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Abstract 
 

This paper exploresmulti-derivative methods with one off-step point for 

stiff initial value problems (IVPs) in ordinary differential equations (ODEs). 

The choice of the grid point gives )(A -stability property of the resultant 

hybrid methods. Though machine limitation has constrained the 

investigation of the hybrid linear multistep methods (LMM) beyond the step 

number 14=k ,but the methods are )(A -stable for 14k  and are of 

order 2+= kp . Numerical results demonstrates the application of these 

methods on stiff problems. 

 

Keywords: Backward differentiation formulas, General linear methods (GLM), MuIti-derivative LMM, Third 

derivative linear multistep methodsA/A( )-stability. 
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1.0     Introduction 
The purpose herein is to consider a subclass of multi-derivative hybrid linear multistep methods, 
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for the stiff ordinary differential equations (ODEs)  
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The constants 
j , 

)(s

j j , 
j , 

)(s

j can be determined by Taylor series expansion and defines a method uniquely. An 

initial value problem which stiffness ratio 1S  is said to be stiff [11]. As has been noted in [4], stiffness often arises in 

the modelling of gas mixtures in which the time scales of the reactants are much smaller than the movement times. Such 

other areas include pollution models, nozzle design for rockets, combustion and nuclear reactions. Other areas include 

biological modelling, chemical kinetics and fluid flow. In this regard, this paper exploresmulti-derivative methods with an 

off-step point and the grid point is chosen as to ensure )(A -stability property. Multi-derivative methods have advantage of 

bypassing theDahlquist order barrier [7] in linear multistep method (LMM); see [1, 2, 3, 6, 7, 10, 11, 12, 13, 14, 17-24, 

26].Infact, methods of this nature, naturally promotes high order with larger stability region than the conventional LMM of 

comparable step numberk. Indeed, methods with these desirable properties are essential for stiff problems in (1).  

 

A simple example is the third derivative LMM in [26]. 
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step number, h is the step length and k

jj 0=
 ; ,k and k  are the discrete coefficients of the arising methods, see [26]. This 

algorithm in (2) is an extension of the second derivative LMM (SDLMM) in [8]. When (2) is applied to the linear problem 

  
( ) 0Re, = yy ,        (3) 

it yields a stability polynomial, 
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The scheme in (2) is A-stable for 3k and )(A -stable for 5,4=k .The stability graphs are in Fig. 1. 

Another example is the third derivative backward differentiation formula (TDBDF),  
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in [24]. This is an extended version of the second derivative backward differentiation formulas (SDBDF) , see [11]. The 

SDBDF is )(A -stable up to order 10=k . As for the above methods, various modifications now exist; see [2, 6, 8, 11, 

12, 17-24]. In like manner, the stability polynomial of the TDBDF (4) [24] is 
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The coefficients of the methods are given therein. The algorithm in (4) is A-stable for 3)1(2=k  and )(A -stable for 

1=k , k = 4(1)9, see Fig. 2.  

 
Fig. 1: The stability region of the method in (2) is the exterior of the closed curves. 

 
Fig. 2: The stability region of the method in (4) is the exterior of the closed curves. 
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The multi-derivative hybrid LMM for the solution of (1) of our interest is, 
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The hybrid method in (5),is based on the formalism of the TDBDF in (4). Replacing knf + and kng +  in (4) with vnf + and

vng + yields (5b) while the predicted values of vny +  in (5a) is used to obtain an approximation to the derivatives vnf + and

vng + at point vnx +  in the right-hand side of (5b) to yield the corrected value of kny + . The kny +  denotes an approximation of 

the theoretical solution ( )knxy + at the output point  knxx +=  with a constant step-size h . For simplicity with no loss of 

generality assume  0h  and that the method (5) is used to find )(xy  only when 0xx  .  The scheme (5) is a subclass of 

the general linear method (GLM) in [5] which extension can be found in [2, 6, 19, 21].Applying the scheme in (5) to the 

linear problem in (3) yields  

( )

  )6(.2,0,,,
2

1
,

,

)3(3

0

2)2(2

0

2)1(
1

0





 ==−=−














++−













++−−= 

==

−

=

ik

k

k

j

k

k

k

k

j

jv

k
k

j

k

k

k

j

jv

k

j

j

j

k

k

ewhzkvwz

wzwzwzwzwzwzwwzw

 
This is a polynomial of degree three in z which gives rise to three root locus curves which together, describe the stability 

domain of the hybrid method in (5).  The corresponding stability characteristics are given in Table 3.  

