
 

301 

 

Transactions of the Nigerian Association of Mathematical Physics 

Volume 1, (November, 2015), pp 301 – 308 

© Trans. of NAMP 
 

A Quasi-Conserved Particle Monte Carlo Model of Surface Evolution with Semi-

Empirical Sputter Yield Modulated Erosion: 1 keV Ar+ Sputtering of Si  
 

E. O. Oyewande 
 

Department of Physics, University of Ibadan, Ibadan, Nigeria. 

 

Abstract 
 

We introducea new Monte Carlo model based on a semi-emprical sputter 

yield parameter in ion-solid energetic collisions. This model circumvents the 

complexity of the existing statistical, classical and continuum models, most of 

which are difficult to relate to real experimental parameters, by its semi-

empirical nature of direct reliance on the experimental values of the sputter 

yield. Constrained by this crucial experimental factor, the model then 

addresses the multidimensional nature of other accompanying physical 

processes stochastically; thus reducing the complexity of their computation. 

This model exhibits the experimentally observed features of solid surfaces 

that evolve under continuous particle irradiation and allows for a way to 

study the effect of the different mechanisms of the surface morphology and 

the nature of their interplay in the dynamics of the surface evolution. Our 

study of the average surface height reveals that it is constant when eroded 

particles are redeposited but varies linearly with simulation time, when 

eroded particles are not redeposited. Our studies also show that the 

roughening process is not significantly affected by re-deposition of eroded 

material 
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1.0     Introduction 
Ion-beam surface sputtering (IBSS) is a versatile technique for producing nanostructures on material surfaces (1; 2; 3), for 

high-tech opto-magneto-electronic applications. These nano-structures are formed by self-organisation of surface atoms, as 

the surface undergoes continuous bombardment by energetic particles, into highly ordered nano-ripples, nano-dots, and nano-

holes. Their type, size, shape, separation, symmetry/crystallinity, and orientation can be tuned by varying the sputtering 

conditions such as irradiation time, ion energy, dose, angle of incidence, and substrate temperature.   

Up till now, the level of control attained in the use of this technique for the fabrication of nanostructures defies a fundamental 

understanding of the phenomenon(4), though its core mechanisms have been identified, which greatly limits a large-scale 

application of the technique. This knowledge gap is further compounded by recent ascertainment of a decisive influence of 

contaminants in the self-organisation process. For instance, metal (e.g. Fe and Mo) atoms may be accidentally sputtered off 

the ion source, vacuum walls and target clamps, made from such metallic materials, and incorporated in the evolving 

surface(4), thus playing an essential role in the surface morphology. On the other hand, some recent experiments reported the 

production of pure nanostructures by IBSS(5), the morphology of which was uninfluenced by contaminants.  

Thus, it remains unclear whether there is another mechanism which acts differently in the presence or absence of 

contaminants such that nanostructures are produced anyway, and whether this mechanism plays any role in tuning the 

characteristics of the nanostructures. Until these issues are resolved in both theory and experiments, the potential of IBSS as a 

nano-patterning and nanostructure production technique will remain largely untapped. And, the potential of the 

nanostructures evolved from the process for super/smart-tech applications that would exploit their properties and tunable 

characteristics will remain largely unutilised.  
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Therefore, the importance of theoretical modeling for investigating the mechanisms involved in the IBSS processes as well as 

their dynamics and interplays cannot be over-emphasised in the quest to achieving a precise control over the above-

mentioned properties of the nanostructures produced by IBSS. And the current knowledge gap, despite advances in the 

theory, motivates a closer scrutiny of existing theoretical models and the development of more sensitive ones. The theory has 

been widely studied in three major theoretical frameworks(2), namely: molecular dynamics simulations in the classical 

physics framework(6; 7), Monte Carlo simulations in the statistical physics framework(8; 9; 10; 11; 12), and simulations with 

continuum models in a mathematical framework of linear and nonlinear partial differential equations(13; 14; 15; 16; 17). 

However, this is an area where the theoretical framework of statistical physics is particularly suited to reveal interesting and 

surprising correspondence with other non-equilibrium phenomena. A characteristic feature of this framework is the concept 

of universality, by which seemingly different and diverse phenomena are governed by the same simple statistical mechanical 

law because oftentimes the apparent complications of the relevant processes mask well-ordered and far less complicated 

mechanisms which are inconspicuously present and are ultimately responsible for the law (see Refs. (3) and (18) for reviews, 

and Ref. (19) for a similar feature in quantum field theory).  

