements in the domain is increased. More so, the results obtained show that the radial
and tangential velocities depend on Reynolds number, radial location, swirl ratio, and angular velocity; while
pressure depends on all parameters except Reynolds number.

Recommendation

It was observed that finite element method has not been fully applied to fluid flow between parallel co-rotating discs
especially for 2D and 3D problems. Therefore, it is recommended that other element shapes and sizes be analyzed.
Finite element procedure employed in this present work should be applied to turbine configuration using quadratic
elements.

Numerical simulation should be carried out to validate models developed.

Contribution to Knowledge

In this study, two dimensional models have been developed for velocity components and pressure distribution for flow
between two parallel co-rotating discs in a Tesla pump by using the finite element method. Thesemodels have been
developed with the intension of aiding in finite element-based Tesla pump/turbine design of experimental set-up and/or
software since with the models design geometry and flow parameters can easily be varied

6.0
[1.]

[2.]
[3]
[4.]
[5]

[6.]
[7.]

References

Sengupta, S. and Guha, A. (2012): A theory of Tesla disc turbines. Journal of Power and Energy Vol. 266, No. 5 (pp
650-663).

Tsifourdaris, P. (2003). On the flows developed within the gap of two parallel discs. Phdthesis, Concordia
University, Quebec. Available online: spectrum.library.concordia.ca/1998/1/NQ77909. Retrieved: 22/10/2012
Podergajs, M. (2011): The Tesla Turbine. Seminar paper. University of Ljubljana, Faculty of Mathematics and
Physics. Available online: www.fl.ijs.si/~rudi/sola/Tesla_Turbine. Retrieved: 22/10/2012

Batista, M. (2007): A note on steady flow of incompressible fluid between two co-rotating disks. Available online:
arXiv: physics/ 0703005. Retreived: 22/10/2012

Ghaly, W. S. and Vatistas, G. H. (2001): A parametric study of axisymmetric

swirling flows in a low aspect ratio vortex chamber. Proceedings of ICFDP7: International Conference on Fluid
Dynamics and Propulsion, Egypt. Available online: http://icfd11.org/ICFD7/2001041.PDF. Retrieved: 22/10/2012
Takhar, H. S.,Bhargava,R., Agrawal, R.S. and Balaji, A.V.S. (2000): Finite element solution of micropolar fluid
flow and heat transfer between two porous discs. International Journal of Engineering Science 38 (pp 1907-1922).
Yu, X., Lu, H. Y., Sun, J. N., Luo, X., and Xu, G. Q.(2012): Study of the Pressure Drop for Radial Inflow between
Co-Rotating Disks, ICAS 2012, 28" International Congress of The Aeronautical Sciences. Available online:
www.icas.org/ICAS_ARCHIVE/ICAS2012/PAPERS/622.PDF. Retrieved: 9/6/2014

Transactions of the Nigerian Association of Mathematical Physics Volume 2, (November, 2016), 233 — 290
252



[8.]

[9.]

[10]

[11]

[12]

[13]
[14.]
[15]
[16.]
[17.]
[18.]
[19.]
[20.]
[21.]
[22.]

[23]

[24.]

[25.]

[26.]
[27]
[28]

[29.]

Development of 2D Models... Akpobi and Akele Trans. of NAMP

Torii, S. and Yang, W. (2008): Thermal-Fluid Transport Phenomena Between twin Rotating Parallel Disks.
International Journal of Rotating Machinery, Vol. 2008, Article ID 406809, 6 pages. Available online:
www.hindawi.com/journals/ijrm/2008/406809. Retrieved: 2/9/2010).

Akpobi, J. A. and Akpobi, E. D. (2007): A finite element analysis of the

distribution of velocity in viscous incompressible fluids using the Lagrange interpolation function. Journal of
Applied Science, Environmental and Management Vol. 11(1) 31 — 38

Jang, Y. (2009 ): Boundary layer analysis with Navier-Stokes equation in 2D

channel flow. Proceedings of the 7th IASME/WSEAS International Conference on Fluid Mechanics and
Aerodynamics, Jordan. (Pp 101-106). Available online:
www.ecs.umass.edu/mie/labs/mda/fea/fealib/jang/jangReport). Retrieved: 2/9/2010).

Oliveira, M. D. C. and Pascoa, J. C. (2009): Analytical and experimental modelling of a viscous disc pump for
MEMS applications. 11l Conferencia Nacional em Mecanica de Fluidos, Termodinamica e Energia (MEFTE-
BRAGANCA 09). Retrieved: 22/7/2011.

Breiter, M. C. and Pohlhausen, K. (1962): Laminar flow between two parallel rotating discs. USA: Aeronautical
Research Laboratory Office of Aerospace Research United States Air Force. Available online:
www.dtic.mil/dtic/tr/fulltext/u2/275562. Retrieved: 2/5/2014.

Takhar, H. S., Bhargava, R., and Agrawal, R.S. (2001): Finite element solution of micropolar fluid flow from an
enclosed rotating disc with suction and injection. International Journal of Engineering Science 39 (pp913-927).
Reddy, J. N. (1993): An Introduction To The Finite Element Method 2" Ed. New York: McGraw-Hill, Inc.

Reddy, K. K. (2010). Analytical and numerical Solutions of Flow Problems. 9" Indo-German Winter Academy.
Indian Institute of Technology, Guwahati. Available online: www.leb.eei.uni-
erlangen.de/winterakademie/2010/.../pdf. Retrieved: 2/9/2013.

Allen, J. S. (1990):A model for fluid flow between parallel co-rotating annular disks. Masters Thesis. University of
Dayton, Ohio. Available online: www.me.mtu.edu/~jstallen/publications/reports/jsa_msthesis. Retrieved: 2/6/2009.
Corsini, A. (1999): A finite element method for the computational fluid dynamics of turbomachinery. Lecture Notes.
Technical University of Budapest. Available online: https:/www.ara.bme.hu/oktatas/letolt/sIn-tubx99. Retrieved:
2/9/2013.

Buchanan, G. R. (1995): Schaum’s Outline Series Finite Element Analysis.New York:  McGraw-Hill, Inc.
Dechaumphal, P., Triputtarat, J., and Sikkhabandit, S. (1998): A finite element method for viscous incompressible
flow analysis. Thammasat International Journal of Technology Vol. 3, No. 2 (pp 60-68)

Dechaumphal, P. and Kanjanakijkasem, W. (1999): A finite element method for viscous incompressible thermal
flows. ScienceAsia Vol. 25 (pp 165-172)

Lawn, M. J. and Rice, W. (1974): Calculated design data for the multiple-disk turbine using incompressible fluid.
Transactions of the ASME (pp 252-258)

Attia, H. A. (2010): Asymptotic solution for rotating disc flow in a porous medium. Journal of mechanics and
Mechanical Engineering Vol. 14, No. 1 (pp 119-136)

Huang, J., Wei, J. and Qiu, M. (2011):Laminar Flow in the Gap between Two Rotating Parallel Frictional Plates in
Hydro-viscous Drive. Chinese Journal of Mechanical Engineering, Vol. 24, No.*. (pp 1-9).Available online:
www.cjmenet.com; www.cjmenet.com.cn. Retrieved: 4/4/2012

Jawarneh, A. M. (2009 ): The flow characteristic in a sink-swirl flow within two discs. Proceedings of the 7th
IASME/WSEAS International Conference on Fluid Mechanics and Aerodynamics, Jordan. (Pp 101-106). Available
online: www.wseas.us/e-library/conferences/2009/moscow/FMA/FMAL14. Retrieved: 2/9/2013.

Kumar, A., Agrawal, S.P., and Kaur, P.P. (2013): Finite element Galerkin’s approach for viscous incompressible
fluid flow through a porous medium in a coaxial cylinders. Journal of Mathematical Sciences and Applications Vol.
1, No. 3 (pp 39-42).

Wikipedia (2013). Coriolis effect. Available online: (http://3n.wikipedia.org/wiki/Coriolis_effect). Retrieved:
26/2/2013

Wikipedia (2013). Boundary layer. Available online: (http://3n.wikipedia.org/wiki/Boundary_layer). Retrieved:
26/2/2013

Wikipeedia (2014). Tesla turbine. Available on;line: (http://en.wikipedia.org/wiki/Tesla_turbine). Retrieved:
10/11/2014

Nikola Tesla, “Our Future Motive Power”. Available online: (http:/www.tfcbooks.com/tesla/1931-12-00.htm).
Retrieved: Retrieved: 2/2/2010.

Transactions of the Nigerian Association of Mathematical Physics Volume 2, (November, 2016), 233 — 290
253


http://3n.wikipedia.org/wiki/Coriolis_effect
http://3n.wikipedia.org/wiki/Boundary_layer
http://en.wikipedia.org/wiki/Tesla_turbine

Development of 2D Models... Akpobi and Akele Trans. of NAMP

Appendix A
@ 7 8 9 (b) 10 11 12
© O O
@ @ 9] 4 3 4 3
4 3 4 3 Element number 5 6
/'/ 1 . Bt 2
Local numbering 3 4 7 : S : 9
L 5 ) , 4 3 4 3
4 Q D 6 3 4
4 3 1 4 3 | 2 2 rs 1 2 |
4 — 5 M 6
a4 3 4
1 2 1 2
1 2 1 2 1| Global numbering 2
0, e N1 2 1 |
1 2 3 1 , 3
(©)
13 14 15
Q 4 3 I 4 3 °
7 8
A 2 1 1 2 5
10 1 o
4 3 4 3
1 5 2 I 6
7 C - 2 9
4 3 3 3
3 , 4
ol ' e
4 4 3 4 3 6
1l 1 1 2 1 2 2 |
( O
Fig. 1: A four, six and eight elements mesh
Appendix B

DERIVATION OF NON-DIMENSIONAL GOVERNING EQUATIONS FROM CONTINUITY AND NAVIER-

STOKES EQUATIONS IN POLAR COORDINATES:

Continuity equation (CE)

poliv) 1o ow

r- or r-og" oz

r-momentum equation(r-ME)
ou, v, ou, v} ou

+ + W

€]

ul’ * * *_ * a :
or r- oo r oz
top 1 ofo(ru)| 1oy 2 18 (u)

- v — 7|4 +
por r-or| or r? 06> r?o00 r* oz*

2

8-momentum equation(6-ME)
T S By
o r o0 r 0z

r

o t1 rafarv)] 1o 2, 10,
proo ror | or r?00° r?o00" r oz’

+ 00,
©))

z-momentum equation(z-ME)
oW, V, ow, ow,

ul’ * + * * + Wa El
or r-oe oz

1 op° +V{1 F) [a(r*wa)J 1 2w, 1 0°w,

L1 ‘o'a
p* oz r-or* or” r? 0602 r* 6z £ 9. @
4
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By applying the assumptions and boundary conditions to above equations themreduce to
Continuity equation (CE)

1 0(r'u

— u -0 (5)
r or
r-momentum equation(r-ME)

2 * 2

1w 1)

