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Abstract

In this work, an SEIR epidemic model was developed to investigate the
efficacy of vaccination on the control of epidemic diseases. The dynamics of
the compartments were described by a system of ordinary differential
equations and the resulting differential equations were analyzed for existence
and uniqueness of solution and were found to have a feasible solution. The
equations were solved for both the disease free and the endemic equilibrium
states. The analysis for stability was done for disease free equilibrium state.
We used the method of characteristic equation of the Jacobian determinant
to show the local asymptotic stability (LAS) of the model at the disease free
equilibrium state.

We also established that the disease free equilibrium state for the model
was globally asymptotically stable (GAS) whenever the effective reproduction
number Ro< 1.Numerical simulations were carried out with the help of
Mathematical Software(Maple) using parameter values from published data
as the base
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1.0 Introduction

The menace of infectious diseases is not only a major cause of death and misery to human but also has the potential to have
major social and economic impact. Many infectious diseases are spread by direct contact between susceptibles and infectives.
Other diseases are spread in the environment and are transmitted to the human population by insects or other vectors (Daley,
D.J.and Gani, J. 2005; D’Agata, et al., 1993).

Many a time, the propagation of an infectious disease can be severe and catastrophic to the degree that within few days it
spreads at an unimaginable rate. For an instance, in an English boarding school with a total of 763 boys, there was an
epidemic of influenza from 22" January to 4" February 1978. A total of 512 boys were put to bed during the epidemic that
seems to have started from a single infected boy (Guillemo Abramson, 2011).

Controlling infectious disease has been an increasingly complex issue in recent years. A major strategy to control infectious
diseases is vaccination (Alonso- Quesada, S.and De lasen, M. 2008;De lasen, Mand Alonso- Quesada, S. 2010). Vaccination
has been established as an indispensable instrument to fight against the propagation of epidemic diseases (Trottier &
Philippe, 2011; Nareshetal, R. 2008).

The various vaccination strategies campaigns allowed health authorities to achieve “herd immunity”. The theory behind the
development of “herd immunity” is: in disease that can be passed from person to person, it is more difficult to pass that
disease easily when there are those who are immune to it. The more immune individuals there are, the less likely it is that a
susceptible person will come into contact with someone who has the disease. For example, if “person A” had smallpox and
contacted “person B” who was immune because of vaccination, “person B” would not get ill and could not pass on the
disease to “person C” when he comes into contact with him. So even if “person C” is not vaccinated, he gets indirectly
protection from the disease(Mohamadhassani, M. and Haveshki, M. 2011).

Studies also supported that vaccination had a longer lasting effect than originally thought. Data collected by Mack from
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Western countries with importations of smallpox between 1950 and 1971 showed that the case fatality rate was 52% in never
vaccinated individuals, 1.4% in those vaccinated 0 — 10 years before exposure and still only 11% in those vaccinated over 20
years before exposure. In general, vaccination has been regarded as one of the most powerful tools of fighting and eradicating
epidemic diseases and the global eradication of smallpox ranks one of the greatest triumphs in medicine. The World Health
Organisation officially certified that smallpox had been eradicated on December 9, 1979, 2 years after the last case in
Somalia(Onyebuchi Chukwu, C.O. 2013).

2.0 Model Description

The SEIR is partitioned into compartments. S(t), E(t), I(t) and R(t) where S(t) is used to represent the number of individuals
not yet infected with the disease at time t, or those “prone to disease”; E(t) denotes ‘infected’ or ‘exposed’ which stands for
the number of individuals who have been infected with the disease but who do not still have any disease symptoms; I(t)
denotes the number of individuals who have been infected with the disease and are capable of spreading the disease to those
in the Susceptible category; R(t) is the compartment used for those individuals who have been infected and then recovered
from the disease.

In the model, N is the recruitment rate into the population which was as a result of birth or loss of acquired immunity. v is

the rate of vaccination. pis the rate of death from disease related cases while  is the rate of death from causes unrelated to
sOI®), -
W), o ls
the rate of moving from exposed stage to infectious stage though death due to the disease during the latent stage is neglected.
y is the recovery rate and o is the rate of losing immunity. N is the total population and all parameters are non-negative.

the infection, f is the transmission constant (with the total number of infections per unit of time at time tbeing 8
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The flow chart showed that those who were successfully vaccinated would receive immunity and moved straight to the
recovered class though some of them would die naturally. Besides, some of those who were not vaccinated or not
successfully vaccinated would also die naturally. The remaining people who were not vaccinated or not successfully
vaccinated would contact the disease and became exposed. As a result of the fact that the exposed individuals were totally
ignorant of their status, some of them would die naturally while the remaining people would become infectious. Some of the
infectious individuals would die either naturally or as a result of the infection while the remaining individuals would be cured
of the disease and moved to the recovered class at a rate y.Some of those who recovered from the disease would die naturally
while the remaining people would become susceptible again and the flow would go like that.