Hence, in this article and with subsequent investigations of universality in view, we introduce a discrete model in the 

framework of statistical physics, for the simulation of IBSS, taking cognizance of the core mechanisms in IBSS and their 

influence on the dynamics and self-organisation of surface constituent particles. In this instance, we focus on amorphous 

surfaces or surfaces amorphised by the ion impacts; a characteristic of semiconductor materials, and a paradigm of which is 

Si. This model differs from the other statistical models(20; 21; 22; 23) in its semi-empirical nature and material particle 

conservation. 

The rest of the article is organised as follows. We review the experimental background of IBSS in section 2A. In section 2B, 

we review a few MD, MC, and MD-MC hybrid models in the literature in order to provide a background to the existing 

models. The experiments and models reviewed in this paper are just a few of the common ones and the more recent ones the 

author has come across, and not exhaustive. In section 2C, we discuss some open questions and issues on the existing models. 

In section 3, we present our model and discuss its relation to experimental parameters. In section 4, we present and discuss 

our results, and finally, we round up the paper with a conclusion and suggestions for further work. 

 

2.0  Experimental and Theoretical Background 

A. Review of experimentally observed features 
In this section, we review the experimental features of surfaces subjected to IBSS with singly charged (usually noble gas) 

ions with kinetic energies 0.1 – 10 keV.Other singly charged ions have been used in a few cases but are known to produce 

similar surface morphologies and topographies as the noble gas ions, except for some distortions which are believed to be 

localised and abnormal(4). Higher energy apparatus are far more expensive such that the operation costs may outweigh the 

cost-effectiveness of the IBSS technique. Besides they lead to more pronounced sputtering yields and surface erosion, and 

irradiation-induced damage of the target material which may override any mechanism for self-organised structures of interest.  

Ref. (24)reported the 1 keV, normal incidence, Ar+ sputtering of Si(1 0 0) surfaces with and without incorporation of Mo 

atom contaminants simultaneously sputtered from the target-fixing clamps. Nano-dot patterned and smooth surfaces were 

found in the presence and absence of Mo contaminants, respectively.Further, it was demonstrated in Ref. (25; 26)under 

contaminant-free conditions that normal incidence sputtering of a Si surface with 0.1 – 0.5 keV Ar+ ions smoothens it.  

In Refs (27; 28), a systematically controlled contaminant-free environment in the low energy, 200 eV – 1keV,Ar+ ion 

sputtering of Si surfaces for a wide range of incidence angle θ was reported. Nanostructures werenot found for θ less than a 

critical angleθc ≈ 48°, nano-rippleswith wave vector parallel to the projection of the ion beam direction onto the surface 

plane, was found forθc < 𝜃 < 80°, while nano-ripples with perpendicular wave vector was found for θ = 85. θc seems to 

differ with the target material, for instance larger θc has been found in Ref.(29)for low energy Xe+ sputtering of Si targets. 

The precise dependence of θc on the target material and sputtering parameters is yet to be ascertained. 

Patterning dynamics is known to increase with θ, hence, ripples formed nearθc may require longer irradiations times, to be as 

pronounced as those for θ > θc which may be more prominent for shorter sputtering times. It should be noted that in all the 

experiments the sputtered material was not removed from the vacuum chamber but mostly redeposited on the target and re-

incorporated into the target material. 

 

B. Review of Existing Discrete Models 
In the discrete model of Hartmann et. al. (10; 11; 12) the sputtering process is simulated on a square lattice (surface) of area 

𝐿2, where 𝐿 is the lateral size, with periodic boundary conditions. An ion is projected from a random position in a plane 

parallel to the surface plane, travels along a straight path with an inclination angle of 𝜃° to the surface normal and 

azimuth 𝜑.On reaching the surface, the ion penetrates the target substrate through a depth 𝑑 along the original trajectory, but 

now within the target, distributing its energy within an ellipsoid centered on its stopping position 𝑑. As a consequence of the  

 

 

Transactions of the Nigerian Association of Mathematical Physics Volume 1, (November, 2015), 301 – 308 



 

303 

 

A Quasi-Conserved Particle…           Oyewande    Trans. of NAMP 

 

energy redistribution, a surface atom at position𝒓 is eroded, using standard Monte Carlo simulation techniques, with a 

metropolis algorithm and probability proportional to the energy 𝐸(𝒓),received at 𝒓and given(30) by 