The error constants 
)1(

1+qC  , 
)2(

1+pC and the order 2+== kpq ,arising from the hybrid scheme (5) are obtain from the local 

truncation error operator 
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The paper is organized as follows. In section 2 is a systematic approach to constructing multi-derivative LMM. The way to 

do this follows for example the approach in [6, 15]. Section 3 gives the graphs of the stability region of the hybrid scheme in 

(5) with a varying step number and section 4 presents the results of our numerical experiments. 

 

2.0  The Derivation of the Multi-Derivative Hybrid LMM (5) 

Consider derivation of the hybrid predictor (5a) and the output scheme (5b). When for example ( )31 === qpk in (5a), 

expanding the resulting expression in Taylor series about nx   and equating the coefficients of the powers of h yields, 
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Substituting (8) into (5a) and setting 
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In a similar manner, the output scheme for ( )31 == pk in (5b) is 
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In general, the discrete coefficients of the methods in (5) for step number 14k , are in Tables 1 and 2. The composite 

scheme (9) and (10) produces a stable method as can be verified in Fig. 3. 

 

Table 1:  The coefficients of the hybrid predictor (5a), p=k+2 
K 1 2 3 4 5 6 7 8 9 10 11 

𝜷𝒌
(𝟒)

 𝟏

𝟏𝟔
 

𝟑

𝟔𝟒
 

𝟓

𝟏𝟐𝟖
 

𝟑𝟓

𝟏𝟎𝟐𝟒
 

𝟔𝟑

𝟐𝟎𝟒𝟖
 

𝟐𝟑𝟏

𝟖𝟏𝟗𝟐
 

𝟒𝟐𝟗

𝟏𝟔𝟑𝟖𝟒
 

𝟔𝟒𝟑𝟓

𝟐𝟔𝟐𝟏𝟒𝟒
 

𝟏𝟐𝟏𝟓𝟓

𝟓𝟐𝟒𝟐𝟖𝟖
 

𝟒𝟔𝟏𝟖𝟗

𝟐𝟎𝟗𝟕𝟏𝟓𝟐
 

𝟖𝟖𝟏𝟕𝟗

𝟒𝟏𝟗𝟒𝟑𝟎𝟒
 

𝜷𝒌
(𝟑)