2.1 Model Equations

g = —uS(t) + wR(t) + TN (t) — % —vN(t) @
=B () ®
L= GE@t) = (u+y +p)I(L) )
B = —(w +WRE) +yI(E) + vN(t) “)

dt
Assume total population is N = S+E+I+R

2.2 The Existence and Uniqueness of Solution for the Model

Here, the system of equations representing the model is analyzed for existence and uniqueness of solutions. The validity and
implementation of any mathematical model depend on whether the given system of equations has a solution, and if it has, we
check if the solution is unique. This subsection is thus concerned with finding the existence and uniqueness of solution of the
model using Lipschitz criteria.

Transactions of the Nigerian Association of Mathematical Physics Volume 1, (November, 2015), 291 — 300
292



On The Reproduction Number... Ayoade, Ibrahim, Odetunde, Akinyemi Trans. of NAMP

Let

fi = —uS(t) + wR() + TN (t) — ﬁsff()t’)“) — UN(t) (1)

fo=BED — (u+ E®) @)
f3=0E(®) — (u+y+p)I) 3)

fa = —(w+ WRE) +yI(t) + vN(t) 4

Theorem 1: (Derrick and Grossman, 1976)

Let D! denotes the region

|t —t<a, || x—Xol| <b,x=(X1, X, ...... Xn), Xo = (Xlo, X20, ceunnn Xno)

and suppose that f(t,x) satisfies the Lipschitz condition

I(€.x0) —f (&2l <kllxi—x].

Whenever the pairs (t, x1) and (t, x2) belong to D?, where k is a positive constant, Then, there is a constant §>0 such that there
exists a unique continuous vector solution x (t) of the system in the interval t—to <6. It is important to note that the condition

is satisfied by requirement that— i=1,2,..., be continuous and bounded in D*
Xj

We now return to our model equations (1) — (5). We are interested in the region
0<a<R

We look for a bounded solution in this region and whose partial derivatives satisfy

d < a <0, where a and § are positive constants

Theorem 2

Let D' denote the region 0 < a < R. Then, equations (1) — (5) have a unique solution. We show that i,j=1,2,3,4

are continuous and bounded inD'.
Recall

fi = —uS(®) + WR(®) + 7N () - B2 — v (0) )
S()I(t)

fo =B = (u+ () 2)
fa=0E@®) = (u+y+pI) @)
fo=—(w+R@) +yI(t) + vN(¢) 4)

Using equation (1), we have the partial derivatives below

T = |-u-El <o ]2 = 0<w; 5= |[-E| <o [ =0 < o

N OE AR

These partial derivatives exist, continuous and are bounded. Slmllarly, for the rest equations, we have that

afz |[’J’1 < oo (Since we are dealing with a finite population)

6f2 _ i of, BS . of| _
6_E_|_ U—o| <o ; ——| |<oo ; a_R_0<°°
And

ofz| _ N E [UE] .

as _0<°°’05  lar =l-n-y-pl<o aR

Lastly,

ofy| _ . |9fa| _ . |9fs Ofy|

T4 =0 <o |24 = 0<oo; |22 =yl <ol =1~0 —ul < oo

Since all the partial derivatives exist and are finite (bounded and defined), the system of equations has a feasible solution in
R4

2.3 Equilibrium States of the Model
2.3.1 The Disease Free Equilibrium State (DFE)

Diseases free equilibrium state is the equilibrium in the absence of infection and is such that 1(t)=0. At equilibrium state,% =
dE dal dR

_0

dat  dt  dt

—uS(t) + wR(t) + TN (t) — BSA(f()t’)“) —UN(@) =0 )
B =+ oE® =0 (6)
cE@) —(u+y+p)I()=0 (7)
—(w+WRE) +yI(t)+vN({t) =0 (8)
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From equation (7), E(t) = (u+V)I(t)

But E(t) = 0 since I(t)=0

From equation (8);
B vN(t)
T wtp

From equation (5);
1
S= —{nzv(t) +UN(t) [L - 1]}
I w+p
Hence the Disease Free Equilibrium State is given as
N
(S.E,LR) = <;{n -
2.3.2 The endemic equilibrium state (EE)

