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Abstract 
 

Seismic activities in a homogeneous isotropic elastic layered solid 

medium are intense and the mathematical formulation very interesting. 

Changes to these mathematical formulations creates new opportunities and 

deeper understanding of the equations governing activities in such a medium 

as the solid earth. This paper attempts to calculate the effect of a 

displacement component of the earth’s surface and therefrom establish a 

relationship between the seismic wave speeds and the material parameters.It 

is concluded that the effectiveness of the damping of elastic vibrations in 

elastic solid is a function of the strength of the solid material, that is, the 

more rigid a solid is, the greater is the damping of elastic vibrations passing 

through it. 

 
 Keywords: Seismic waves, seismic activity, p-wave, s-wave, Rayleigh waves, surface waves, elastic material, 

 isotropic, damping, waveform, far field. 

 

1.0     Introduction 
The literature on seismic waves is very vast. Investigation on the propagation of elastic disturbances in layered media has 

received sustained patronage and interest over the past hundred years, mainly, due to its application in seismology, 

geophysical prospecting, and in many problems of acoustics and electromagnetism. The propagation of surface waves in 

elastic media is also of considerable importance in earthquake engineering and seismology due to the layers in the earth’s 

crust. 

Modern seismology has become a multifaceted discipline that focuses on issues of both scientific and societal concern. 

Investigation of earthquakes (causes, effects and control) as a physical process has yielded many important insights about the 

phenomenon. In the layered medium, the earth, the speed at which seismic waves travel through it is equally studied. This 

investigation has its emphasis in the wave seismic treatment of elastic surface waves in layered solid medium. 

Techniques for characterizing seismic source, borrowed from earthquake seismology, can provide useful information for 

microseismic studies. Microseismic methods have emerged as an important tool for monitoring fluid process at the reservoir 

scale. Microseismic activity in a subsurface reservoir may result from brittle deformation of reservoir rocks due to fluid 

injection. The ability to pinpoint the locations of microseismic events provides a basis for investigating the state of stress in 

the reservoir. The spatial dimensions and rupture characteristics of microseismic events are encoded in the spectra of radiated 

seismic waves. 

The genesis of the study of propagation of seismic waves in elastic media can be traced to the early investigation of [1-6]. 

Over the intervening years, great advances have been made and the subject matter has grown in leaps and bounds to attract 

contributions from other international scholars which include [7, 8].  

The effect of gravity on wave propagation in an elastic solid medium was first considered in [1] who treated gravity as a type 

of body force. Love [6] extended the work of Bromwich in investigating the influence of gravity on surface waves showed 

that the Rayleigh wave velocity may be affected significantly by the gravity field.  

In order to study seismic activities, microseismic waveforms are investigated. Ramirez showed that storm microseisms were 

predominantly Rayleigh waves and noted that the direction of the source could be determined within a few degrees by the 

times of arrival at seismic stations. Other researchers [9, 10] studied microseismic activities and established that double 

frequency signals can be generated by the interaction of opposing waves and the resulting pressure excitation pulse 

propagates energy to the  
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seafloor in deep water. Efficient coupling of microseism energy to propagating seismic modes requires that the water column 

pressure waves at the seafloor match phase speeds with the seismic waves [11]. 

Much work has been done to identify the source regions of microseisms which are essentially Rayleigh surface waves 

propagating in the direction parallel to the earth’s surface having the related energy trapped near the surface. This is 

essentially the combined activities of the inhomogeneous pressure and the vertical shear elastic waves both of which had 

gone through the process of total internal reflections along the air/solid earth surface [12]. Bromirski et al [13] correlated 

microseism power fluctuations with wave buoy data. When applied to body waves, this identifies the region of microseism 

generator. Some studies, [14, 15] indicate that mid–ocean storms generate microseism P-waves, and the source regions vary 

seasonally with the predominant waves without incorporatingthe effect of damping in their investigations. Other studies [16, 

17] reported that surface stress plays a vital role in the propagation of waves due to the fact that the surface of a body exhibits 

properties that are quite different than those associated with the interior of the medium. 

 

2.0 Model Parameters 
Let the x -axis and y -axis be perpendicular and along the shoreline respectively. The z -axis points vertically downwards 

with 0z =  as the earth’s surface, 0t   is the time with 0t =  giving the onset of the geophysical activities. 