Pl * * * * (6)
r p"or r° oz
6-momentum equation(6-ME)
v, UV o|rv o,
2w 1o [T 1y 0
or r r-or or roz
z-momentum equation(z-ME)
10
0= =P (8)
p 0
Applying Coriolis effects and then ignoring all quadratic terms in v, u and ® the equations above reduce as follow:
V, =V+V =+rw 9)
Where,
Vo (1, 8) = disc absolute relative velocity
v = fluid (azimuthal) velocity with reference to frame (disc)
v =disc angular velocity
r = the disc radius
o = angular velocity of the disk.
r-momentum:
. [ 1 0° (Ur) 1 op° (v; +2vre” + r*za)*z) .
1% *—a " ——*a*:— ; =—2Va)
r Z r r
: g (10)
6-momentum:
[ (v +re) o(vy+1r' ") u, (v, +r')
v %2 = L‘II‘ * + *
oz or r
[ 0% oV .
= = |=u, - +2u0
VA r (11)
3 To enable larger domain space, we transform to Non-dimensional
Parameters using:
b” a 7 r u v oLV *
b:Tla: *77:7*1’(: *1u= r*uvz g*’a)za)*ygo: 0*’p:*p7*2’
Z R, b R; u, \'A Q, R, p U,
U * Qb ES Qb b*
0 = * 2 * V = *O = 6 = 1

o R, _27ra)R:2b)H ° R

‘Usb? v,
P02 Re =fRea=-"

*

Re

(o]
Where ur, Vo, ®",p", U, V', I, 2", b", R%, Q" and p’, are dimensional parameters while a, b, 1, r, u, v, p, U, and Vo, Re, a
and & (<<1 aspect ratio) are the dimensionless parameters. Note that Uo, V, and p, are the dimensionless mean radial velocity,
mean tangential velocity and mean pressure respectively. These non-dimensional parameters are substituted into NS
equations which reduced them to the following simplified asymptotic equations:
Continuity equation (CE)
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O(kRUU;) kRU. au ou

a(KR;) kR ok ok

(12)
r-momentum equation
oot (uy, op(p'U,’ . W, oV,
,Ll_* ( ) > | = *( *):_Zvvomo:_vo—foo
P | kRyon* (b) p 0x(R;) R,
J74ON {Jr o%u :| B pU? op 2W 2w
p b?xR | on’ p R ok R (13)
Multiplying thru by LTSZ yields
1 (d%u
—R—(S—Zj = —K‘S—p +2U 0o’k
& \on K« (14)
U, = constant = is non-dimensional maximum velocity at centreline.
6-momentum equation
011 0v(Vy) - ov(V,) | 20U 0V,
p Ry xan*(b?) " ox(R)) R’
A ( o2V j I SAVARY . 20U oV,
* ) *D 2 - * ~ - %
p kR b 0on R, Ok R, (15)
And multiplying thru by ITO — yields
1 (0% ov
R—[a 5 J = Ka—-i- U, wa’x
& \on K (16)

Where, o = swirl ratio = V'o/U", = 1; U", and V*, are dimensional radial and tangential centreline average (or maximum)
velocities respectively since this is where the maximum centrifugal force occurs.

Therefore, simplified governing continuity and Navier-Stokes equations are:

Continuity equation:

8_u =0 a7

oK

r-momentum equation:
1 0 (ou 0

- — =—K‘—p+K‘H (18)
Re, on\on

Where,

H=2U,d'o

8-momentum equation:
1 0 (ov ov

——| — |=k—+ &G (19)

Re, on\on oK

Where,

G=Now

Subject to the following non-dimensional boundary conditions:
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R - {UKO(—Z) = 0’U(CL) =Umax1uzc0(+z) = 0
o -

V(ro,—b) = rc:oo'\/(CL) :Vmax ’V(ro,+z) = roa)
dUmax
. Usi-2) = O’T =0,Upz) =0
H dv,_
Vori—p)y = O'T = 07V(ri,+b) =0
Piiz=0) = 0
(20)
Appendix C

RADIAL AND TANGENTIAL VELOCITIES FINITE ELEMENT ANALYSIS
For four (4) linear rectangular elements, the following approximation functions are used (Reddy, 1998):

r z Z r 1z
e (1T 2]og2 02
1 ( aj( bj b a ab

oy 1+i81,//f_ 1 r

or a ab oz b ab

Oy, 1z 0y, 1
or a ab oz ab

. 12
Vs ab

Oys _ 2 0ys _ 1

or ab oz %

oy, z oy, 1 r

or ab oz b ab
(1) Four Elements

Kis1 M1 dw. dy.
Derivation of stiff matrices: ki = 1 _[ L ad dndx
Re dp dn

roK
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N
=2
N

2222y, dy. 7a alzb/2l g g
ky= [ [|o2= |dnde=— g2 = Va OV | e = —2
dn dn 48b " d7 dp | 24b
o ol o L dn dn
a/3b/2_dl// dl// a al2bl2 d d _a
ka=£ ! an an |7 "2 K= [ ] dvrly3 dl/flyz}dndk 480
- 0 0L
al3b/2_dl// d(//:| —a a/2b/2_d d

KL — Wi Ws lgpdie=—2 Vs Ws | dpdic = -2

B ll_dn dn 24p " H dp dp | 48b
alb/2[ al2b

k114:j I %dy/4 dT]dK—i KL, = J‘J’ dyy d‘//4 a
o o Ldn dn | 480 dn dn 24b
alb/Z"d d ] a alelZ_d d 7

K :IJ Ve ¥4 dndx=—> k! :J‘ J‘ dy, Oy, _—fa

20 dp dn | 24p "3 dy dpy 48b

k; :aj,ij,Z'dl/,Z dl/lz_d di =2 kL, Tbj'z_%M_d die= 2

2= 0% Tan |7 s Iy an |77 " 2
al2bl2[ 7 al2bl/2[

k;?: = j j dd(//z ddl//:; df]dl('_@ kz]t-:i .[ '[ ddl//4% dﬂdl{‘: Zjb
o oL Un dn | o oL Un dn |
a/2b/2_dl// dl// al2 d d T 7a

=1 4y dp |97 2 o K= | j dl/:;dl;; x = e
0 0L 0 L
al2 b [ —

d‘// dl// 7a al2 b

k121: .[ I d_ld_l:|d77d](:—b k§1= I J‘ dl//S dl/ll :i
o b2l Un 477 48 o o2l A7 d7y 24b
al2 b [ T -

dl// dl// al2 b d d

k122:J. _[ d_nld_nz UdKZEb k2, I _[ d% d% dndrc:@
0 b/2L - 0 b/2 77 77
al2 b [

dl// dl// al2 b d d

k123:j I d_ld 3 dnd’(:m k323:J. J. l//3 l//3 df]dKzi
o b2l 977 G77 o o2 A7 dpy 48b
al2 b [

dy, dy, | *2 5 [dy, d

k2 = L4 ldpdi = — k2 = Vs W lgpda =2

’ lbgz_dn dr | 48p " !JZ dp dy | 24
al2 b [ T

d d al2 b

=] [ g 2y | 90 d%} _Ta
o b2l A7 d7p | 24b 2 AL dp dy 48b
al2 b [ 7 r

d d a al2 b

k222:J. J. V. Vs d]]d[(:_kazj J. dl//4 dl//Z df]dKZi
2 b2 A7 d7p 48b o o2l A7 d7p 24h
al2 b [ T /12 b [

dy, d — @

- | Vo 0V | g = =2 =T | dy, dys =2
o o2l A dn | 8b o v12L A7 d7y 24b
al2 b [ N al2 b [

dy, d - dy, d

= | e S =2k = | [ [ | gpane =12

o o2l A7 dn | 24b o o2l A7 d7n 48b
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a b/2[ a bi2l g _
kflzj J- d‘/’l dl//l:|d7]dl(=a k331:J‘ J‘ Vs dv/l:|d7]dl(=a
20 Ldn dpy 48b 20 L dn dgy 24b
a b/2_d d a a b/Z_dl// d 7 _7a
kK= | d"’l %2 ldndi= " k= [ |22 2 dpde="""
20 L dn dp 24b 20 L Ay dn | 48b
k3 — j‘. bj'z d’//1 dlr//3 di]dKZ;a 3 _ j' bj'z dl//3 dl//3 d?]dK'=77a
B4 e ldy dp 240 % 23 dn dp | 48b
k3 — j‘. bj'z d!//l dl//4 d?]dK'Z;a k3 — T bj'z dlrl/s dl//A d?]dl(zi
Yoo e L dn dry | 480 43 dp dp | 24b

o

— 2

N

r 7 a b/2[
dl//z d‘//l dﬂdl('zi k431:J‘ .[ dl//4 dl/jl dﬂdKZ;a
| d7 d7y | 24b 20 L dn dnp

o
N

Nx
N w
Il

j S—

o
N

0
a bl2f . a bl2[ .
= [ [ lgge T2 g - [ | Qe W g, 2
20 L dn dn | 48b 20 L dn dn | 24b
3 520,y 73 3 520,y a
k3 — 2 3 dndx =—= k3 — 4 3 dndx =2
» le_dn dp | agp le_dn dy | 2ap
a blz_dl// dl// T _a a blz_dW dl// T a
k3 — 2 4 drdx = —— k3 — 4 4 drdrx =——
2 le_dn dp | T ap le_dn dn | 48
a b _dl// dl// j| a a b _dl// dl// —a
k4 — 1 1 d?]d/(‘:i k4 — 3 1:|d7]dl(':
B Jsz_dn dry a8 JZJZ_dn dn 24b
&5 [dy, dy, | a 2 8 [dy, dy, | -7a
k= L2 ldpdx=— ki, = : "2 ldpdx=——
. a‘[z b'!.Z_ d7] d?] . 24b * a'!-z b'!-2_ d?] d77 . 48b
2 5 [dy, dy, | -a 2 8 [dy, dy, | a
4 _ 1 3 d dKZi k4 — 3 3 d d _
. a'!.z b'/[z_ dp dn | 7 24b 7 a'/[z b'!‘z_ dp dn | T 48b
a b [ 7 a b [ 7
K = J‘ J' dy, dy, d77dl(=i ke, = J J‘ dy, dy, dndKIi
2072l A7 dn 48b Javr2L o dnp 24b
k4 _ j‘ ‘T_dI/IZ dl//l_dndk_:i k4 _ j' j)'_dl//4 dl//l:|d d :;a
“ 2n2L A7 dm | 24p 2n2L dn dp 48b
2 " [dy, dy, | 7a & 8 [dy, dy, | -a
k4 — 2 2 d dK‘Zi 4 _ 4 2 d d —__
“ aJI‘Zb.!'Z_ dn dzy | 7 48b a'/[Zb'/[z_ dp dn | T 24b
a 8 [dy, dy, | ~7a 2 8 [dy, dy, |
ks, = 23 ldpdx =——kj, = 873 ldpdx = ——
# a'!.z b7[2_ dp dn | 480 a'!.z b!z_ dn dn | 24b
a b [ T _ a b —d d 7
;4: J‘ I dl//Z dl//zl df]dK'Zia k434: J‘ J‘ !//4 !//4 df]dl('zi
22012l A7 dn | 24b 2072l A dn | 48b