 −𝟑

𝟖
 

−𝟐𝟏

𝟔𝟒
 

−𝟏𝟏𝟓

𝟑𝟖𝟒
 

−𝟏𝟕𝟏𝟓

𝟔𝟏𝟒𝟒
 

−𝟓𝟑𝟗𝟕

𝟐𝟎𝟒𝟖𝟎
 

−𝟐𝟎𝟓𝟓𝟗

𝟖𝟏𝟗𝟐𝟎
 

−𝟐𝟕𝟓𝟖𝟒𝟕

𝟏𝟏𝟒𝟔𝟖𝟖𝟎
 

−𝟏𝟕𝟎𝟎𝟏𝟐𝟕

𝟕𝟑𝟒𝟎𝟎𝟑𝟐
 

−𝟐9𝟓𝟖𝟐𝟖𝟑𝟗

𝟏𝟑𝟐𝟏𝟐𝟎𝟓𝟕𝟔
 

−𝟓𝟕𝟑𝟕𝟏𝟑𝟓𝟔𝟗

𝟐𝟔𝟒𝟐𝟒𝟏𝟏𝟓𝟐𝟎
 

−𝟓𝟖𝟒𝟐𝟗𝟓𝟎𝟒𝟗

𝟐𝟕𝟔𝟖𝟐𝟒𝟎𝟔𝟒𝟎
 

𝜶𝟎 𝟏

𝟖
 

−𝟏

𝟏𝟐𝟖
 

𝟏

𝟓𝟕𝟔
 

−𝟓

𝟖𝟏𝟗𝟐
 

𝟕

𝟐𝟓𝟔𝟎𝟎
 

−𝟕

𝟒𝟗𝟏𝟓𝟐
 

𝟑𝟑

𝟒𝟎𝟏𝟒𝟎𝟖
 

−𝟒𝟐𝟗

𝟖𝟑𝟖𝟖𝟔𝟎𝟖
 

𝟕𝟏𝟓

𝟐𝟏𝟐𝟑𝟑𝟔𝟔𝟒
 

−𝟐𝟒𝟑𝟏

𝟏𝟎𝟒𝟖𝟓𝟕𝟔𝟎𝟎
 

𝟒𝟏𝟗𝟗

𝟐𝟓𝟑𝟕𝟓𝟓𝟑𝟗𝟐
 

𝜶𝟏 𝟕

𝟖
 

𝟑

𝟏𝟔
 

−𝟓

𝟐𝟓𝟔
 

𝟕

𝟏𝟏𝟓𝟐
 

−𝟒𝟓

𝟏𝟔𝟑𝟖𝟒
 

𝟕𝟕

𝟓𝟏𝟐𝟎𝟎
 

−𝟗𝟏

𝟗𝟖𝟑𝟎𝟒
 

𝟒𝟗𝟓

𝟖𝟎𝟐𝟖𝟏𝟔
 

−𝟕𝟐𝟗𝟑

𝟏𝟔𝟕𝟕𝟕𝟐𝟏𝟔
 

𝟏𝟑𝟓𝟖𝟓

𝟒𝟐𝟒𝟔𝟕𝟑𝟐𝟖
 

−𝟓𝟏𝟎𝟓𝟏

𝟐𝟎𝟗𝟕𝟏𝟓𝟐𝟎𝟎
 

𝜶𝟐  𝟏𝟎𝟓

𝟏𝟐𝟖
 

𝟏𝟓

𝟔𝟒
 

−𝟑𝟓

𝟏𝟎𝟐𝟒
 

𝟕

𝟓𝟏𝟐
 

−𝟒𝟗𝟓

𝟔5𝟓𝟑𝟔
 

𝟏𝟎𝟎𝟏