V vN(t
p },0,0, ())
w+u w+u

At endemic equilibrium state, I1(t) # 0; we recall the system of equations at equilibrium state;

BS@)I(t)

—uS(t) + wR(t) + TN(t) — NGO vN(t) =0 (5)
B2 =t o)EW®) = 0 (©)
oE(@) —(u+y+p)I()=0 )
—(w+wWRE) +yI(t)+vN(Et) =0 (8)
LetS(t) =k, EM®) =x, I(t) =y, R(t) =z
Therefore, the system of equations becomes:
—uk + wz + TN (t) — Bky —vN=0 9
Y (u+o)x=0 (10)
ax—(u+y+p)y—0 (11)
—(w+wz+yy+vN=0 (12)
From equation (11);
X = (u+z+p) (13)
Putting equation (13) into (10) to obtain:
Bky (u+vy+p)
o) —=y=0
Bk (w+y+p)
|y~ o) ———"=0
+y+
y#£0 =» ﬁ——( + )u 0
Hence; k = %}””p) (14)
From equation (12);
—(w+wz+yy+vN=0
1
z=- (vN +yy) (15)
From equation (9); —uk + wz + TN (t) — ﬁNﬂ —vN
= (Bky + uk —N(t) + vN) (16)

Equating (15) and (16), we have:

LN+ )—1(Bky+k N(E) + N>
I R S W VA e v

14 Bk U N vN
(@ on)? = 6"V 055
(a)Ny (w+ u)ﬁk) _ (w+ wWuk — N(w + p)(mr — v) — wvN
wN(w + 1) w(w+ u)
wN(w + 1) (w + wuk — N(w + p) (T — v) — wvN
YT 0Ny = (w + M)Bk< w( + 1) )
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Using the value of k as obtained in equation (14);
(@+m{u —N(”Mi(,’fﬁp) — N(t = v)(w + 1)} — wvN

ONY = (@ + p)p LD

_ N (oB(@+p)w—m)+p(w+p)(u+o)(u+y+p)-wvfo
Y= ( cwy—(w+w)(u+o) (u+y+p) ) (17)
From equation (13); x = @
Using equation (17) for the value of y in equation (13), we have;
_ Nuty+p) (crﬁ’(w+u)(v—n)+u(w+u)(u+<r)(u+y+p)—wVﬁG)
ap owy—(w+p)(u+o)(uty+p)

y=N

(18)
From equation (15); z= w%# (vN +yy)

_L(Z(aﬁ(w+u)(v—ﬂ)+u(w+#)(u+cr)(u+y+p)—w17ﬁﬂ)+v) (19)

T w+u \B owy—(w+w)(u+o)(u+y+p)

Hence, the endemic equilibrium states are given as in equations number (14), (17), (18) and (19).

2.4 Dynamical Behavior of the model

2.4.1 Stability analysis of the disease free equilibrium state
It has already been established that the system of equations (1) — (4) has disease free equilibrium state

N uv vN(t)
EIZ(S;E;I!R)Z _{ﬂ:_ }; ",
u w+u w+u
Again, the general variational matrix corresponding to the system is given as
- 55 =
£ _ 0 Y
N N ©
Bl i (20)
= &= —(u+ — 0
J N (u+0o) N
0 o ~(u+y+p) 0
. 0 0 /4 —(1+w)]
At the disease free equilibrium state, using the expressionE;, we obtain;
w0 B
2 o+ u
v (21)
12l 0 —(uro) Bzt 0
H o+ U
0 o —(u+yr+p) 0
| 0 0 /4 —(u+ o)

The characteristics equation is obtained from the Jacobian determinant with the values A.

—p—A 0 _ﬁ(ﬂ_LV) w
u o+ u
g-al)=| 0 —(uro)-a Lty 0 |=o
H o+ U
0 o —(u+y+p)-1 0
0 0 4 —(u+w)-1
The above matrix reduces to
v
(u+o)-a Bp-
(u-2)(-p-w-12) u  o+p (=0
o —(u+y+p)-4
Clearly the first two eigen values are:
M= —u
A =—(p+w)
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The remaining characteristic equation is given as:
oOB(m(w +p) = pv) _

pw +p) 0

P+Q@u+o+y+pi+@+o)u+y+p) -

We use criteria to check for the roots of the characteristics equation above.
Theorem (Routh-Hurwitz condition for roots of quadratic equation): The roots of the characteristics equation of a quadratic
equation

a,2* + a; 1 + a, = 0, willhave negative roots, if and only if the entire coefficients satisfya,, > 0
The resulting quadratic equation:

of(m(w+p) —uv)

pww +p) 0

P+Q@u+o+y+pi+@+o)u+y+p) -

Will have all negative roots if
of(m(w+p) — )
+a)u+y+p) >
w+o)u+y+p) (ot 0
Hence in the absence of the disease (DFE), g is zero, hence it follows that the above inequality holds, and therefore the
system of equations is said to be locally asymptotically stable.