Kis1 Miv1 dw.
Derivation of force matrices: N; = J’ J‘ (Kl//i Vi
K

]dndx

Ko T
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Nfl:i i KV, i,y:jdﬂdK—zga; Nér! ![wg Z":]dnd,c:;:g
N, :aj)-“j;z Ky, ddl/;: jdndK:lit; N3, —afbj;z(m//g ddl/;“ Jd?]d/(:;;lz
N3, =:/[2T KY, ddl/zjdnd;c:;: NZ, :afbj)'z[,(% dd 4jdf7dK=;22
Nﬁ:afi[wl c:;/;ljd d ‘;7612 N§1=Tbjz(w3 ‘:j"zjdqd;c:;;‘:
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al2 0 dn 288 o dn 288
o [ o oo sy e [ o G o535
W ] T o o550 e v i oo 2
] o 30 o 2
NG _jzjz[la//z d(;/:]l dndkz%zb N, —jzjz KY, ddl/;lequ:;il:
N, _jzjz(ld//z ddl/;zjdndlc:;;g N;, —jzjz KY, ddv:; jdndK:$
N3 = jl T(Kl//z dd%Jd de=120 Ny = T i Ky, d%JdndK:Yab

al2b12 n 288 12072 dn 288

a a b
e ] o oo v o oo
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Kis1 Tis1 dw.
Derivation of stiffness matrix: M; = J’ J‘ [‘/’i Vi Jdndx

al2b/2 dl// _7b al2bi2
1 _ v, _-fb d b
M _([ _([(‘//1 q jd d 64 M;:J‘ j(/q//3 dl/’/:)dﬂdk':%
0o 0
al2bl2 dy. 7b al2b/2
v | o(m d;jdndk—m Y j(K 3dd‘{§jd de=2
0 0
al2b/2 dw. b al2b/2
ML = [l/l 3jd77d1(: 1 dy, :L
” !l " dr 32 Ms ! Vs g )75 = 10
[
0

RARETS 64 w2 dx 96
al2 b dl// b al2 b dl// 7b
M2 = Z ldpde=— M2 = Z ldpdx =—
12 .([ bJI.Z 4 dKj ndx 64 2 _([ b./|.2 V3 dl(‘j nax 192
al2 b d(// b al2 b
M/ = $ldpdxk=— M2 =
& IJZ i dzcj T =5 e !JZ dx 192

N

o
=
o
A
Il
|
(=
;J:N
Il
2

S
Se—

0 b/2 0 b2
al2 b d(// b al2 b dl// 7b
M, = 2 ldpdx =—— M2 = 2 |dndi = —
2 _([ b‘!.z v, dx j ndx 192 e .([ JZ VY, dx j nox 64
al2 b dW b al2 b d(// —7b
MZ = v 3Jdrydl{z 2= "% 3jd77dk‘=
@ !Jz 2 di % © !Jz Y di 64
al2 b dy b al2 b dy b
Mg, = .([ Jz ¥, d’:JdﬁdK:% M, = _l. Jz v, d,:]dﬂd’f:gz
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ar2 dz at2 dn 32
- o 8 o 25 i 2 -2

al2 0 n 192 720 dn 32
e e ] o

a a b
i o oo i ] [0 o3

a a b
=] e = L[ o2

a a b
=] o Jonow =g - 5 o2
o i e
e e e
i e (o o i
Derivation of local force matrices: f* =H T f (‘//iK) dndx

Ko T
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al2b/2 a bf2 a’b
1_ - d dx=—
fl_H.([J;( K)dpdr =22 !! ndx=—
al2b/2 azb Lt b/2 7a2
f=H] I(WzK)dUdK—a =H [ [ (yax)dndc=
) al2 0
al3b/2 zb a bi2 7a2
fl=H dpde=>= f3 = x)dndx =
’ ! l( T J; ! 192
al2b/2 Zb a b/2 2b
ff =H dpde=22 f ©)dndi =2
o] o2 o] o
al2 b 2 a b a2b
f?=H I _[ (y/lrc)dryd/c:ag—eb ff=H J J (l//lK')dT]dl(Zg
0 b/2 al2b/
al2 b Zb a b 7a2b
ff=H i) dndic =22 £} =H w,k)dndx =
’ ?!l b‘!‘Z( ’ ) 192 ’ a'!.z h.!.Z( ’ ) 192
al2 b a%b a 2b a’b
ff=H j .[ (wsx)dndi = o f)=H _[ I(W3K)dﬂdK: o
0 b/2 al2 b
al2 b Zb a b aZb
ff=H I .[ (1//4K)d77d/c—a3—2 f)=H .[ .[ w,k)dndx =—
0 b/2 al2b/
kll klZ k13 k14 Nll NlZ N13 Nl4
[Ke]z k21 kzz k23 k24 " N21 sz st N24
k3l k32 k33 k34 N 31 N 32 N 33 N 34
k4l k42 k43 k44 N 41 N 42 N 43 N 44
Mo 31 22 86 83 25 -22 -86
[KlJ— 1 17 85 -13 -25 K2 1 235 125 -11 -25
576bRe |25 -11 125 235 [ }_ 576bRe, | -25 -11 155 205
-86 -22 25 83 -86 -22 31 77
5 25 22 -14 11 25 =22 -14
[K3] B 1 -0.5 1085 -77 -31 [K4] 3 1 205 875 77 -25
 576bRe, | 31 77 875 205  576bRe, | -31 -77 1085 0.5
-14 22 25 11 -14 -22 31 -5
Force vectors
a’h 2% a%b a’h
32 96 32 96
a’b a’b 7a’b 7a’b
64 102 | [ ¢3 64 | [ 1) 192
f]=H f2]=H £ = f, |=H
[ ] ﬂ [ J a’b [ J 7a%b [ 4] 7a’b
64 64 192 64
96 32 96 32

Assembling of element equations to obtain domain equations for the four elements:
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Ky = k111
K = kllz
Kis = k113
Ky = I(114
Ky = k;l
Ky = kiz + k121
Ko = k122
Ko = k123

Lt 2
Kzs = k23 + k14

K95 = ka K94 = k:l

i,
i,
0
i,
i,
0
0
0
0
77

20.5
0
—-86
-25
0
0
0
0

[°]-

(k]

Development of 2D Models...

K24 = k;A
Ks, = k221
Ks = kzzz
Ky = k223
Kss = k224
Ke = k321
Kes = k322
Kes = k323 +
Kes = k324 +
Kg =K
0
k122
K,
0
Kz
K,
0
0
0
0
25
-11
0
—22
-11
0
0
0

i
k;Z + k121
<2
<,
i, + k2
<
0
0
0
31
32
-25
-22
-97
-25
0
0
0

Fora=b=1and Re,=0.5
Assembling of local elements equations to obtain domain force vector equation:

(]

fl+f2+ )+

fl+f2

f2+ 1)}
f2
2+ f)
f)
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Ker = k233 Kge = k134 + k342
Kes = k234 Ko = k;A
K = ksll Ky = ki1
Ks, = k312 + kfl Ky = kiz
Kes = kfz Ky = kis + kfz
K = kfz + k132 Ku = ki4 + k141
Kss = k;3 + kj4 + k131 + kgz Ki = k143
I(232 Kss = k;4 + k;1 Kao = kﬁt
I(231 Ky = k133 K = ks?z
:3 Kgo = k:A
<, <, o o
Kas Kz + ki K 0
0 Ka kz 0
ok Kk o K
k§4 + k241 ksls + kf4 + k131 + kgz kf3 + k132 k:4
0 G4k, Ki+kh O
K K2 0 ki
K, ) SR
0 Ksi K2 0
-86 22 0 0 0 0 |
-25 -99 -22 0 0 0
0 -25 -11 0 0 0
94 50 0 -14 26 0
—-49 182 51 -25 -101 -22
0 20 124 0 =31 77
-14 26 0 5 31 0
-31 -101 -22 -0.5 1195 25
0 =31 77 0 20.5 87.5]

a’b
32
5a’b
192
a’b
192
8a’b
192
40a’b
192
10a%b
192
a’b
96
13a’b
192
7a’b
64

6
5
1
8

a’bH

192 0
10
2
13
21

265

Kss = k331
Koy = k333
Kg = k334
Kes = k432
Kes = k431 + k342
Kes = k.’;ll
Ker = k:3
Kes = kf4 + k':a
Keo = k;4
0 0 |
0 0
0 0
kKX o
k243 + I(134 k133
Ko K
K 0
Kss +Kas ki
ks K|
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Since no flux is specified at node 5,
fi+f7+f+f=0

2 Six Elements

1 Kit1 Miv1 d : d .
Derivation of stiff matrices: ki? = avi Vi dndx
Re, ; ;[ dn d7n
- a/3b/2_d d _7a
al3b/2 dl// dl// 19a kl :J' '[ l//S l//l d dK_
kL = “ 7 |l dpd i = 31 —_—
B ! !_dn dy | " 162b (ijtjz:dd” dz | 324b

a r T a d —a
o /3b/2 %d‘/fz A< 7a k?l:zz_[ v, 4y, dpdi =
2= 3 Uy dy | 32am > o Ldn dy | 162b

- - al3b/2[ -

30120 4, dy, ] “7a KL - dy, dy, dnds =2
ki = L S ldpdx=—= K3 = J. J naxK =——
B ! g_dn dn | 7 324b (/,%(;zzdn dn ] 162b

a/3b/2_dl// dy . 193 1 _a dy, dy, B 7a
k1 = 2 4 d d = — k3 - dndK—i
N gl_dn dp | 0F ) !!_dn dn | 324

al/3b/2[ T al3b/2[ _

k, =.[ I e 0y, dndzcz—?a kfuZI ave d%}d o
200 4 L dn dy 324b S 3| dn dp 162b
al3b/2[ 7 al3b/2[ 7 _
&= Wo 0 i3 K= [ | dye dv, [ g0- T2

o oL dn dn | 162b ¢ 2| dp dpy | 324b

al3bl2'd d 7 _a a/3b/2'dl// dl// 7 7a
k;Z}: j Ve ZVs d77d’(:7 ki3 = _[ J. d ! d ’ dndK:%

o oL dn drn | 162b o oL Un dn |

a/3b/2_d d 7 _ a/3b/2_d d 7 l
Go= ] g dndi=—22 ity = [ [ | D i =

o oL dn dn | 324b o oL dnp dn | 162b

al3 b _d d T 19a a3 b B
klzlzj f gy, 9y, dpdix = —o ks‘zlz_‘. J- dl/l3dl//1i|d dr = 7a

o b2l A7 d7p | 162b ', dn dn 324b

al3 b _dl// dl// 7 7a al3 b _d d 7 _a
k2 = L 2 dndx=—— k2 = v, 4y, dndx =
12 _(l; b7[2_ d?] d77 ] 324b 32 _('). b_!.z_ d77 d?] | 77 K 162b