The behaviour of an isotropic solid is completely specified, if ̂  and  are given where ̂  and  are the Lame’s 

constants. In particular, ̂  defines the strength of the layered elastic solid, hence, the most important parameter in our 

present investigation. s  is the density of solid which in the case of horizontally stratified elastic half – space, will be a 

function of z  only. Finally, the displacement components of the elastic half – space in response to the seismic events are 

, ,u v w  in the ,x y  and z  directions respectively. 

 

3.0 Formulation of the Governing Equations 

When a deformable body undergoes a change in configuration due to the application of a system of forces, the body is said to 

be strained. Within the body, any point P  with space–fixed rectangular coordinates ( ), ,x y z  is then displaced to a new 

position, the components of displacement being, respectively, , ,u v w . If P  is a neighbouring point 

( ), ,x dx y dy z dz+ + + , its displacement component can be given by a Taylor expansion in the form 
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If these displacement components are small, we may neglect higher terms, and have 
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so that introducing the expressions obtained by the cyclic change of letters  

, , , , ,x y z u v w  and the expression 
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we can re-write the displacement components equation (3.1) in the form 
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 (3.3) 

where the first terms are the components of displacement of the point P . It has been shown that the terms in the first 

parentheses correspond to a pure rotation of a volume element and that the terms in the second parentheses are associated 

with deformation or strain of the element [18, 19]. Since ije , , , ; , ,i x y z j x y z= =  is symmetric, we have 
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which represents the symmetric strain tensor at p . The three components 
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      (3.4b) 

represents simple extensions parallel to the , ,x y z  axes and the other three expressions , ,xy yz zxe e e  are the shear 

components of strain which has been shown to be equal to half the angular changes in the , ,xy yz zx  planes respectively 

of an originally orthogonal volume element. 

However, in the generalized form of Hooke’s law, it is assumed that each of the six components of stress is a linear function  

of all the components of strain, and in the general case, 36 elastic constants appear in the stress-strain relations. As we shall 

see later, the number of elastic constants degenerates to two due to the symmetry associated with an isotropic body [20]. 

 

4.0 Derivation of the Governing Equations 
To analyze waves in elastic materials, we must derive the equations governing the motions of such materials. The equations 

of motion are obtained by adding all the forces and the inertia terms  

( )2

2

.
s

t



−


 for each component. 
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With these specifications, the dynamic equations of motion for a three dimensional isotropic elastic solid medium are: 

( ) 2
, ,ˆ ˆs tt xu u  = +  +         (3.5a) 

( ) 2
, ,ˆ ˆs tt yv v  = +  +         (3.5b) 

( ) 2
, ,ˆ ˆs tt zw w  = +  +         (3.5c) 

Where 

∆= u̅,x + v̅,y + w̅,z         (3.6) 

∇2=
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
         (3.7) 

In the expression, s  is the density of the medium. 

Differentiate both sides of equation (3.5a), (3.5b), (3.5c) with respect to , ,x y z  respectively and get 

( )
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Adding the three equations, we get 
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where 

2 ˆ2

s






 +
=  
 

         (3.11) 

And   defines the wave of compression which moves with the speed  . 

Further, differentiate both sides of equations (3.5a) w.r.t y and (3.5b) w.r.t x  

to get respectively  

( ) 2
, , ,ˆ ˆs tty xy yu u  = +  +        (3.12a) 

( ) 2
, , ,ˆ ˆs ttx yx xv v  = +  +        (3.12b) 

Then subtracting equation (3.12b) from (3.12a), we get 
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Differentiate both sides of equations (3.5a) w.r.t z and (3.5c) w.r.t x to get respectively 

( ) 2
, , ,ˆ ˆs ttz xz zu u  = +  +        (3.12d) 

( ) 2
, , ,ˆ ˆs ttx zx xw w  = +  +        (3.12e) 

Then subtracting equation (3.12e) from (3.12d), we get 
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Differentiate both sides of equations (3.5b) w.r.t z and (3.5c) w.r.t y  to get respectively  

( ) 2
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where  , , 0 ; , , ; , ,i j i x y z j x y z − = = =  

We now write equation (3.12c) in the form 
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In the same way, we obtain 
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The vector 

( ), ,
zx y   =          (3.17) 

gives the wave of rotation in the elastic solid. This wave moves with speed  . For the propagation of a Surface Rayleigh 

wave along the horizontal x-axis, we assume that the motion is uniform with respect to the y -axis. We introduce two 

displacement potentials ( )1 , ,x z t  and ( )2 , ,x z t  for the displacement of the elastic solid, which are related to the 

displacement components as follows;   

1 2 1 2,u w
x z z x

      
= − = +
   

       (3.18) 