2.5  Reproduction Number

The global asymptotic stability of the system of equations at the disease free equilibrium (DFE) can be established using the
reproduction number of the system. By definition, the reproduction number of an infectious disease is the number of
secondary case obtained from the introduction of an individual with a disease into a population of susceptible individuals
(Abderrahman et al., 2007). The numerical value a basic reproduction numberR, gives an insight to the sustainability or
otherwise of a disease in a population. If the computedR, < 1 then we conclude that the system of the equations at the
disease free equilibrium is globally asymptotically stable and the disease dies out with the adequate vaccination strategy
otherwise the system is unstable and the disease is maintained in the population. We introduced the technique due to
Diekmann (1990) to constructs an n x n matrix from the system of equations of the model by considering only the infective
classes in order to establish the basic reproduction number of the system of equations at the disease free equilibrium (DFE).

2.5.1 The Next Generation Matrix

Define Xsto be the set of all Disease Free states, that is

X={&x>0|xi=0,i=123, ..}

In order to compute Ro; it is important to distinguish new infections from all other changes in the population.

Let F;(x) be the rate of appearance of new infections in compartments i,

V;*be the rate of transfer of individuals into compartment i by all other means.

V;”be the rate of transfer of individuals out of compartment i:

It is assumed that each function (F;(x), V;*,V;") is continuously differentiable at least twice with respect to each variable.

The transmission model consists of the non-negative initial conditions together with the following system of equations

X =filx)=Fkx)—-V,(), i=1,23,...,n

Where V;(x) = V;~ — V;* and the functions satisfy the following conditions:

€)] If x = 0, then F;(x), Vi (x),V*(x) = 0fori =1,2,3,....,n. That is, if the compartment is empty, there will be no
transfer of individuals out of the compartment by death, infection nor other means

(b) If x; =0, then V;- = 0 (that is, nobody leaves the compartment). In particular if x € X;, then V;” =0 for i =
1,2,3,....,m

(© F; = 0, for i > m (m is the number of infective classes)

(d) Ifxe X;,thenF, =0andV;” =0foralli =1,2,3,....,m

(e If F;(x) is set to zero, then all the eigenvalues of DF (x,) have negative real parts.

Lemmal.l

If x, is a disease free equilibrium (DFE) of the system of equations and f;(x) satisfies conditions (a) — (e), then the

derivatives DF (x,) and DV (x,) are partitioned as

f11 f1j

DF(xp)=( ¢ =~ ¢ [,i=1,23,....m j=1273,....m
fa =ty
Vir ot Vi

DV(x0)=< : : ),i=1,2,3,....,m;j=1,2,3,....,m
Vir v Uy

Where F and V are the m x m matrix defined by:
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F= OF (xo) and V = v (x,)
axj axj
F is non-negative and V is a non-singular matrix.
From Diekmann et al. (2000), the product of the matrix FVV =1 is called the next generation matrix for the model and we shall
set the reproduction number (R,) as equal to the spectral radius p(FV 1) i.e.

Ry = p(FV™H)
We shall now apply the method to find the reproduction number of the model
S _ BSI®)
E = —ﬂS(t) + a)R(t) + T[N(t) - W - UN(t)
dE._ BS)I1(t)
aEND (n+0)E(D)
dl
= OEO -ty +pI®
dR
T —(w + WR() + yI(t) + vN(t)
Re-arranging the equations such that we start with the infective classes;
dE._ BS(D)I(t) + OE(E
&= NGO (u+0)E()
dl
= EO =ty +pI®
dR
i —(w + WR@®) +yI(t) + vN(t)
@ _ S(t) + wR(t) + nN(t ASI®) N (t
gp = ~HS@) + @R + TN (©) == — uN (D)

There are two infective classes in the system of equations above which are the Exposed compartment (E) and the Infected
compartment (1), hence the next generational matrix is as given below:

BSI(t)
I EACACA N (u+0)E(D)
Fl-—( N(()t) ) i~ ((u+y+p)1(t)—05(t))'