230 Ty dy, | _7a 3 T du du. ] .
k2 = L 3 dndKzi k2 — ERLE dndx =
il ! Jz- dip dn ] 324b 7 !Jz_ dp dy | 162b

[ dys dy ] “19a , P b[dy, dy, ] 23
k2 = —r1774 dndK-: k2 — y/3 l//4 d?]dKZ
B Hdn dr | 1620 H dy dy | 324b

[ dwe dwy ] 7a 8 [dy, dy ~19a
kZ — 72 7F1 d dK: kZ — 4 1 d d _

” gbL_dn dy |7 " 3040 8 !Jz_dn dn} T = 1620
al3 b ‘d'// dy T a 2130 oy dy, ] _7a

k2 — 2 2 dndx = k2 — 4 2 dndx =

* gbL_dﬂ dy |7 T1e2p !Jz_dn dp | 3240

k2 :ajl'a j{ _dl/lz dy/3_d77dl(= —-a 2 :aj3 '1‘1 _dl//4 dl//3_d77dl<'= 7a

® 4L dn dn 1620 © {4, dy dpy | 324b
al3 b [ 7 al3 b [ -

2 1.l dn dn | 324b o ool dnodn | 162b
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2al/3b/2
3 _
k=1 |

al/3 0

2a/3b/2

3

I(12
al/3 0
2a/3b/2

3 _

k13_ I
al3 0
2al/3b/2

3 _

ki=[ ]

al3 0

2a/3b/2

I

al3 0
2a/3b/2
3 _
ke=| |
al/3 0
2a/3b/2
3 _
k= |
al/3 0
2a/3b/2

=]

al/3 0

3
k21

2al/3 b
=11
11—

al3 bl/2

2al/3 b
=1 |
12—

al3 bl2

2al/3 b
ko= |
13

al3 b/2

2al/3 b
k! =
14 —

al3 b/2

al3 b/2

Development of 2D Models...

2a/3b/2

Akpobi and Akele Trans. of NAMP

_dl//l dl/ll —a 3 _d'//3 dl//l:| -13a

dnpdx=—— Kk, = dpdix=——
dy dp | 1620 Js ! dp dn | 3240
| dv, d‘/’z_dnd,c:ia s T dvs d%_dndzcz—_m
| dn dy | 3240 ¢ 2,3 dp dny | 162b
r T 2al/3b/2[ T

do;//1 dd% d’?""’iﬁﬁ " = dd% dd% dﬂdK:lzs:b
L dn dn | ar3 o L 017 477 |
r n 2a/3b/2[ T
dy, dy, dndx = 7a - J- J- dy, dy, dndx = 13a
| dnp d7n | 162b s o L dn dn | 324b
_dl//Z dl/ll_d?]d _ 13a k3 =2]'/3b/2_dl//4 dl//1 dndK: 7a
| dp dgy | 324b 2.4 dp dp 162b
_dl//z dy/z_df]dl(': 7a k3 :Zst/Z—dl//4 dl//z_dndK.__13a
| dp dn | 1620 . ¢ | dp dn | 324b
[dy, dW3_dUdK= —7a % ZZTSbm_d% dws_dndlc— 13a
| dn dn | 1620 ® .| dp dn | 324b
_dl//z dl//4_d77dl(=_13a k3 :ZT3b/2 d'//zl d!r//4 ﬂdK_ —7a
| dp dn | 324b % 2. 4| dp dny | 162b
_dt//l dy, 7a 2a13 b [, d

=% y, dy. —13a

an dn |1 162 K= | | d773 dnl}dnd’(:324b
B a/3 b/2L

_dl//1 dl//z_ 3a 2213 8 [dy, dy, | —7

dT]dK=7 k4 — l//S V/Z d d — a

L dy dn | 324p "=z JS Jz_dn dp |- 7% 1620

dy, dy, dndx = 13a | :2?’3} dy, dy, dndx 7a

5 dn dn ] 324b "= I J | dy dy | 162b

dy, dy, —7a 235 [dy, dy, | 13a

dn dn |97 T Te K= [ ]| g (dnde=

L d77 dn | Javral A dn | 324b
[ d dw. | 13 2a/3 b [

Ve W3 | gpdie = 232 s vy AV |, g —72
| dn dn | 324b % J 4| dp dgy 162b
[dy, dy, | 7a 2210 Tdy, dy, | ~13a

dndx = k = 4772 ldpdx = —=
L dn dn | o = 1Ty an 97 00
dWZ dl//3 d?]dKz _7a k4 ZZTS j)‘ dl//4 dl//S d?]dK= 13a
| dn dn | 62b ° .., dp dp | 324b
M 7 2al3 b [ 7

dl//2 dl//4 d?]dK’Z_lSa ki‘ _ I I d!//4 d(,//4 dpdx = Ta
| d dp | 324b Janrol dnodny ] 162b
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o
z —— —
)

o

Ot I O~ Ot~ O

)

o
)

N

Lo
I
—
o \b.c_

a
kS =
12
2al/3b/2L
a b [
6 _
k=1 |
2a/3b/2L
a b [
kS =
14
2a/3b/2
a b
kS =
21—
2al3b/2L
a
kG
22

2al/3b
a

k§3= I

2a/3b/2L
a b [

=]

2a/3b/2L

Development of 2D Models...

Derivation of force matrices: N; =
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_dl//l% q a b2
dy dp 1620 K= [ [
- _ 2a/3 0
dy, dy, ndx = 7a .8
dy dn | 324b ksz—zflsg
[dy, dy, | ndx a a b2
dy dn | 324b k“_zaj,g!
dy, dy, dndx a a b2
dy dy | 1620 Kas Zaflgg
-dl//z dl//l ndK— 7 k5 a b/2
| dp dn | 324b 2!/3 .(';
dy, d%—dndzcz 19a ¢ jﬁ. bf
| dp d7n | 162b SO
_dl/lz dl//3_d77d’(: j" bj'z
| dp d7n | 162b s
dy, d‘//4 ndx=_—2 k5 jl bj‘z
| dp dpy 324b I R
dl//l dl//l:|d dK= j’ 'b[
:d77 dn _ 162b 2a/3b72L
dy, dy, ndx = k6 j‘ j‘
dn dn | 324b 2a/3b/2L
d'//1 dl//a dl]dK= kﬁ jl' -T
3 =
dn dn | 24b sarsvizl
dl//l dlr//4 ﬂdK_ j‘ j‘
| dp dn | 162b 2a/3b/2L
d‘//z dl//l_ ndx = a kS — ji\‘ j‘
dy dn | S
a b
d!//2 dl//2 dpdx = —2 19a kfz _ .[ J-
L dn dn | 162b 2a/3b72
dl//z dl//S d dK_ 19a kG _ jl j'
dn dn | 1620 00
7 a b
dv, dv, dndx = ’a kS, = I I
dn dn | 324b 2a/3b12
Kis1 ’li‘r v dl//J
K 1 I dK

Akpobi and Akele

dy, dy, drds —7a
| dn dnp 324b
[ dy, dy, | ndlc:_lga
| dnp dn | 62b
[ dy, d%_d?]d _19a
| dp dn | 162b
[dy, d%_dndx— 7a
| dn d7n | 324b
—dl//A dl//l d d _
| dn dn@ 162b
[ dy, dy, | ndx = —7a
| dp dn | 324b
_dl//z‘. d!//3_ ndKZi
| dpp dn | 324b
—dl//4 dl//A—dﬂdKZ —a
| dp dn | 162b
[ dy, dz//l_dnd _ 7a
dn dn | 324b
dy, d%_dnd _ -19a
dn dn | 162b
dy, dl//g_dndK_ 19a
dn dn | 162b
dy, dy, | ndx = 7a
dn dn | 324b
_dl//4 dl//l d dK=
| dp dpy 162b
[dy, dy, | ndx = 7a
| dp dn | 324b
[dy, d%_dryd/c: 7a
| dp dn | 324b
dl//4 dl//4_d77dl(= a
| dp dn | 162b
']dndx
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Development of 2D Models... Akpobi and Akele Trans. of NAMP

(

o e T g 8 e
N112=J; .([(K% dl/:(zjdnd’(=3828 Ngzzl' l‘(/a//s dzcjdndkzgn
Ny :be(’(% ddl/ﬁjdndkzﬁ N =a-:[3b-:[2(m//3 ddfjdndlegl
= o oo = [ o 3
o

0b
N2 :Ezf{wl ddl’:jdndzc:gl;g 2 =I2Ib KY/s dd‘/”;Jd,]dK:;?bz
0b
N/ :IT(K% ddvﬁjdﬂdK:l?;i % :TT Ky ddlr/s]dﬂd’(:l?;&
0b
T (o e
NZ; =.:|'Zf[1cy/2 Zl/:dedKijz N ZET(K% Zl/:jd”d’c:ﬁ)
N2, :IT[/{WZ ddl/;z JdndK:l;Z“- N2, :.:[1?(’(9//4 ddy;zjdﬂd’(::m
N2, =_:“1?[m//2 ddl/:’jdﬂdl(=;7b2 NZ, :IT(K% ddl/’?jdﬂd’f::ggg
N2, :ET[M//Z ddl/;:jdnd’(:;?; NZ, ZET( W, ddy;ljdﬂd’f: ;4898?
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Development of 2D Models... Akpobi and Akele Trans. of NAMP

o2 o 2 o 5 e 3
Ny, =ET('€% ddy:jdndx—zézz N3, =EZHW3 ddv:jdnd’(:;;uz)
“ffﬁ(“”ldd@d”"“iiii %Zizf("‘“dd‘ﬂd"dhﬁ
. {zbf('% ddv?jd”d'(z _11934ib - :sz('% dd‘fé‘jd’?d’(igff
= G Jomow = W v o S350
Nz =j.2f(m//2 dd'/::)dnd;(:_;;‘; 3 :TT(’(% ddt/zjdnd’( 3183;3?
ob 0b
=T S oo o S - 12
N, =Tzf(lcl//z Zl/:jdndzc:;zzz NS _TT[K% ddy;zjdndk:z;g
Ny =T1P(Kl//3 C:;//Kljdndzc:igzz N, :TT[K% ddldeUdK:jgi:
= T S o =222 s, 92 o - 50
ab ab
v 520 o oo
N, =T2JP(/<1//2 dd‘/;sjdnd/c=;?2 N2, :TT(’(% ddylljjdﬂd’f:z;zz
ab a b
Ny, =TT(M//2 ddlﬁjdﬂdng;f “ :T?(K% ddt/’?jdnd’(: _3?318?
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Development of 2D Models...