𝟐𝟎𝟒𝟖𝟎𝟎
 

−𝟒𝟓𝟓

𝟏𝟑𝟏𝟎𝟕𝟐
 

𝟖𝟒𝟏𝟓

𝟑𝟐𝟏𝟏𝟐𝟔𝟒
 

−𝟏𝟑𝟖𝟓𝟔𝟕

𝟔𝟕𝟏𝟎𝟖𝟖𝟔𝟒
 

𝟗𝟓𝟎𝟗𝟓

𝟓𝟔𝟔𝟐𝟑𝟏𝟎𝟒
 

𝜶𝟑   𝟏𝟖𝟎𝟓

𝟐𝟑𝟎𝟒
 

𝟑𝟓

𝟏𝟐𝟖
 

−𝟏𝟎𝟓

𝟐𝟎𝟒𝟖
 

𝟕𝟕

𝟑𝟎𝟕𝟐
 

−𝟐𝟏𝟒𝟓

𝟏𝟑𝟏𝟎𝟕𝟐
 

𝟏𝟎𝟎𝟏

𝟖𝟏𝟗𝟐𝟎
 

−𝟕𝟕𝟑𝟓

𝟕𝟖𝟔𝟒𝟑𝟐
 

𝟓𝟑𝟐𝟗𝟓

𝟔𝟒𝟐𝟐𝟓𝟐𝟖
 

−𝟗𝟔𝟗𝟗𝟔𝟗

𝟏𝟑𝟒𝟐𝟏𝟕𝟕𝟐𝟖
 

𝜶𝟒    𝟓𝟓𝟔𝟖𝟓

𝟕𝟑𝟕𝟐𝟖
 

𝟑𝟏𝟓

𝟏𝟎𝟐𝟒
 

−𝟏𝟏𝟓𝟓

𝟏𝟔𝟑𝟖𝟒
 

𝟏𝟎𝟎𝟏

𝟐𝟒𝟓𝟕𝟔
 

−𝟑𝟐𝟏𝟕𝟓

𝟏𝟎𝟒𝟖𝟓𝟕𝟔
 

𝟏𝟕𝟎𝟏𝟕

𝟔𝟓𝟓𝟑𝟔𝟎
 

−𝟏𝟒𝟔𝟗𝟔𝟓

𝟔𝟐𝟗𝟏𝟒𝟓𝟔
 

𝟏𝟓𝟗𝟖𝟖𝟓

𝟕𝟑𝟒𝟎𝟎𝟑𝟐
 

𝜶𝟓     𝟑𝟎𝟎𝟎𝟏𝟑

𝟒𝟎𝟗𝟔𝟎𝟎
 

𝟔𝟗𝟑

𝟐𝟎𝟒𝟖
 

−𝟑𝟎𝟎𝟑

𝟑𝟐𝟕𝟔𝟖
 

𝟏𝟎𝟎𝟏

𝟏𝟔𝟑𝟖𝟒
 

−𝟏𝟎𝟗𝟑𝟗𝟓

𝟐𝟎𝟗𝟕𝟏𝟓𝟐
 

𝟑𝟐𝟑𝟑𝟐𝟑

𝟔𝟓𝟓𝟑𝟔𝟎𝟎
 

−𝟐𝟎𝟓𝟕𝟓𝟏

𝟒𝟏𝟗𝟒𝟑𝟎𝟒
 

𝜶𝟔      𝟑𝟓𝟎𝟓𝟕𝟑𝟑

𝟒𝟗𝟏𝟓𝟐𝟎𝟎
 

𝟑𝟎𝟎𝟑

𝟖𝟏𝟗𝟐
 

−𝟏𝟓𝟎𝟏𝟓

𝟏𝟑𝟏𝟎𝟕𝟐
 

𝟏𝟕𝟎𝟏𝟕

𝟏𝟗𝟔𝟔𝟎𝟖
 

−𝟔𝟗𝟐𝟖𝟑𝟓