The displacement potential ( )1 , ,x z t  and ( )2 , ,x z t  in the above equation are two distinct potentials, whose 

Laplacian specify compression and shear given by 
2 2

2
2 2 2x z

 
 = +

 

         (3.19) 

Then, 

2
2 1

u w

x z


 
 = + = 

 
        (3.20a) 

2
2 2y z xu w = − =−         (3.20b)   

The potential ( )1 , ,x z t  describes a wave of compressional motion which in the plane – wave case is longitudinal, while 

( )2 , ,x z t  describes a wave of shear motion which is transverse in the plane – wave.  Thus, introducing equations 

(3.20a) and (3.20b) into equation (3.10) and (3.15) respectively, we obtain the wave equations in the form 
2

2 21
12t


 


= 


         (3.21) 

2
2 22

22t
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         (3.22) 

 

4.1 Solving the Model Equations 
In this consideration, we introduce a damping term into the governing equations to represent the effect of material inelasticity 

which we assumed to be small since the oscillations take place near the surface of the earth and the variations in the elastic 

parameters are slight. 

We introduce ( )1 , ,x z t , ( )2 , ,x z t  and a damping term 2  into equations (3.5a) and (3.5b) and using the same 

notations therein to obtain: 

( ) ( )
2 2 2 2

1 1 1 2 1 2
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ˆ2 2
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x z t x zx z z
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and 
2 2 2

1 2 2 1 2

2 2
ˆ 2 2 0

x z t z xx z

    
 
       

− + + − =   
        

     (4.2)  

Consequently, the model equations adopted here will be the same as that of [14]. Thus the damping term in the equation of 

motion will be assumed to be proportional to the velocity of the material components.It will be further assumed that solid 

elastic media are welded together at the surface of contact, implying continuity of all forces and displacement components 

across the boundary. The system of equations generated above, form the boundary equations for our investigations. In 

equation (4.1), the term on the left hand side is the generating pressure field of the water waves; ( )Q   being the 

amplitude spectrum of the bottom pressure. The wave number  and the phase speed c  are such size as to match those of 

the seismic trapped modes below the seabed. Hence,  and c  will refer to both the generating water waves and the seismic 

response of the elastic half – space. Thus, c  is the phase velocity of the elastic surface wave. 

The solution of the equations (4.1) and (4.2) are expressible in the form: 

( ) ( )
1 , ,

i rz x ct
x z t Ae




+ −  =         (4.3) 

( ) ( )
2 , ,

i sz x ct
x z t Be




+ −  =         (4.4)    

where A and B do not depend on space and time but rather on frequency and wave number. 
2

2

2
1

c
r


− =           (4.5a) 

2
2

2
1

c
s


− =           (4.5b) 

and c     being the condition for the surface Rayleigh wave. The effect of damping term introduced in equations 

(4.1) and (4.2) is to make the seismic waves inhomogeneous, thus   and c  are complex with non-zero imaginary part. 

That is, 

0 i  = +          (4.6a) 

0c c i c= +          (4.6b)  

but, 0   and 0c c . 

On the earth’s surface and in the far field, the waveforms are free, hence the equations (4.1) to (4.5a,b) gives 

( )2 2 21 2 2 2 0A s c B s sc      − + + − =  
      (4.7a) 

( )2 2 22 2 1 2 0A r sc B s c     − + − − =   
      (4.7b) 

Equations (4.7a) and (4.7b) are consistent if   

( ) ( ) ( )
22

2 2 22 2 1 2 0f c c rs s c    = − + − − =
 

     (4.8)  

Eliminating r  and s  in equation (4.8) using (4.5), then   

( ) ( )
4

2 2
4

2 22 2 1 2 2 0
c c

f c c c


   
 

        
 = − − − − − =      
           

    (4.9) 

with   as the medium Poisson’s constant, we introduce the following notations: 

( )1 1

1 2
, ,

ˆ2 2 2

c 
  

   

− 
= = =

− +

 and ( ) ( )1f c f =  

Thus equation (4.9) gives 

( ) ( ) ( ) ( ) 

( ) ( ) ( ) 

44 2 2 2
1 1 1 1 1 1

44 2 2 2
1 1 1 1 1

2 2 1 2 2 0

16 1 2 2 0
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= − − − − − =

= − − − − − =

   (4.10) 
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Rearranging equation (4.10) in powers of 1 , we get 

( ) ( ) ( ) ( )

( ) ( ) ( )  ( )

 ( ) ( )