Akpobi and Akele Trans. of NAMP

2a2b dl// _49ab N5 _ dl//l dnd :—19ab
NfﬁH(K%d;jdndfﬁ wss ” T R 7
ab 2az2b
2a2b dy 49ab N5 - dy, dnd :19ab
lez:jj‘(’ﬂ//z dljjdndfﬁ%% @ ” el )T an2
ab
2a2b
2a2b dy 7ab 5 _ dy, :19ab
Nfs=H(w3 d,:jd"d’(=1944 Nis ” Vs e )79 = 1044
ab
2a2b
2a2b dl// —7ab 5 [ dl//4j _ —-19ab
N5 = 1 dndx = — N34_ Ky, dT]dK'—
1 H(KW“ dl(] TV I{ dx 1944
; 2a2b dl//l _133ab N5 —TT . dl//l d dK— —17ab
Nﬂ:jg(wz dKde]dK‘z toas u=)) Ve g |9795 =010
2a2b d % 133ab 5 2a2b d v, 7ab
N>, !!(1{1//2 dKjdndK 1044 42 .!:_t[ Ky, dx ndx 1944
2a2b dl// 19ab 5 2a2b dl// 7ab
5 = 3 = — = 8 d d =
N, J;I[(K!//Z dKJd?]dK 972 23 _E[_tl: KW, dx nax 3888
a2 d ~719ab an dy. —7ab
NZS“:H(K"'Z d’fﬁjd”d’(: gz N =] | v g Jande = e
ab ab
2a2b dl// —7ab 2a2b d _
6 _ 1 _ "4 19ab
Nll_J.J.[K%dKjdndK_3888 N;lzjj(st d’;jdndkz 972
ab ab
2a2b dV/ 7ab 2a2b d
6 _ _ 7% 19ab
le—_H(’ﬂ//z dlcljdnd’(_3888 N;zzjj(ngcj;jdﬂdK:m
ab ab
2z dy. 7ab 22 d 133ab
6 _ _ 7 al
i _Im'% d/cljdndK_lsaM Na :H(K% d;]d"d'(: 1944
ab ab
e dy. ~7ab 282 d ~133ab
NS = Ky, — |dnde =—— N2 = Vs =
14 _!:.b[( Vs dKj n 1944 N,, '!'!(KV/S I Jd?]dl{ 1944
e dy ~19ab e d —7ab
Na=] [ dxljd"d'(: 1944 le:”(w“ dl/;l]d"d'(:m
ab ab
2 dy 19ab e d 7ab
NG =] ]| v d;)d”dK:1944 2 2”(“"“ dl/:}d”d'czmm
ab ab
22z dy 19ab 2z dy. 49ab
N§3=_[_[ Ky, d/:jdnd’(:im N:3:J'J.(KV/4 d:jdﬁd’f:%%
ab ab
222 dy —-19ab e dy —49ab
N = [ ]| v d;jd”dxz 972 N:“:”(K"/“ d;:jd"d'(: 3888
ab ab
kll klZ k13 k14 Nll NlZ N13 Nl4
[Ke]= k21 kzz kzs k24 + N21 sz st N24
k31 k32 k33 k34 N 31 N 32 N 33 N 34
k4l k42 k43 k44 N 41 N 42 N 43 N 44
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Development of 2D Models... Akpobi and Akele Trans. of NAMP

[ 454 1085 -77 —463]
[K1] _ 1 77 131 -22 -86
3888bRe, | 86 22 85 85
| —463 77 875 449 |
[ 449 875 91 —463]
[KZJ _ 1 83 25 -22 -86
3888bRe, | 86 25 -17 77
|—463 91 -80.5 5605
(1225 2015 -143 -181]
3 1 107 217 -154 -170
[ ] ~ 38880 Re, | -170 -154 175 149
| -181 -143 1625 161.5]
[161.5 1625 -143 -—181]
4 1 149 175 -154 -170
[ J::3888bRer ~170 -154 217 107
| -181 -143 2015 122.5|
[-0.5 1085 -77 -31]
57 1 -49 589 -418 -122
[ ]_%B%Rq-4n -418 475 65
| 31 77 875 205 |
(205 875 -77 -31]
[K6] _ 1 65 475 418 -122 3.67
3888bRe, | -122 418 589 -49
| 31 77 1085 -0.5 |
Assembling of element equations to obtain domain equations for the four elements:

K K, 0 K 0 0 0 0 0 0 0 0
K, kh+ki ki 0 KL, +K2 0 0 0 0o 0 0 0
0 kzzl k323 0 0 kzz3 0 0 0 0 0 0
0 0 Kk Kk G 0 0 o 0o 0 0
0 I +ky O Kk Ky okh kG ki Ki+ky O &, +k 0 0 0 o
[KQ] _ 0 0 k322 0 k§4 + k;l k§3 + k;z 0 0 k;3 0 0 0
o 0 0 K 0 0 Keky kit 0 Kk 0 0
O O 0 0 k§2 + k:l O k;‘l + k251 k§3 + k:4 + k252 + kfl k:S + k162 0 k253 + kfl 0
o 0o 0 0 0 sy 0 as + Koy kthky O 0k
0 0 0 0 0 0 k fl 0 0 k fA kfa 0
o o o0 0 0 0 0 ks, + Kay 0 ki ki K
e o o o 0 0 0 0 kp 0 kitkg kg
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Development of 2D Models...

Akpobi and Akele Trans. of NAMP

Ky = k111 K = k223 Kes = k322 Kes = k333 + k:4 + kiz + k161 K10,11 = kfs
K = k112 Ky = kil Kes = k324 + k;l Keo = kja + k162 Kiie = ké—)z + kfl
Kis =0 Ky = ki4 + k131 Kes = k§3 + kgz Ks,11 = k§3 + k164 K11,1o = k354
Ky = k114 Kys = kis + klsz Keo = kgs Kgs = k342 K11,11 = k§3 + kfa
Ky = k;l Ky = k134 K7 = kjl K = k344 + k261 K11,12 = kf3
Ky = kgz + k121 Ks, = ka%z + kfl Ky = kj4 + k151 Kgo = k;3 + kfz Klz,g = kgz
K23 = k223 K54 = ksla + k231 K7s = kj3 + k152 K9,12 = k263 K12,11 = k?it
Kas = k%s + k124 Kes = k423 + k142 K7,1o = k154 K10,7 = kfl Klz,lz = k363
Ky = I(221 Kes = k233 + kﬁt Kes = ke?z + k:l Kz = ke?z
Ko = k323 Kes = kés + I(424 + k232 + k141 Ker = k3?4 + I(251 K10,10 = kj4
Where Kij; are the global matrices and k®; are the local matrices.
454 1085 0 -463 0 0 0 0 0 0 0
77 4835 -22 0 —483.5 0 0 0 0 0 0
0 83 17 =22 0 0 0 0 0 0 0
-463 0 0 205 289 0 -181 0 0 0 0
0 -485 0 190 944 82 0 =335 0 0 0
[KQJ _ 1 0 0 26 0 226 156 0 0 -154 0 0
3888b Re, 0 0 0 -181 0 0 -199 271 0 =31 0
0 0 0 0 0 0 100 887 289 0 —449
0 0 0 0 0 —154 0 172 692 0 0
0 0 0 0 0 0 =31 0 0 205 875
0 0 0 0 0 0 0 —449 0 65 4745
| 0 0 0 0 0 0 0 0 -418 0 -49
Determination of force vector F! = H r LJI1 (ky; )dndx
K 1
a/3b/2 2 als b 2
fl=H _([ ! (1//1/()d77d1c:74a—32b f’=H '([ bJZ(WlK)dUdK:Z;gZ
al3bl2 2 al3 b 2
f;=H '([ '([ (l//zlc)drydK=Z—1t6J f;=H '([b‘[z(WZK)dndK:g
al3b/2 2 al3 b 2
fi=H ! ! (%K)dnd,c:ZTg fl=H ! Jz(yzax)dndnglz
al3b/2 2 al3 b 2
f;=H _([ ! (l//AK)dﬂdl(:% fi=H '([ bJZ(WAK)dUdKIT?’;)
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Development of 2D Models...

Akpobi and Akele Trans. of NAMP

2a/3 b 13a%
f'=H dndx =
fe ] L=
2al3 b b
f'=H (l// K)d?]dlcza—
’ aJ/‘S b.!.Z ’ 648
2al3 b 7a b
f'=H wok)dnde =——
’ a'/[s b.!-Z( ’ 216
2al3 b 13a2b
fi=H dndx =
RUNEES
a b b
f°=H w,k)dndx = ran
' 25[/3 b'!‘z( ' ) 1296
I 19a%b
fP=H w,k)dndx =
’ ZJ;SbJ;( ’ ) 6£18
. 19a’b
fP=H wak)dndi =
: 2£3J;( ’ 216
. 7a’b
fi=H v,k )dndx =——
) 2£36L( ) ) 432
13a%h 13a%h
432 1296
7a2b 7a2b
B 216 f11=H 648
=H 7ab [ J 7a’b
648 216
13a’b 13a’b
1296 432

Assembling of local elements equations to obtain domain force vector equation:

2a/3bl/2 2
13a°b
fi=H (w,x)dndx =
L i
2a/3b/2 2
7a’b
f)=H (w,x)dndx =
L 2
2a/3b/2 2
7a’b
f)=H (wyx)dndi =
a.!'a '([ 648
2a/3b/2 2
13a°b
fi=H (l//4K)d7]dK =
L 125
2a/3b/2 2
7a‘h
f°=H (yyx)dndx =
L i
2a/3b/2 2
19a°b
f)=H (w,x)dndi =
L 2
2a/3b/2 2
19a°b
fo=H (wsi)dndx =
L oa
2a/3b/2 2
7a‘b
fo=H (w,x)dndi =
aJ,-3 '! 1296
2
7a’b Zs b
432 296
a® ab
w218 [ Ti2]=n] 648 Lrps
[F]=H1 ) 7] a’b (7]
648 216
7a’h a’b
1296 432
7a’b 7a’b
432 1296
19a%h 19a’b
5oy 216 (oo ) 648
[*°] 19a’b [**] 19a’b
648 216
7a’b 7a’h
1296 432
fl 21
fr+f2 13
£2 2
fl4 £ 46
fr+ f2+ 2+ 6 60
[eojon] S| el
£241° 1296 | 51
i+t + 10+ 1) 174
AL 80
5 7
£5 4 £ 59
2 114
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Development of 2D Models... Akpobi and Akele Trans. of NAMP
Since no flux is specified at node 5,
fi+f+f +1'=0
(3) Eight Elements
Derivation of stiff matrices: e _ LT "'J‘l dy; dy; dndx
' Re