𝟖𝟑𝟖𝟖𝟔𝟎𝟖
 

𝟐𝟐𝟔𝟑𝟐𝟔𝟏

𝟐𝟔2𝟏𝟒𝟒𝟎𝟎
 

𝜶𝟕       𝟑𝟑𝟓𝟓𝟕𝟐𝟓𝟐𝟑

𝟒𝟖𝟏𝟔𝟖𝟗𝟔𝟎𝟎
 

𝟔𝟒𝟑𝟓

𝟏𝟔𝟑𝟖𝟒
 

−𝟑𝟔𝟒𝟔𝟓

𝟐𝟔𝟐𝟏𝟒𝟒
 

𝟒𝟔𝟏𝟖𝟗

𝟑𝟗𝟑𝟐𝟏𝟔
 

−𝟐𝟎𝟕𝟖𝟓𝟎𝟓

𝟏𝟔𝟕𝟕𝟕𝟐𝟏𝟔
 

𝜶𝟖        𝟏𝟒𝟎𝟏𝟕𝟗𝟒𝟓𝟑𝟕

𝟐𝟎𝟓𝟓𝟐𝟎𝟖𝟗𝟔𝟎
 

𝟏𝟎𝟗𝟑𝟗𝟓

𝟐𝟔𝟐𝟏𝟒𝟒
 

−𝟔𝟗𝟐𝟖𝟑𝟓

𝟒𝟏𝟗𝟒𝟑𝟎𝟒
 

𝟑𝟐𝟑𝟑𝟐𝟑

𝟐𝟎𝟗𝟕𝟏𝟓𝟐
 

𝜶𝟗         𝟐𝟐𝟐𝟕𝟓𝟕𝟕𝟓𝟗𝟎𝟖𝟏

𝟑𝟑𝟐𝟗𝟒𝟑𝟖𝟓𝟏𝟓𝟐𝟎
 

𝟐𝟑𝟎𝟗𝟒𝟓

𝟓𝟐𝟒𝟐𝟖𝟖
 

−𝟏𝟔𝟏𝟔𝟔𝟏𝟓

𝟖𝟑𝟖𝟖𝟔𝟎𝟖
 

𝜶𝟏𝟎          𝟒𝟑𝟕𝟔𝟗𝟕𝟑𝟐𝟒𝟏𝟗𝟐𝟕

𝟔𝟔𝟓𝟖𝟖𝟕𝟕𝟎𝟑𝟎𝟒𝟎𝟎
 

𝟗𝟔𝟗𝟗𝟔𝟗

𝟐𝟎𝟗𝟕𝟏𝟓𝟐
 

𝜶𝟏𝟏           𝟒𝟗𝟔𝟏𝟗𝟏𝟐𝟗𝟏𝟖𝟒𝟔𝟕𝟕

𝟕𝟔𝟕𝟑𝟓𝟔𝟑𝟎𝟓𝟒𝟎8𝟎𝟎
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Continuation of Table 1 
K 12 13 14 

𝜷𝒌
(𝟒)

 𝟔𝟕𝟔𝟎𝟑𝟗

𝟑𝟑𝟓𝟓𝟒𝟒𝟑𝟐
 

𝟏𝟑𝟎𝟎𝟎𝟕𝟓

𝟔𝟕𝟏𝟎𝟖𝟖𝟔𝟒
 

𝟓𝟎𝟏𝟒𝟓𝟕𝟓

𝟐𝟔𝟖𝟒𝟑𝟓𝟒𝟓𝟔
 

𝜷𝒌
(𝟑)