We get F and V by getting the partial derivatives of the above matrix with respect to the infective compartment.
BS
Fo(0 == _((u+a) 0 )
= N ) V =
0 0 -0 (p+v+p)
The inverse of the matrix V is obtained as:

! 0
y-1 = (1 +o0)

- o 1

w+o)u+y+p) (w+y+p)
The product of matrix F and V=1 is:
1
BS 0
a_(0 = (1 +o0)
Fv—= ( N o 1
0 0

u+to)u+y+p) (MS+V+P)

(2
Fv=t = (N(u+a)(u+y+p) N(u+y+p))
0 0

v vN(t
L }'0,0' ())
w+u w+u

We recall the disease free equilibrium state as:
N
(S,E,I,R) = <—{n -
7

Using the value of S as above in the matrix for FV =1, we have:

S -
FV'l:(u(u+a)(u+V+p) w+u pl+y) w+u>
0 0
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The reproduction number is thus obtained as the spectral radius (the largest eigenvalue) of the above matrix, which is readily

seen from the matrix above as:

Ry =p(FV™1) =

Ayoade, Ibrahim, Odetunde, Akinyemi Trans. of NAMP

Table 1: Source of Initial VValue of the Parameter

Bo {n uv
pu+o)(u+y+p)

_a)+u

Parameter Interpretation Value Source
B Transmission constant 0.091 Fred et al., (2014)
o Latent period 0.125 Fred et al., (2014)
u Natural death rate 0.005 Hypothetical value
T Recruitment rate 0.45 Edward et al., (2014)
) Rate of losing immunity 0.36 Edward et al., (2014)
) Disease induced death 0.009 Fred et al., (2014)
y Recovery rate 0.6 Edward et al., (2014)
v Rate of vaccination 0.7 Edward et al., (2014)
The table above gives the source of initial value of each parameter except natural

u which cannot be quantified. The values of some parameters are then varied to determine the effect on the reproduction

number and the result is presented in the table below.

2.6 Numerical Simulation of Reproduction Number
Table 2: Numerical Simulation of Reproduction number.

) g U y % ) p Ry Remark
0.45 0.091 0.125 0.005 0.60 0.70 0.36 0.009 1.0019 Unstable
0.45 0.191 0.125 0.005 0.60 0.70 0.36 0.009 2.0866 Unstable
0.45 0.291 0.125 0.005 0.60 0.70 0.36 0.009 3.1791 Unstable
0.45 0.391 0.125 0.005 0.60 0.70 0.36 0.009 4.2715 Unstable
0.45 0..081 0.125 0.005 0.60 0.70 0.36 0.009 0.8918 Stable
0.45 0.071 0.125 0.005 0.60 0.70 0.36 0.009 0.7817 Stable
0.45 0.061 0.125 0.005 0.60 0.70 0.36 0.009 0.6716 Stable
0.45 0.051 0.125 0.005 0.7 0.75 0.36 0.009 0.5607 Stable
0.45 0.041 0.125 0.005 0.7 0.80 0.36 0.009 0.4500 Stable
0.45 0.031 0.125 0.005 0.7 0.85 0.36 0.009 0.3397 Stable
0.45 0.021 0.125 0.005 0.7 0.90 0.36 0.009 0.2298 Stable
0.45 0.011 0.125 0.005 0.06 0.95 0.36 0.009 0.1202 Stable

2.7 Results and Discussion

This work analyzed the stability condition for an SEIR model of an infectious disease. We established that the system of
equations has a unique solution using the Lipchitz condition. The disease free and the endemic equilibria states were
obtained. The Jacobian matrix was evaluated for the DFE state and the roots of the resulting matrix were all negative which
established the local asymptotic stability of the model. The reproduction number at the DFE was computed and simulated and
the results show that it is globally stable at DFE for certain parameter values. The transmission rate 8 of an infection is a vital
parameter that determines the effect of an infectious disease on a population of susceptible individuals. Its increment (that
is,8) has a significant effect on the reproduction number of the model as can be seen above. The greater the transmission
rates of an infection, the speedy the spread of the disease across the population. This is why the rate of spread of certain
epidemic diseases like Ebola is quite outrageous compared to other diseases. From the simulation table, we deduce that at
constant rate of loosing immunity and decreasing rate of disease transmission due to immunity from vaccination, the effective
reproduction number at disease free equilibrium (DFE) tends to stable state. Also, increase in vaccination rate tends to move
the model to a more stable disease free equilibrium because the effective reproduction number decreases with increase in
vaccination rate.