s

I
I
o
N

Pl dy, dy 37a alab/2|
K. = L M dpdx = - %% _ -ba
1 ! l_dn dn 3840 s ! -([_dr] an |7 = 3840
a/4b/2_dy/ d'// 7 5a alabior -
ki = L -T2 ldpdx = 1_ dy; dy, _ —a
12 '(IJ‘ '!_di] d7]_ 384b k32 ,([ .([ d’] d77 77dK 384b
a/4b/2_d dl// 7 —Sa alab/2l _
k113:J. J. Vi 3 dpdrx=——r k§3=J‘ J‘ dV/3 dl//a dndx = a
o o Ldn dn | 384b ' 4 L dp dy | 384b
al4b/2_dl// dw 7] _37a a/4b/2_d d T
k1 = 1774 dnd](: Kk — v, dy, dndx = 5a
N !!_dn dy | 384p " ;[;[_dn dy | " 384p
al4b/2_d d 7 5 aldbl/2[
k;l:J‘ J‘ v, 4y, dndi = a KL :J‘ J‘ Cl%,(j%:|d dK:—BYa
o ol dnp dn | 384bh o o dp dp 384b
o :‘T‘T V2 99, |4 dee 2 :j“bjz'dm dy, | P
o 3 ldp dp 384b 7 4 )| dy dp | 384b
k! =aj4bf We 05 | gpd= 2 g :be—d""‘ W5 | =22
233 dy dy | 384b * 2 | dy dn | 384b
al4b/2—dl/l dl// 7 —5& a/4b/2_d d 7 37a
k;4:J. J d—zd—“ d?]dkziki‘l:j I 2V, BV ndx=—-—
o oL dnp dn | 384b o % dnp dn | 384b
K2 :aj‘4 j‘ dy, dy, dndi = 6la K2 :aj'4 j‘ dy; dy, _ —7a
oo ol dy dy 384b 1 0| dp dp 384b
K2 :aj‘llj)’ %dl//z dndi = 7a K2 :aj}j‘ %M ndx=——
v Al dy dny | 384b ¥ J 4| dp dny | 384b
ald b _dl// dl// 7 _7a ald b _dl// dl// 7 a
2 _ 1 3 _ 2 3 3 _
=1 O dn 1979 = 382 =1 | an dn |79 = 382
o b2l U1 dm | o b2l UM UM |
2 =TT dys 4V [y g, 618 2 :TT dys dvi [ 4,2 72
ol dy dy | 384b 4 9| dp dy | 384b
K2 —T T e v e T2 =T i EZ d'ﬂd P
- - 41
200 dy dy | 384b 2, dn dpy 384b
p =a./[4.b[ dy, dy, dnd = a_ o zaj.“j’. dy, dy, dndx = 7a
24l dy dn | 384b ¢ ¢ 0,0 dp dnp | 384b
ald4 b _dl// dl// 7 —a ald b _dw dl// 7 7a
2 _ 2 3 _ 2 _ 4 3 _
G=11 dn dn |79 38ap ko= | an dn 1979 = 3820
o b2l U7 U7 | o b2l 977 077 |
ald b [ 7 _ ald4 b _d d 7
P VR P L O O /R 7R Y
o b2l dn dn | 384b o b2l dn dzy | 384b
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al2b/2
3 _
k=1 ]
0 0
al2bl/2
3 _
ke=11
0 0
al2bl2
3 _
ki=1] |
0 0
al2bl/2
3 _
k=11
0 0
al2bl/2
3 _
k=1 ]
0 0
al2b/2
3 _
k=] |
0 0
al2bl/2
3 _
k=1 |
0 0
al2b/2
3 _
k=] |
0 0
al2 b
4 _
11
0 b/2
al2 b
k', =
12
0 b/2
al2 b
k. =
13
0 b/2
al2 b
4 _
14
0 b/2
al2 b
k), =
21—
0 b/2
al2 b
4 _
k= [ |
0 b/2
al2 b
Ky, =
23 T
0 b/2
al2 b
Ky, =
24
0 b/2

Development of 2D Models...

dy, dy, dndx = 9la |
| dp dn 384b
_dW1 dl//z_d dK‘: 25a k3
| dp dn | 384b ¥
dy, dy;, dﬁdK=—25a %
| dp dn | 384b
dyll dl//4 d?]dKZ_gla K3
| dpp dn | 384b
—%M_dnd _ 202
| dpp d7y | 384b ¢
dv, dv, dndx = ra k2,
| d d7y | 384b
dy, dyy d?]dk—ﬁ K,
| dp dn | 384b
_dV/Z d¥/4_(jﬂ(jK'= 25a 3
| d d7 | 384b ¥
[ dy, d%_dndx 9la

| dnp dn | 384b

[ dy, dl/lz_d?]dk‘Z 25a

| dpp d7n | 384b

[ dy, d%_dndx— —-25a

| dnp d7n | 384b

[ dy, d%_dnd _9la

| dp d7y | 384b
[dy, dy/l_d?]dl(— 25a

| d d7y | 384b

[ dy, d%—dnd __Ta

| d dn | 384b

[ dy, d%_drydx— ~7a

| dnp d7n | 384b
[dy, dl/j4_d7]dK— 9-25a
| dp dn | 384b

31—

obi and Akele Trans. of NAMP

Akp

a/zbj}_d(//3 d%}dfydxz_zsa
5 L dnp dgy 384b
:a/be—d% dl/lz_drydrc—ﬁ
o %L dn dn | 384b
:aj‘zbjﬂ_dy/3 dwg_dndl{—i
5 o dp dp | 384b
=TT 4 A e = 252
o oL dnp dn | 384b
:aj_ij_Z‘dd%‘(j;//l}dndK:%
o oL dn dpy 384b
:aijjz_%%_dndK__ZSa
o oL dn dry | 384b
2222 dy, dy, | 25a
) ! ! Can an |7 " asa
=aj2bj2_dW4 dw“_dnd _ 9la
o oL dn dry | 384b

ké‘lzT T _dd% d%}dndkfzsa

o o2l A7 dm 384b

k;;:afi dd"’3 Vs | gnde = —12

o w2l A7 dy | 384b

‘ :aj‘z j‘ [ dy, dl/l3_d77dlc—77a

o b2l A dn | 384b

K :T T _dd% d"”“_dndxzﬁ

o b2l A7 dy | 384b

Z‘FT T [dy, d%}dnd’(:—gla

o o2l 77 dpy 384b

" :ajz j, _ddl//4 d%—dnd _—25a

o o2l 77 dnyp | 384b

" =aj2 jz 'ddt//4 dt//g_dnd’(: 25a

o w2l A7 dnp | 384b

K :T jl _dd% d%_dndx—gﬁ

o b1zl dn dn | 384b
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3a/4b/2

] _3a/4b/2_dl//l dy, C127a S - J' J- dy, dy, d?]dl(:iga
k= | dpdr=""—"~ "a dy d 384b
2 o Ldn dny 384b ai2 o L U7 4n
3a/ab/2[ 7 842 dy . dy, | -19a
R e R I el L Ly
2 o L dnp dn | 384b arz o L Y7 4mn |
3a/4b/2[ 7 _ 420y, dy, | 19a
k153 = j J ddW1 ddl//3 dndx = 332; ke?s - ,[ .[ d773 d773 dndx = 384b
a2 o L UGN an | a2 o L i
a - - 3a/4b/2[ .
5 ;I’“’f dy, dy, dnd _-l27ays I dy,; dy, dndx = 49a
‘s o Ldn dn 3840 g2 0 L dn dy | 384b
3a/4b/2[ - 3a/4b/2[ B
kS, = J' dy, dy, dpdx = 49a kS = dy, dl/ll:|d77dl(= 127a
22 o Ldn dn 384b 22 o L dn dpy 384b
3a/ab/2[ 7 a/abl2[ ] _
ke = I dy, dy, dndx = 19a kS = dy, dy, dndx = 49a
22 oL dn dn | 384b 22 oL dn dn | 384b
3a/4b/2[ . 3a/4b/2[ .

kgs _ J' dy, dy, dnd :—198. kfs _ j dy, dy;, dpdi = 49a
g2 o L dn dn | 384b 2 o L dnp dn | 384b
3a/4b/2[ . 3a/4b/2[ .

- dy, d

K5 = I J- dy, dy, dnds = 49a K5, = v, Ay, d77dK:127a
2 o L dnp dn | 384b 2 oL dnp dn | 384b
3al4 b [ 3a/4 b [

=] ‘]"”ld"’l}dnd,c:ma N d"’l}dndK:“‘ga
2vr2L A7 dn 384b J2vi2L A7 dn 384b
3a/4 b [ 7 24 0 T du. | 3

=] | %—d"’z L R e CR R PP
aavr2L A7 dm | 384b 22vr2L A7 dn | 384b
3al4 b [ . 3al4 b [ 7

k163 _ J' J~ %dl//3 dndK:—49a k363 _ J‘ J- dl//3 dl//3 77dK'_ 19a
a2l A dn ] 384b J2ur2L A7 dn | 384b
3al4 b [ 7 3 4 5 T4 dy. |

= %dd% drydic= 318247ba a= [ e ay O|'7("’€_34a394allo
arz b2l G477 077 arz o2l 077 U477 |

y _3aJ14 2 [y, dWl_dndK_ 492 _3a/4 S [dy, dl//l}d dr o 127a

= = k&= 74 =

“ a2l A1 dnp | 384b 22vr2L A dp 384b
3al4 b [ . 4 0 Fyu du. ] 3

k26Z — .[ d'/’z dl/lz d?]dKZ lga ka — I I l//4 l//2 d?]dK'Z 49a
a2 viol Ao dr ] 384b a2l A7 dn | 384b
3al4 b [ 7 3a/4 b [ -

k§3 = I dl//z dl//3 dﬂdK:ﬁ kj3 — j J‘ dl//4 dl//3 dl]dK:497a
ool dmodn | 384b ool A7 dn | 384b
3al4 b [ . 3a/4 b [ _