 −𝟏𝟑𝟔𝟔𝟏𝟖𝟕𝟖𝟗𝟗𝟕

𝟔𝟔𝟒𝟑𝟕𝟕𝟕𝟓𝟑𝟔𝟎
 

−𝟔𝟗𝟑𝟑𝟗𝟎𝟓𝟒𝟑𝟖𝟓

𝟑𝟒𝟓𝟒𝟕𝟔𝟒𝟑𝟏𝟖𝟕𝟐
 

−𝟐𝟏𝟎𝟖𝟖𝟓𝟓𝟎𝟎𝟎𝟓𝟓

𝟏𝟎𝟕𝟒𝟖𝟏𝟓𝟓𝟔𝟓𝟖𝟐𝟒
 

𝜶𝟎 −𝟐𝟗𝟑𝟗𝟑

𝟐𝟒𝟏𝟓𝟗𝟏𝟗𝟏𝟎𝟒
 

𝟓𝟐𝟎𝟎𝟑

𝟓𝟔𝟕𝟎𝟔𝟗𝟗𝟎𝟎𝟖
 

−𝟏𝟖𝟓𝟕𝟐𝟓

𝟐𝟔𝟑𝟎𝟔𝟔𝟕𝟒𝟔𝟖𝟖
 

𝜶𝟏 𝟗𝟔𝟓𝟕𝟕

𝟓𝟎𝟕𝟓𝟏𝟎𝟕𝟖𝟒
 

−𝟕𝟑𝟒𝟖𝟐𝟓

𝟒𝟖𝟑𝟏𝟖𝟑𝟖𝟐𝟎𝟖
 

𝟏𝟒𝟎𝟒𝟎𝟖𝟏

𝟏𝟏𝟑𝟒𝟏𝟑𝟗𝟖𝟎𝟏𝟔
 

𝜶𝟐 −𝟏𝟏𝟕𝟒𝟏𝟕𝟑

𝟖𝟑𝟖𝟖𝟔𝟎𝟖𝟎𝟎
 

𝟐𝟒𝟏𝟒𝟒𝟐𝟓

𝟐𝟎𝟑𝟎𝟎𝟒𝟑𝟏𝟑𝟔
 

−𝟐𝟐𝟎𝟒𝟒𝟕𝟓

𝟐𝟏𝟒𝟕𝟒𝟖𝟑𝟔𝟒𝟖
 

𝜶𝟑 𝟐𝟏𝟖𝟕𝟏𝟖𝟓

𝟑𝟑𝟗𝟕𝟑𝟖𝟔𝟐𝟒
 

−𝟑𝟗𝟏𝟑𝟗𝟏

𝟔𝟕𝟏𝟎𝟖𝟖𝟔𝟒
 

𝟐𝟏𝟕𝟐𝟗𝟖𝟐𝟓

𝟒𝟎𝟔𝟎𝟎𝟖𝟔𝟐𝟕𝟐
 

𝜶𝟒 −𝟐𝟐𝟑𝟎𝟗𝟐𝟖𝟕

𝟏𝟎𝟕𝟑𝟕𝟒𝟏𝟖𝟐𝟒
 

𝟓𝟒𝟔𝟕𝟗𝟔𝟐𝟓

𝟐𝟕𝟏𝟕𝟗𝟎𝟖𝟗𝟗𝟐
 

−𝟏𝟎𝟓𝟔𝟕𝟓𝟓𝟕

𝟓𝟑𝟔𝟖𝟕𝟎𝟗𝟏𝟐
 

𝜶𝟓 𝟕𝟑𝟓𝟒𝟕𝟏

𝟏𝟒𝟔𝟖𝟎𝟎𝟔𝟒
 

−𝟏𝟏𝟏𝟓𝟒𝟔𝟒𝟑𝟓

𝟐𝟏𝟒𝟕𝟒𝟖𝟑𝟔𝟒𝟖
 

𝟏𝟎𝟗𝟑𝟓𝟗𝟐𝟓

𝟐𝟎𝟏𝟑𝟐𝟔𝟓𝟗𝟐
 

𝜶𝟔 −𝟒𝟕𝟑𝟐𝟐𝟕𝟑

𝟓𝟎𝟑𝟑𝟏𝟔𝟒𝟖
 

𝟔𝟏𝟐𝟖𝟗𝟐𝟓

𝟓𝟖𝟕𝟐𝟎𝟐𝟓𝟔
 

−𝟏𝟎𝟎𝟑𝟗𝟏𝟕𝟗𝟏𝟓

𝟖𝟓𝟖𝟗𝟗𝟑𝟒𝟓𝟗𝟐
 

𝜶𝟕 𝟕𝟒𝟑𝟔𝟒𝟐𝟗

𝟓𝟐𝟒𝟐𝟖𝟖𝟎𝟎
 

−𝟏𝟔𝟗𝟎𝟎𝟗𝟕𝟓

𝟏𝟎𝟎𝟔𝟔𝟑𝟐𝟗𝟔
 

𝟏𝟔𝟓𝟒𝟖𝟎𝟗𝟕𝟓

𝟖𝟐𝟐𝟎𝟖𝟑𝟓𝟖𝟒
 

𝜶𝟖 −𝟒𝟕𝟖𝟎𝟓𝟔𝟏𝟓

𝟐𝟔𝟖𝟒𝟑𝟓𝟒𝟓𝟔
 

𝟕𝟒𝟑𝟔𝟒𝟐𝟗

𝟑𝟑𝟓𝟓𝟒𝟒𝟑𝟐
 

−𝟏𝟓𝟐𝟏𝟎𝟖𝟕𝟕𝟓