𝐸(𝒓) =
𝜀

√8𝜋3𝜎𝜇2
exp (−

𝑑∥
2

2𝜎2
−

𝑑⊥
2

2𝜇2
)               (1) 

where 𝜀 is the energy of the ion,𝑑∥ is the distance of the surface atom from the stopping point of the ion, and𝑑⊥ is the distance 

of the atom perpendicular to the ion trajectory. 𝜎 and 𝜇 are the widths of the ellipsoid parallel and perpendicular to the ion 

trajectory, respectively. This model simulates material redistribution on the surface as a result of the ion impact, and the non-

equilibrium thermal interactions of the target, according to a nearest-neighbour solid-on-solid model of surface diffusion in 

Monte Carlo simulations of surface growth(31). 

Other researchers have refined the energy distribution 𝐸(𝒓), as given in Eq. (1) by the Sigmund model (32; 33), for a better 

agreement with MD simulations and experiments. However, these modifications only give very approximate results of the 

sputter yield at grazing angles. As a matter of fact, the modified Sigmund theory (33) does not produce zero sputter yield 

for 𝜃 = 90°. 
 

C. Some Open Questions and Issues with the Existing Models 
The issue of contamination, arising from secondary sputtering effects, has rarely being addressed by existing discrete models 

and remains an open question which was a part of the motivation for this new model, and which this model was aimed at 

addressing by making it semi-empirical. Although, contamination is an unwanted anomaly in IBSS, it is now been regarded 

as a new tool to control the properties of the nanostructures as well as for developing new nanostructures. The yield 

parameter of this model provides an avenue for studying the influence of these contaminants, however, in this first 

application, we put the contaminant problem aside to first consider the basics. A brief idea of how the model is applicable to 

the contaminant problem is provided in the suggestion for further work. 

The issue of the derivation and parametrisation of an adequate equation of motion for an appropriate continuum modeling of 

the surface height evolution is also still an open question which this model has the potential of solving via simulated surface 

height evolution data analysis which can provide detailed information about the height evolution as a function of the relevant 

sputtering parameters, and can therefore provide knowledge of the applicable discrete and continuum equations of motion. 

The kinetic Monte Carlo models have a number of parameters for which realistic or practical interpretations are yet unclear, 

and seem to be so because they are generalised theories which require extensive simulations for fine-tuning the parameters.  

This new model bypasses some of these parameters by being based mostly on the empirical sputtering yield. 

More importantly this new model has a direct relation to experimental parameters like type of ion, ion energy, angle of 

incidence, and target material, through the sputtering yield. 

 

3.0 Relevant Parameters and Construction of the Model 
The parameters of anysuitable model are the type of ion, ion energy, angle of incidence, type of material or material surface 

binding energy, ion flux or fluence, and substrate temperature. The first four parameters are accounted for by the sputter yield, 

while the last two are accounted for in the simulation time (MC steps) and temperature (Boltzmann energy scale  𝑘𝐵𝑇), 

respectively. However, the target (ambient) temperature is a floating variable which, though incorporated in the simulation 

“temperature”, is inseparably interwoven with the binding energy in the sense that increasing temperatures merely energise 

the target atoms and reduce the binding energy; this model ignores this effect in this first instance, if found necessary in 

further studies then it might be incorporated. This model therefore employs a sputter yield parameter Υ(𝜃, 𝐸) which 

encapsulates both the angular and energy dependence. 

Hence this simple model reiterates the dominance of only one mechanism: the modulated erosion. The modulationentails a 

huge amount of detail but most of these details eventually lead to the same result of the sputter yield; in other words, a 

relatively low range of sputter yields account for a wide range of other parameters encompassed in the huge details of the 

processes leading to the erosion of surface particles. 

The models significantly differ from other MC models in its need to incorporate a re-deposition algorithm in the mould of 

simulation models of surface growth.  In this wise, a holistic viewpoint is taken where the evolving surface is considered as a 

Canonical ensemble (number of ions is negligible, relative to the number of substrate atoms), and the relaxation time is 

assumed to be shorter than the ion arrival times (the disturbance is localised in a relatively tiny area around the incidence spot 

and hence insignificant on the overall relaxation of the material) for approximating the theory with equilibrium statistical 

physics principles. The Canonical assumption may become invalid at high fluences (long sputtering times) and small 

substrate dimensions and thickness, but it nevertheless is a good starting point. 