k264 — J d'/IZ dl//4 d?]dl(: —49a k§4 _ j d!//4 dl//4 d?]dK‘:lZ?a
aabioL Ao dr ] 384b aurol drodr ] 384b
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2020y dy 169a 7 ¢ “f[dw, dt//l} ~79a
k| = LI dpde = —22 kg = dndx = 222
S b R RN 384D
a b/z‘dl// dy T 79a , a b/Z'dV/3 dl/’z_ _37a
ki, = L2 ldpda=— Ky = dpdrx=———
Il v S e o 3840
5 " dy, dy, | —79a 7 ¢ "f[dys dyy | 37a
ki = L2 ldpdx = kss = dpde=——-
° 3;/4 E[ | dp dn | T 38ah 35[/4 '([ L dp dn | 384b
2 2204y dy, | ~169a ;¢ [ dy, dy, | 79a
ki, = LZ74 \dpd i = ki, = dndx = —o
: 35[/4 '(‘). | dnp dn | e 384b 35[/4 'f[ | dp d7n | 7 384b
a b/2_d!// dl// T 79a a b/2_d!// dl// —1693.
k! = 2 L ldpdi = T _ 4 Lldndx =
& 35!,4!_(177 dp | " 3gap " 33-[4;[_dn dy 384b
a b/Z_d d T 37a a blz_dl// dl// T _79a
Ky, = I I %& dpdx=—— kg, = I I r ! ] : dl]dKZTb
sara o L dn dm | 384b sars o L UM 47N ] 38
2 20 dy, dy, | -37a 2 "2l dy, dy, | 79a
kKi=[ | d‘/’z d“’3 dndx = ko= [ T dndie= 8
sa/4 o L U Un | 384b sara o L U U7 | 384
2 220 dy, dy, | —79a 2 2 dy, dy, | 169a
ki, = I I dl//z dl//4 dpdx=—— k,, = J I Ve BV dndx =
s o LA dn | 384b aa o L dn dn | 384b
& % [dy, dy, | 169a 2 & [dy,d -7
S N e LR B e %}d dx="12
aarans2 U7 U1 santol A dpy 384b
2 ®dy, dy, | 79a a2 Tdy, dy, | -37
KB — L2 dpde = —— KB = Vs Ay, dndkzia
¢ J/JZ_ dn dy | 384b ¥ JMJZ_ dy dn | 3840
2 ® Mdy, dy, | ~79a 2 2 ldy, dy, | 37a
k) = I I ; 1 ; 3 dndK=384b kS, = J' J’ Vs Gy, dndic =&
sasans2L 977 017 aavl2L A dn | 384b
a0 dy, dy, | -169a a br ]
ke, = f .[ Vi TV, dndx = kS, = I dy; dy, dndlc:—ma
aaavrzL A7 dnp | 384b aantal Ao dn | 384b
& [dy, dy, | 79 a er -
K2 = f dwz dl//l dndk:%; kfl=j I dy, d%}d i, —1692
3a/4b/2L 77 '7 _ 3a/4b/2L d’7 d77 384b
2 8 [dy, dy, | 37a 2 8 ldy, dy, | ~79a
k282 — J' J' dV/Z dl//z dndK.:ib kfzz j J' l//4 WZ dT]dK:
sasap/2l 977 4R | 384 saraniz2l dndn | 384b
& % [dy, dy, | —37a 28 [dy, dy, | 79a
ki=[ | d'/’z o (dpde =2 k= [ [P dde=
arans2L 977 G177 384 saranrz2l dn dm | 384b
& %[ dy, dy, | —79a 2 % [dy, dy, | 169a
k= [ [| -2 dnde=—"" k&= [ [ |22 dpde="_"
saranizL A7 dn 384b saravrzL A7 dm | 384b

. . . . Kis1 M1 d l//j
Derivation of force matrices: N;; = J. _[ KY, 3 dndx
K

K1
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/
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aanizl g ~
. dWl:|d7]dK': ;365()a£3b N, = }/4 bgz :Iﬂ//3 dl/;l}_d di = 23"’(1)2
dy, | 35ab N3, = [ | Kt//sd% ndzczib
Ky, dnz dndr =g o o ddn 2304
: b
” ddt//3 ’ dx—% Ng; = {4}2_ Vs dl/:73_d77d;<—42%
2 dd""‘ dndx—%gz Nif! _([_Kl//s dd‘//“ n K:%‘;
o oo g = o oo
KW, ddl/:; d?]d/(:476;i:)b8 N2, :a_:[“_:[z_ v, ddl/:; d?]dK—ZSBLOb4
W, ddl/’/; Olnd/c—%g4 Nz —TT_K% dd% ndx = f:é)S
KW, ddV:Y“:dndK: 2_322 N, =TT Ky, ddl/;]“_dndzc:;g’gg
Ky, Zl/:; dndK_% N3 = Tb_l:[z :’ﬂ//g c:;/;lld = 32741
Ky, ddl/’/; dndx—? N =a£4bjz_Kw3 dd% dUdK_l6a2b
e ddV:; |dnd = 1122 Nai = T jz Vs ddv:; i = SZZb
KY, ddl/:; ndK:ﬁ = a.(/[4bjzilfw4 ddl/:; dndx = 3;Zb
Ky, dd%_ ndx = 71 NZ, =a‘i.4bj.z :Kl//4 ddl/:;:dnd/c—ll:;
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[ f v o 222 = o o= T
N, = TT:KV/Z ddl/;z _ dndx = 1GaZb 2= TT_’“/’“ ddt/;z | dndx = 3_2741

_ alz b
e . 5T o2
- - alz b [ i
N,, =aj;zjz_lcy/l ddwz_dndl(_?,;Zb Ng = .([ bJZ_KWS ddl/:; dﬂdK_%
. - - /2 b
N fi_’“”l ddy:;_dndx_;;a;) N43:a! Jz_x% ddf_dndx—m"’;b
a r T e |
N, = j;zbj;_’('/’l dd"/;“ _ dndk—%gs N;, = .([ b.L KYs ddl/:; | dndi = 3;jfb
N, =ai.2bjzixw2 (://l d?]dK=32% N :ai‘zbj.z _KV/“ dl/;l} - 1;22
N :Ti:’% ddv:; | TG :sz_’% ddy:; dndkzﬁ
N2, :sz_'("’z ddl/;a_dndlc:lg;b - =Ti Ky, ddl/;;_dndx—?’;l)
N Ti‘wz ddt//4 Jdndn = 3—211 N, :T jz:W" dd":;:dnd,c—ll:;
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3al/4bl2[
5 _

Nll - I
al2 0
3al/4b/2

5 _

N12 - J.
al2 0
3al/4b/2

5 _

N13 J
al2 0
3al/4b/2

5 _

N14 - J.
al2 0
3al/4b/2

5 _

N21 I
al2 0
3al/4b/2

5 _

N22 - I
al2 0
3al/4b/2

5 _

N23 _[
al2 0
3al/4bl/2

5 _

NS = |
al2 0
3al/4 b

6 _

Nll - I
al2 bl2
3al4 b

6 _

N12 - J-
al2 bl2
3a/4 b

6 _

N13 _[
al2 bl2
3al/4 b

6 _

N14 J.
al2 b/2L
3al/4 b

6 _

NG = |
al2 bl/2
3al4 b

6 _

N22 - _[
al2 bl2
3a/4 b

6 _

N23 J.
al2 bl2
3al/4 b

6 _

NG = [

al2 b/2L

- |

3a/4b/2]

al2 0 L
3alab/2[

al2 0 L
3aldb/2[

al2 0 L
3a/4b/2[

al2 0L

3al/4b/2[

al2 0 L
3al/4b/2[

al2 0 L
3al/4bl2[

al2 0L
3alab/2[

a/l2 0 L
3a/4 b [

J

al2 b/2L
3a/4 b [

J

al2 b/2L
3a/4 b [

J

al2 b/2L
3al4 b [

al2 bl2

3a/4 b [

al2 b/2L

3a/4 b [

J

al2 b/2L

3a/4 b [

al2 b/2L

3a/4 b [

Ky, ddl/;l}dnd/c=lg:b N2,
Ky, ddV;Z_dnd =3123741 2
Ky, dd'/:;_dnd =% %
Ky, dd‘/:;:dndx—l;:b %
Ky, dd‘/;l_dnd —;2% a
Ky, ddl/:; dndK—lg:b N;, =
Ky, ddl/:; dfydK—];:Zi Ny, =
Ky, ddy;“: nd —% NZ
Ky, ddl';l}dndlc—lg:b S =
Ky, ddl/;;:dnd/(:?if;o NS, =
N ddl/:; dndlcz%ji =
Ky, ddl/:;: ndK=Lab %=
Ky, ddl/;l ndxz%jb 2=
Ky, ddl/:72:d7]d1(=1;;b Nfz =
v, ddl/;; r]dzc:% NS, =
Ky, ddy;;:dndlc:;i;l NS, =

al2 b/2L

Akpobi and Akele Trans. of NAMP
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[ d(//1 7a a bi2[ d
— v -13a
Ky, d?]:|d77dK 162p Na= I I KV l}dndx

3a/4 0 - n ~ =%
. ddt/:; dndK—% 3 3j4b'(i;2:’(¥/3 dd'/;a_di]dr(—];Zb
Ky, ddv:;:dnd/c—m?z{; N., 3j4bf:7cy/3 ddl;“:d?]dx—sl::b
Ky, ddl//z dndK—lg%b N/, j;f:lc% ddy:; dnd :%j:s
v, ddWs dndk—% N7, aj;f: v, dd":; d”d"_gl;Ti,
Ky, dd(/:;:d dK:% N/, _3j4bj;2:’ﬂ//4 ddl/:;:dﬂdzc—l;:b
Vi ddyflil}d | 1;2b N31_3j4bjz " (ﬁ}d :%

- a b [ 1
e dd%_d d :;;jb " zaaff‘*JZ;K% ddzzzdndl(_mzz
Ky, dd% "dKz%jZ . =3j4bjz_KW3 ddyfl; dndK_lg%
v oo~ o = oSt o=
K, ddl/fz dndK_l;% jzzsj“jz_rc% dd% ﬂdxz%j;l
Ve dd%:dnd'(_m?zi . _35l;4jz:m//4 dd%:dnd’(_ 3123‘1
ok ddl//4_ dre= 3222 N —3;[/“3‘2_’(‘//4 dy/A_dndK_l;:b
Derivation of local force matrices: f.° = HKH1 T(V/.K)dﬂd’(
K 1
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o o2 104 oo 2
fi=H T bj).z(l//sl()dﬂdl( = 1223b6 f'=H i T(%’()d”d'( ) 1222
o e 22 121 fmtonac- 22

I T T
= Hasz("“")dnd"zlaszsbe f = HIjz(W)dndK:é?‘z
f2 =H sz(wm)dndﬁia;) fi =H j: jz(‘/"*")d”d" - 1;?22b

o H3a/4b/2 ind _ 11a% £/ =H j‘ bf(l/ﬁk‘)di}dl{z 5a’b
b Jz g(%’() LN e o S12
t 37a’b
3al/4bl/2 19a2b f7 — H (l// K)df]dl(z
5 — —
a b/2 2
3a/4b/2 192%b f7 - H ( )d di = 37a‘b
5 _ _ w,k)dndx
b Jz ! (vor)dndic=Tess 3;/4 ! 3 1536
a b/2 2
3a/4b/2 11a%h £7 _ Ndrdx 5ab
f45 =H JZ .([ (l//dlc)dqd/(:@ 4 3!/4 .!‘ (l//4 ) n 1536
3a/4 b 11a2b s _ a b B 5a’b
f¢=H dndx = fi =H y,x)dndx
' a'!-z b'/"z(l//l’() T 1536 ' 3;/4 b'/'.z( ' 1536
3a/4 b 19a%h .3 a b 37a%b
fS=H dndx = f, =H y,k)dndx =
i j JZ(W) T 1836 H( %) 1536
3a/42b 19a2b a b 37a2b
fP=H J. I(V/3K)d77dK= 38—H3.[4£(l//31()d77d/c: £ 12
al2 b a
sal4 b 11a’b i 5a’b
fP=H v, )dndx = fi=H (w,x)dndi=——
) a'!-z bvl[z( * ) 512 ) 3aJ./4 b'!.z ) 512
Element matrices are:

k, k, ks K N, N, N, N
|:Ke:|: kZl k22 k23 k24 + N21 N22 N23 N24
Ky Ky ki K Ny N, Ny N
Ky Ko ko K N, N, Ng N

42 43
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426.5 77.5 -55 —449]]