2.8  Conclusion
In this work, we developed an SEIR epidemic model to show the efficacy of vaccination on the control of epidemic diseases.
The disease free equilibrium state of the model was established and found out to be stable.
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The disease free equilibrium state was stable because all the eigenvalues were negative. Stability of the disease free
equilibrium state implied that when an epidemic manifested in a population, it died out with the adequate vaccination
strategy.More so, the computation of reproduction number Ry and the numerical simulation of it give an insight into the
spread of an infectious disease within a population. The lower the contact rate between an infected and non-infected
individuals, the lower the spread of the disease in the population and vice-versa; the vaccination parameter v reduces the
effect of B on the reproduction number of the model, hence adequate and effective vaccination of individuals is an effective
way of reducing the outbreak of disease in a population.

2.9
[1]

[2]

[3]
[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

References
Alonso-Quesada, S. and De lasen, M. (2008). Model-maching-based control of the Beverton-
Holt equation in Ecology. Discrete Dynamics in Nature and society. J. Math. Biol. 177: 159-165.

Abderrahman, 1., Joseph, M., and Jean-Jules, T. (2007). Multi-Component Models. Discrete and
Continuous Dynamical System pp. 506 — 5109.

Daley, D.J. and Gani, J. (2005). Epidemic Modeling. An Introduction. N.Y Cambridge Press.

D’ Agata, Z., Cojocaru, L., Mazor, J., Anderson, R.M., Danon, Y.L. (1993).Pulse mass measles
vaccination across age cohorts. Proceeding of the National Academy of Science of United State
of America 90(24): 11696 — 11702

De lasen, M. and Alonso-Quesada,S. (2010). On Vaccination Control tools for a general SEIR-
epidemic model. Proceedings of the 18th Mediterranean conference on control and automation
(MED'10) congress Palace Hotel, Marrakech, Morroco.

Derrick, N.R. and Grossman, S.L. (1976). Differential Equation with applications. Addisson
Wesley publishing company, Inc. Philippines

Diekmann O, Heesterbeek J.A.P & Metz J.A.J (1990). On the definition and computation of the
basic reproduction ratio Ro in models for infectious diseases in heterogeneous populations. J
Math Biol; 28: 365-82

Diekmann O. and Heesterbeek J.A.P. (2000). Mathematical epidemiology of infectious.
diseases: model building, analysis and interpretation. Chichester: Wiley. [The modern theory of
epidemic models presented with numerous mathematical exercises and their solutions.

Edward, S., Kuznetsov, D., and Mirau, S. (2014). Modeling the Impact of Immunization on the
Epidemiology of Varicella Zoster Virus . Mathematical Theory and Modeling VVol.4. No.8.

Fred, M.O., Sigey, J.K., Okello, J.A., Okwoyo, J.M., Kang’ ethe, G.J. (2014). Mathematical
Modeling on the Control of Measles by Vaccination : Case Study of KISII County, Kenya. The
SIJ Transactions on Computer Science Engineering & its Application (CSEA) Vol.2, No3.

Guillemo Abramson,(2011).Mathematical Models in life Science: Theory and Simulation.
Oxford Press, Claranda.

Transactions of the Nigerian Association of Mathematical Physics Volume 1, (November, 2015), 291 — 300
299



On The Reproduction Number... Ayoade, Ibrahim, Odetunde, Akinyemi Trans. of NAMP

[12]

[13]

[14]

[15]

[16]

Mack, M.J. and Rohni, P. (1996). Modeling Infectious Diseases in Humans and Animals,
Princeton University Press, Princeton.

Mohamadhassani, M. and Haveshki, M. (2011). A Mathematical method for an Epidemic
without immunity. Homozgan University Press, Bandarabbas, Iran.

Naresheta, R. (2008). Analysis of a vaccination model for carrier dependant infectious diseases
with environmental effects. Banaras Hindu University, India.

Onyebuchi Chukwu, C.O. (2013). Disease epidemic in Nigeria; are we helpless? Annual AGM-
Associated Public Lecture of the Nigerian Academy of Science. Lagos, Nigeria.

Trottier, H. and Philippe, P. (2011). Deterministic Modeling of Infectious Diseases: Theory and
Methods. Oxford Press. Wikipedia.com; Routh-Hurwitz criteria for finding the root of
polynomials

Transactions of the Nigerian Association of Mathematical Physics Volume 1, (November, 2015), 291 — 300

300