6 4 2 4 5 2 2 2 4 4 2 2 2
1 1 1 1 1 1 1

2 2 3 2 2 2 2 2 4 2
1 1 1 1 1 1

2 2 2 2 4 2
1 1 1 1

4 2 8 6 4 1

1 4 2 1 2 4 3 8 3 2

24 16 1 2 16 1 0 (4.11)

f              

         

       

= − + + − − −


− + + + + − + −


+ + − − − =

 (4.11) 

In an undamped elastic medium ( )0 = , equation (4.11) reduces to the usual equation for the non – dispersive Rayleigh 

waves in elastic solid. In this case, the equation reduces to a cubic equation in 
2
1 which has been thoroughly analysed, [5], 

to obtain the propagation properties of the surface waves for a range of values of  . Equation (4.11) therefore is an example 

of the case of material dispersion in which 1  and   are coupled. Consequently, attenuation term induces material 

dispersion into an otherwise non – dispersive Rayleigh surface waves in the elastic material [14]. 

 

4.2 Conclusion 

Equation (4.11) is a sixth order equation and so has six roots that are complex conjugate in the 1 - plane. It cannot be 

reduced to a cubic equation because it contains terms involving odd powers of 1 . However, quantitative analysis,[14], 

suggests that  

( ) ( )4 2
10 16 1 0f  = − −         (4.12) 

since 10 1   for surface waves. 

( )1 0f            (4.13) 

because ( ) ( )  ( ) ( )3 2 2 2 2 3
1 12 4 4 16 1 4 0           − + − − − + −   for each term in the bracket is negative 

since  
1 1   and 

4
     because,   is small. Thus, there is a root of (4.11) in  1 0,1  . 

For ( )1f − , we have 

( ) ( ) ( )4 3 2 2 2 3 2 4 2
1 1

4 2 2 2 3
1

4 6 8 1 4 4 1 2 1

5 7 31
59 3

8 8 32

0

        

     

+ + − − + − +

 + +



   (4.14) 

by introducing the realistic values of   and 1 . 

Therefore, there is at least a root of equation (4.11) between 1 0 =  and 1 1 = − . In brief, there are roots of equation 

(4.11) in the circle of unit radius 1 1   and none on the circumference 1 1 = . To do this, sequence 

( ) 1 , 1, 2,3, 4,5nf n =  of Sturm’s, [21], are computed from the equation (4.11). 

We now let ( ) ( )0 1 1f f =  as in equation (4.11); 

( )1nf   be taken as the first derivative of ( ) 1 , 1, 2,3, 4,5nf n = . Further, let ( )0c  be the number 

assigned to the changes of sign in these sequence when 1 0 = . Attach an identical meaning to ( )1c  when 1 1 = . In 

this consideration, it is deduced that the difference, ( ) ( )0 1c c−  in 10 1   depends on the assigned values of 

. From symmetry, identical conclusion applies for the difference ( ) ( )0 1c c− −  in 11 0−   . 
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Consequently, if 
2
10
40

 
  , then ( ) ( )0 1 1c c− =  and there is only one real root in each of the interval, 

11 0−    and 10 1  . In this case, propagating elastic waves are undamped. With regards to the Sturm’s 

sequence, all the leading coefficients are positive. However, for higher values of   in the range
2
1

40 4

  
  , the 

leading coefficients for 2n = and 3n =  in the Sturm’s sequence are negative and ( ) ( )0 1 2c c− = . Thus, in 

1 1  , there are four complex conjugate roots, one in each of the four quadrants of the 1 - plane. Consequently, this 

analysis convincingly proves that seismic waves in an elastic solid are effectively damped if the attenuation coefficient   

inherent in the solid exceeds the value 
2
1

40

  . Thus, it is concluded that, the effectiveness of the damping of elastic 

vibrations in elastic solid is a function of the strength of the solid material. Put differently, the more rigid a solid is, the 

greater is the damping of elastic vibrations passing through it. In practice, the upper limit of 

4


 is never attained. In 

particular, the complex root in the first quadrant of 1 - plane for which ( )1Re 0  ,  ( )1Im 0   corresponds to 

the observed damped seismic vibration. 

We now apply this result to the microseismic signals recorded on land below which is made of fairly hand rock. With this 

earth’s structure, the phase speed, 0c  of the seismic signal ranges from 1.1kmsec-1 to 1.8kmsec-1. Using the value 

0 0.8c = , the corresponding value of  is between 0.021kmsec-1 and 0.04kmsec-1. This range of values of   is 

between 
2
1

40

   and

4

  suggesting strongly that the microseismic signals propagating from the source to the recording 

station in the far field are damped appreciably. 
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