𝟓𝟑𝟔𝟖𝟕𝟎𝟗𝟏𝟐
 

𝜶𝟗 𝟕𝟒𝟑𝟔𝟒𝟐𝟗

𝟑𝟕𝟕𝟒𝟖𝟕𝟑𝟔
 

−𝟏𝟑𝟐𝟕𝟗𝟑𝟑𝟕𝟓

𝟓𝟑𝟔𝟖𝟕𝟎𝟗𝟏𝟐
 

𝟐𝟐𝟑𝟎𝟗𝟐𝟖7

𝟔𝟕𝟏𝟎𝟖𝟖𝟔𝟒
 

𝜶𝟏𝟎 −𝟕𝟒𝟑𝟔𝟒𝟐𝟗

𝟑𝟑𝟓𝟓𝟒𝟒𝟑𝟐
 

𝟑𝟕𝟏𝟖𝟐𝟏𝟒𝟓

𝟏𝟓𝟎𝟗𝟗𝟒𝟗𝟒𝟒
 

−𝟕𝟏𝟕𝟎𝟖𝟒𝟐𝟐𝟓

𝟐𝟏𝟒𝟕𝟒𝟖𝟑𝟔𝟒𝟖
 

𝜶𝟏𝟏 𝟐𝟎𝟐𝟖𝟏𝟏𝟕

𝟒𝟏𝟗𝟒𝟑𝟎𝟒
 

−𝟏𝟔𝟗𝟎𝟎𝟗𝟕𝟓

𝟔𝟕𝟏𝟎𝟖𝟖𝟔𝟒
 

𝟏𝟎𝟏𝟒𝟎𝟓𝟖𝟓

𝟑𝟑𝟓𝟓𝟒𝟒𝟑𝟐
 

𝜶𝟏𝟐 𝟏𝟏𝟕𝟐𝟕𝟗𝟖𝟗𝟏𝟏𝟕𝟑𝟎𝟔𝟒𝟏

𝟏𝟖𝟒𝟏𝟔𝟓𝟓𝟏𝟑𝟐𝟗𝟕𝟗𝟐𝟎𝟎
 

𝟏𝟔𝟗𝟎𝟎𝟗𝟕𝟓

𝟑𝟑𝟓𝟓𝟒𝟒𝟑𝟐
 

−𝟏𝟓𝟐𝟏𝟎𝟖𝟕𝟕𝟓

𝟓𝟑𝟔𝟖𝟕𝟎𝟗𝟏𝟐
 

𝜶𝟏𝟑  𝟏𝟓𝟔𝟑𝟎𝟖𝟎𝟏𝟓𝟕𝟎𝟎𝟎𝟖𝟕𝟕𝟑

𝟐𝟒𝟖𝟗𝟗𝟏𝟕𝟕𝟑𝟗𝟕𝟖𝟕𝟖𝟕𝟖𝟒
 

𝟑𝟓𝟏𝟎𝟐𝟎𝟐𝟓

𝟔𝟕𝟏𝟎𝟖𝟖𝟔𝟒
 

𝜶𝟏𝟒   𝟐𝟐𝟖𝟒𝟔𝟔𝟖𝟕𝟐𝟔𝟖𝟕𝟏𝟖𝟕𝟗

𝟑6𝟖𝟖𝟕𝟔𝟕𝟎𝟐𝟏𝟗𝟎𝟕𝟗𝟔𝟖
 

 

Table 2: The Coefficients of the Multi-derivative LMM (5b), p=k+2 
k K 1 2 3 4 5 6 7 8 9 

𝜸𝒌 𝟏

𝟐𝟒
 

𝟓

𝟐𝟕𝟔
 

𝟑𝟓𝟐𝟎

𝟑𝟖𝟐𝟏
 

𝟐𝟖𝟗𝟖𝟐

𝟑𝟏𝟓𝟔𝟒𝟕𝟓
 

𝟐𝟕𝟖𝟏𝟗𝟖𝟎

𝟑𝟔𝟓𝟓𝟖𝟕𝟐𝟖𝟗
 

𝟓𝟑𝟑𝟔𝟖𝟓𝟕𝟐𝟎

𝟖𝟎𝟗𝟓𝟐𝟎𝟎𝟖𝟕𝟔𝟕
 

𝟔𝟔𝟐𝟔𝟓𝟔𝟔𝟐𝟎𝟑𝟔𝟎

𝟏𝟏𝟐𝟕𝟒𝟐𝟒𝟔𝟐𝟐𝟏𝟎𝟏𝟕𝟏
 

𝟓𝟓𝟑𝟑𝟒𝟔𝟏𝟎𝟏𝟖𝟗𝟔𝟎

𝟏𝟎𝟑𝟓𝟐𝟐𝟑𝟐7𝟔𝟐𝟓𝟕𝟗𝟓𝟑
 

𝟏𝟎𝟔𝟖𝟐𝟗𝟒𝟗𝟏𝟖𝟗𝟕𝟒𝟎𝟒𝟎

𝟐𝟏𝟔𝟔𝟏𝟔𝟕𝟔𝟏𝟏𝟑𝟖𝟒𝟑𝟗𝟓𝟗𝟕
 

𝜷𝒗
(𝟐)