Our model comprises of an Ion Beam Surface Erosion Algorithm (IBSEA), a Redeposition of Eroded Material Algorithm 

(REMA), and a Surface Reorganization Algorithm (SRA). In the IBSEA, a surface site is randomly chosen and a number 

Υ(𝜃, 𝐸) of surface particles in the vicinity of that site areeroded. All eroded particles are same-plane nearest neighbours, 

except for surface depressions and protrusions, and the erosion process is subjected to periodic boundary conditions.Υ(𝜃, 𝐸)  
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is determined from the table of sputter yield values(34) calculated by using the semi-empirical equation of Seah, Clifford, 

Green and Gilmore for the sputtering yields of monoatomic elemental solids(35; 36).If the chosen site is on a depression then, 

for Υ > 1, the topmost atoms of nearest neighbor sites are eroded instead of the same-plane nearest neighbours in order to 

avoid overhangs. On the other hand, if the chosen site is a surface protrusion then the occupied sites below the vacant nearest 

neighbor sites are eroded,in addition to the chosen site, for Υ > 1. 

In the REMA we choose a random direction for re-deposition, and a random re-deposition site between a distance of one 

lattice parameter and 
2𝐸𝑆

𝑚𝑔Υ
≈ 0.2𝐸𝑆

′ /𝑚Υ × 10−19 m from the chosen erosion site; with periodic boundary conditions. 

Where Υ(𝜃, 𝐸) is 1.627, for 1keVAr+ sputtering of Si at 45° incidence, and 𝑚 = 46.62 × 10−27kg, for Si atom.𝐸𝑆 = 𝛾𝜀 

(𝐸𝑆
′ = 𝛾𝜀/𝑒𝑉), and 𝛾 reflects that only a small fraction of 𝜀 contributes to the sputtering, the rest merely disturbs the atoms in 

the vicinity of the impact point through recoils; we set 𝛾~2 × 10−17. The randomness in the range of the ejected particle (re-

deposition site) reflects local variations in the projection angle of the ejected particle, as well as in the fraction of the ion 

kinetic energy 𝜀 transferred to the ejected particle.  

That is, even if the surface atom was ejected at the angle of 𝜋/4 radians for maximum range0.2𝐸𝑆/𝑚Υ, its actual maximum 

range may still be much less, as a result of its site bonding (lattice coordination) or local interactions with its nearest 

neighbours; both of which are crucial factors that will determine the fraction of 𝜀 transferred to the ejected particle. In line 

with the standard approach of aiming for higher lattice coordination in Solid-On-Solid (SOS) simulations, to reflect the 

tendency of atoms to maximize the surface binding energy, we let the ejected atom stick on the re-deposition site or diffuse to 

its nearest neighbor site, if vacant; whichever gives the highest coordination number. 

In the SRA we assume a surface atom with single lattice coordination, that is, one with no same-plane nearest neighbour, can 

diffuse to a vacant nearest neighbor site, where it has a higher lattice coordination. In all cases above (REMA and SRA) 

where there is selection of, or relocation of a surface atom to, another surface site we implement periodic boundary 

conditions. 

With the implementation of re-deposition, the number of particles of the target material is conserved in this model. However, 

the overall number of particles in the whole system increases due to the incident ions. 

 

4.0 Results and Discussion 
In all results presented here the simulation time is in Monte Carlo steps, which is of the order of ion arrival times, and the 

distances (e.g. surface height or lateral size) are in lattice spacing, which are of the order of lattice constants. The system size 

is 100 x 100 and the simulation was performed with yield parameter of 1keV Ar+ sputtering of Si at 45° incidence. 

A representative figure of the results of the surface topography is as shown in Figs. 1 and 2. Figures 1 and 2 are for 

simulation times of 10 and 4000 Monte Carlo steps, respectively. In both figures (coloured), the legend indicates the height 

ranges. 

 
Figure 1: Surface profile at t = 10. 