[K1] _ 1 56,5 155 -11 —61

4608bRe, | —61 -11 125 595

449 55 62.5 4465

7295 86.5 —-79 —737]
(K)o L 835 125 -11 -85
4608b Re, | —85 -11 155 80.5

—-802 -7 295 66.5 |

[1053.5 338.5 -289 —1103]
an 1 2755 1085 -77 —307
4608bRe, | —307 -77 875 2965

| -1103 -289 3055 1086.5|

10865 3055 -289 —1103]
Tk 1 3035 875 -77 -307
4608bRe, | -307.5 -77 1085 2755

| -1103 -289 3385 10535

(14855 626.5 -577 —1535]
[ke] 1 521.5 2945 -209 —607
4608bRe, | 607 -209 2375 5785

| 1535 577 5935 1518.5)

[1518.5 593.5 -577 —1535]
(k- 1 578.5 237.5 -209 —607
4608bRe, | —~607 —209 294.5 5215

| -1535 -577 626.5 14855 |

[2010.5 9655 -943 —2033]

. 1 8185 5735 -407 —985

[x"]= 4608bRe, | 985 —407 4625 9295
_2033 -943 950.5 2025.5

20255 9505 —943 —2033]

k] 1 9295 4625 —4255 —966.5

T 4608bRe, | —966.5 -4255 5735 8185
20305 -9455 9655 2010.5 |

And force vectors are

2 5a’b
=22 = 151>?2b fs_11a’® f,7 = 512
== -
512 1 512
2 2
512 2 7 512
2 2
fl B azb f33 _ 7a‘b f5 3 19a2b f37 _ 37a°b
3 7 1536 1536 s 1536 1536
2 2
fo 5a’b £2 = 11a’b f5 11a’b f7 = sa’b
4 1536 1536 4 1536 1536
2 52D ga_ 11a°b co_11a%h g0 _ 5a’b
1 = . = 1
1536 1536 1 1536 1536
f2 a’b f4_ 7a’b (o 19a%b o _ 37a%b
2 = 2 = 2 = 2 =
1536 1536 1536 1536
, a’b . 7a’b s 19a’b .s 37a’b
=5 " ~512 =51 " 12
f2_5a’b o 11a’b fo _118°0 oo _ 5a°b
4 4 = 4 4 =
512 512 512 512
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Global matrix for the eight elements:
Ky = k111 Ky = k223 Kes = k§2 Kgs = ke?a + k:A + k§2 + k161 K10,13 = k174 K13,10 = k11
Ky, = kllz Kp = kil Kes = k§4 + k;l Ko = k:3 + k162 Ku‘s = ke?z + kfl K13,13 = kZ4
Kis = 0 Ku = ki4 + k131 Kes = k§3 + kgz Ks,u = k§3 + k164 K11‘10 = k3?4 + k271 K13,14 = kZ3
Ky = k114 Kis = kis + klsz Koo = kgs K = k342 K11‘11 = k353 + kf4 + k272 + k181 K14,11 = k372 + kfl
Ky = k;l Ky = kl:il K= kjl Ko = k344 + k261 K11,12 = kz?a + k182 K14,13 = k3‘74
Kzz = kéz + k121 Ksz = kgz + kjl K77 = kf4 + k151 K99 = k343 + kzez K11,14 = k273 + k184 K14,14 = k373 + kz?zl
Kzs = k223 K54 = k§4 + k231 K78 = kfs + k152 K9,12 = k263 K12,9 = k362 K14,15 = kf3
Kzs = kés + k124 Kse = kfa + kfz K7,10 = k154 I'<1o,7 = kfl K12,11 = k364 + k281 K15,12 = k382
K32 = k221 Kss = k233 + klil Kas = k332 + kfl K10,10 = ki& + k171 K12,12 = k363 + k?z K15.14 = k§4
Kes = k323 Kes = kés + kit + k232 + k141 Ker = k334 + k;l KlO,ll = kfs + k172 K12,15 = k§3 K15.15 = k§3
(1 000 0 00 0 00 0 00 0
0100 0 00 0 00 0 00 0
0010 0 00 0 00 0 00 0
0 001 0 00 0 00 0 00 0
0 0 00 1272a+4ab*’Re, 0 O -1176a-8ab’Re, 0 O 0 00 0
00O0O0 0 10 0 00 0 00 0
1 0 00O 0 01 0 00 0 00 0
(K= weosome |0 0 0 0 -1176a-8ab’Re, 0 0 2929a+52ab’Re, 0 O -1752a+16ab’Re, O O 0
100 0O 0 00 0 10 0 00 0
0 00O 0 00 0 01 0 00 0
0000 0 0 0 -1752a+16ab’Re, 0 0 2196a+196ab’Re, 0 0 1536a+82ab’Re,
0 00O 0 00 0 00 0 10 0
0 00O 0] 00 0 00 0 01 0
00O0O0 00 0 0 0 -—2472a+69ab? Re, 0 0 2472a+2ab’ Re,
_0 00O 0 00 0 00 0 00 0
and for force vector is
fl1 15
f,+ 2 20
2 1
i+l 38
[ O A 42
f2+f) 10
fiefp 44
e 3 44 15 6 ab2
Fe=qfl+fl+f+f° = 108
1536
£+ 1) 40
fo+f/ 26
[N PR A o 168
£+ ) %4
£ 5
f) + ) 52
f3E f3B
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Appendix D
PRESSURE DISTRIBUTION FINITE ELEMENT ANALYSIS
Therefore for pressure distribution, we used linear elements four our analyses as two, three and four linear elements as

follows: :
Q 3 Q 4 5 Q
2
2 3 ) 4
1 O 4
2 2
1 ZO 3 3
1
@ O 2 @ 2 © O 3
2 1 2
O 2 2
! 2 1O 2
1 1 1
O ' :
1 O 1 O 4

Fig. 2: 2, 3 and 4 Linear Elements
Applied linear interpolation functions

v, = Kig —K _ K . K :1_h£
Kig =K Ky~ K Ky =K 5 1)
K-k K K; K
WJ_K —-K _K' —-K _K‘ —-K _h_
i+1 1 i+1 i i+l i e
Differentiating with respect to K
dy; 1
dx h,
(2
dy; 1
d« h,
Q) Two Linear Elements
Kit1 dl//
kS = : Lldx 3)
; J(W.dK
The local stiffness matrix is
1 1
k111 :_E k121 :E
1 1
k112 :5 k122 Y
1 3
k;l :_E I(221 :_5
1 3
k%z =5 I(222 = E
et et - 4)
"o21-1 1" 2|3 3
And the local element force matrix is
Kiy
ff=-2a’adlJ, J. (v;)dx ©)

Ki
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f'=-2a’aV a
4
a
f, =22’V ©)

£2 = 202V —>

f} =-2a°aV sa

While the local element source matrix is

Q=0

(M
2 Three Linear Elements
The local stiffness matrix is
1 1 3
klllz_E k121:5 I(13125
1 1 3
=y gt ®
1 3 5
k;l :_E k221 :_E I(231 :_E
1 3 5
kiz :E kzzz :E kzaz :E
et e 1f 1t e 103 3 ©)
ij ij ij
21-11 2|-3 3 2|-5 5
And the local element force matrix is
A P Ve
f) =—2a’aV a
f?=-2a°wV — (10)
6
£2 = 202V 2
) =-2a"wV —a
£ =20’V 2
While the local element source matrix is
Q=0 (12)
3 Four Linear Elements
The local stiffness matrix is
1 1 3.3 322
k111 :_E k121 =5 k“ B 2 kn 2
1 1,3 _ 313 _ _§
kllzzg ké:—E klz——a ki = 2 (12)
1 3 5,5 7
k3, =—§ k2, =3 k231 Z_E Koy D)
1 3 5 7
k%z :E kzzz :E k232 ZE k232 :E
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1[-1 1], 1f1 -1],, 1[3 -38],, 1[5 -5
=2 k=2 k== k==
2-1 1] 2|3 3 2|5 5 2|7 7

And the local element force matrix is

fl=-2a’wV a
8
fy=-2a’wV a
8

£2 =202V —2
8

f} =-2a°wV sa
8
f2=-2a’V —3a
8
) =-2a’0V sa
8
ff=-2a"wV —oa
8
) =-2a’wV a
8
While the local element source matrix is
Q=0
Appendix E

DERIVATION OF CLOSE-FORMED ANALYTICAL SOLUTION
VELOCITIES AND PRESSURE DISTRIBUTION

(1) Close-formed Analytical Solution Formulation for Radial Velocity

2
U, 00’k = —Ka—p+i a—l;
ok Relon

d
Assume that (d—p =0 |, the governing equation reduces to:
K

2
U, 00’k = 1jdu
Rel dn?

Subject to boundary conditions:

u(n =+b)=u(n=-b)=0

Where
G=2U,a’wRe,

Integrating twice will yield
u@)=Gn* +Cn +C,

Applying boundary conditions to equation (4) yields
u(z=+b)=Gb* +Cb+C, =0
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FOR RADIAL AND TANGENTIAL
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u(7=—b)=Gb? -Cb+C, =0

Adding equations (5) and (6) yields

C, =—Gh?

By substituting for the constant C; into equation (5) gives

C,=0

Substituting the constants into equation ( 4) yields:
u(n) =-Gb* (1-7%)
=2U a’wxRe, b? (1— n’ )

Where b = element length or interval

(2)

Akpobi and Akele Trans. of NAMP

(6)

(7
©)

©)

Asymptotic Analytical Solution Formulation for Tangential Velocity

Here we derived the analytical solution from the governing tangential velocity equation as follows.

Our governing equation for r-momentum is:
1 (0%
Re, | 07
Subject to boundary conditions:
Vik,n=+)=v(k,n=-1)=x,0=0

Volcﬂ + 2V, 0k =
oK

V(k,,n=+1) =V(x,,n=-1) =Kk,

ov
Assume that [a— = 0) , the governing equation reduces to:
K
o°v
— =2V, 0k Re,
on

Subject to boundary conditions:
V(ik,n=+) =v(k,n=-1)=x0=0

V(xy,n=+1) =Vv(x,,n=-1) =Kx,®

(10)

(11)

(12)

(13)

Integrating (12) twice and imposing boundary conditions yields

v(17) = 2V, wx Re, ° +Cp+C, (14)

V(17 =+b) =2V, wxRe, b* +Cb+C, =0
u(n =-b) =2V wxRe, b>~Ch+C, =0
Adding equations (15) and (16) yields

C, = -2V, wxRe, b’

By substituting the constant in (17) into equation (15) gives
C, =0

Substituting the constants into equation (14) yields:

(15)

(16)

(17)

(18)
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_ 2(q_ .2
v(n) =2V,wox Re, b (1 n ) 19)
Where b = element length or interval
3) Asymptotic Analytical Solution for Pressure Distribution
Governing equation is;
2 dp
—2a°U,w=——
dx (20)
Subject to:
p(ici :0):O 21)
By integrating once yields:
_ 2
p(x)=-2a"U,wik +C, 22
Applying boundary condition
2
p(x)=-2a"U,w(0)+C, =0 23)
So that
C, =0 (24)
Substituting for C; into (22) yields
Y, P
p(x)=-2a°U, ok (25)
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