Both figures show rough surfaces with no ripple formation, in agreement with the experimental reports reviewed in section 

2A. They also show an increase of the surface depths with sputtering time. Although, it can be observed from these profiles 

that roughening increases with sputtering time but this is not a sufficient measure. We studied the roughness by calculation of 

surface roughness. 
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Figure 2: Surface profile at t = 4000 

Surface roughness, or width,  𝒲 is a very important index for studying the interplay of competing mechanisms in the surface 

morphology, such as the destabilizing effects of sputter erosion and, in this case, eroded particle re-deposition, and the 

stabilizing effect of reorganisation or diffusion of surface atoms. It is defined as 

𝒲 = √〈(ℎ − 〈ℎ〉)2〉 
where ℎ(𝒓) is the local surface height at position𝒓, and〈ℎ〉 is the average surface height at time 𝑡. 𝒲 is more conveniently 

calculated in a simulation by using its simplified form: 

𝒲 = √〈ℎ2〉 − 〈ℎ〉2 

We present results of 〈ℎ〉(𝑡)and 𝒲(𝑡)in Figs. 3 and 5 respectively. Figure 3 shows that the  

 

 
Figure 3: Average height of the surface profiles with simulation time. 

average height of the surface profiles remain constant about a zero value for the entire duration of the simulation. This is to 

be expected since the number of particles of the target material is constant in this model; that is, as a surface atom is eroded, 

it is redeposited somewhere else. However, in order to check that this is the only reason, we switched off re-deposition in the 

simulation and obtained the results shown in Figure 4. 

 

 
Figure 4: Average height of the surface profiles in the absence of redeposition of eroded material. 

Figure 4 shows the expected result that, when there is no re-deposition of eroded material, the average surface height  
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decreases with simulation time. However, the relatively low values of the average height recorded in Figs. 3 and 4, when 

compared with the higher depth values in Figs. 1 and 2, give a clue as to the importance of the reorganisation process of SRA. 

Other works(2; 10; 11; 12) based on another robust model(20) exhibits lower values of the average height which may be a 

reflection of an enhanced reorganization process.  

In Figs. 5 and 6 we present the results of our calculations of the surface roughness with and without re-deposition of eroded 

material, respectively. We do not observe a significant difference in the roughness for both cases. We believe this to be an 

indication of the re-deposition process being a “mirror” destabilizing process of the erosion process, and that the quest for 

improved lattice coordination by a redeposited particle largely deviates from a filling of depressions generated by the erosion 

process. 

 
Figure 5: Surface roughness as a function of simulation time. 

 

 
Figure 6: Surface roughness without re-deposition of eroded material. 

 

5.0 Conclusion and Suggestions for Further Work 
We introduced a new Monte Carlo model that is based on semi-empirical sputter yield in ion-solid energetic collisions, and 

applied it to 1 keV Argon ion sputtering of Silicon at incidence angle 45°. This model circumvents the complexity of the 

existing statistical, classical and continuum models, most of which are difficult to relate to real experimental parameters, by 

its reliance on semi-empirical values of the sputter yield. Constrained by this crucial experimental factor, the model addresses 

the multidimensional nature of other accompanying physical processes stochastically; thus reducing the complexity of their 

computation. Its simple but realistic algorithms have the potential of being exploited in a hybrid MC-MD (stochastic-

classical) simulation algorithm that will reduce the phase volume traversed in MD simulations and allow the hybrid algorithm 

to simulate the sputtering process up to the timescale of interest in real experiments. 

We found that this new model, for Argon ion irradiation of Silicon at  𝜃 = 45°, exhibited the experimentally observed 

features of Silicon surfaces under this condition and allows for a way of studying the effect of the different mechanisms of 

the surface morphology and the nature of their interplay in the dynamics of surface evolution.Our study of the average 

surface height revealed that it was constant when eroded particles were redeposited but varied linearly with simulation time,  
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when eroded particles were not redeposited. Our studies also showed that the roughening process was not significantly 

affected by re-deposition of eroded material. 

For further work, yield parameters of other incidence angles could be adopted to study the mechanisms of formation of ripple 

and nano-dot topographies. As a matter of fact, it might be more convenient to implement the semi-empirical formula of Seah, 

Clifford, Green and Gilmore directly, if possible, instead of the present form of taking the value of the yield for an ion-target 

combination as an input from their tables. Also, the erosion stage of this model could be modified to include additional 

erosion by contaminants for a systematic study of their influence on surface morphology. This could be easily implemented 

by incorporating an additional empirical yield parameter which captures the yield due to the contaminants but at varying 

energy, all of which are lower, than the energy of the primary projectile. Finally, the model, or its extension, could be used to 

study the universality class of surface topography evolution by ion bombardment in comparison with other seemingly 

unrelated phenomena. 
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