    

-       

𝟏

𝟐𝟑
 

𝟐𝟔𝟖

𝟑𝟖𝟐𝟏
 

𝟓𝟔𝟕𝟑𝟔

𝟔𝟑𝟏𝟐𝟗𝟓
 

𝟑𝟖𝟔𝟔𝟓𝟐𝟖𝟎

𝟑𝟔𝟓𝟓𝟖𝟕𝟐𝟖𝟗
 

𝟏𝟑𝟕𝟖𝟑𝟑𝟕𝟐𝟖𝟎

𝟏𝟏𝟓𝟔𝟒𝟓𝟕𝟐𝟔𝟖𝟏
 

𝟏𝟒𝟕𝟓𝟔𝟐𝟓𝟑𝟎𝟏𝟐𝟒𝟖𝟎

𝟏𝟏𝟐𝟕𝟒𝟐𝟒𝟔𝟐2𝟏𝟎𝟏𝟕𝟏
 

𝟏𝟒𝟔𝟐𝟕𝟗𝟒𝟑𝟎𝟒𝟎𝟔𝟏𝟒𝟒

𝟏𝟎𝟑𝟓𝟐𝟐𝟑𝟐𝟕𝟔𝟐𝟓𝟕𝟗𝟓𝟑
 

𝟑𝟐𝟔𝟓𝟎𝟑𝟏𝟐𝟒𝟏𝟗𝟔𝟖𝟎𝟐𝟓𝟔

𝟐𝟏𝟔𝟔𝟏𝟔𝟕𝟔𝟏𝟏𝟑𝟖𝟒𝟑𝟗𝟓𝟗𝟕
 

𝜷𝒗
(𝟏)

 1 𝟐𝟐

𝟐𝟑
 

𝟏𝟑𝟕

  𝟏𝟏𝟒𝟔𝟑
 

𝟓𝟔𝟏𝟗𝟖𝟒

𝟔𝟑𝟏𝟐𝟗𝟓
 

𝟗𝟒𝟓𝟒𝟔𝟖𝟏𝟔𝟎

𝟏𝟎𝟗𝟔𝟕𝟔𝟏𝟖𝟔𝟕
 

𝟗𝟔𝟔𝟖𝟐𝟎𝟖𝟔𝟒0

𝟏𝟏𝟓𝟔𝟒𝟓𝟕𝟐𝟔𝟖𝟏
 

𝟗𝟏𝟓𝟎𝟕𝟎𝟓𝟏𝟐𝟕𝟒𝟐𝟒𝟎

𝟏𝟏𝟐𝟕𝟒𝟐𝟒𝟔𝟐𝟐𝟏𝟎𝟏𝟕𝟏
 

𝟒𝟎𝟖𝟐𝟎𝟐𝟓𝟗𝟏𝟒𝟗𝟐𝟓𝟎𝟓𝟔

𝟓𝟏𝟕𝟔𝟏𝟏𝟔𝟑𝟖𝟏𝟐𝟖𝟗𝟕𝟔𝟓
 

𝟖𝟑𝟎𝟒𝟒𝟑𝟑𝟑𝟔𝟑𝟗𝟎𝟓𝟎𝟖𝟓𝟒𝟒

𝟏𝟎𝟖𝟑𝟎𝟖𝟑𝟖𝟎𝟓𝟔𝟗𝟐𝟏𝟗𝟕𝟗𝟖𝟓
 

𝜶𝟎 1 −𝟏

𝟐𝟑
 

𝟑𝟑

𝟑𝟖𝟐𝟏   
 

𝟗𝟏𝟑𝟑

𝟑1𝟓𝟔𝟒𝟕𝟓
 

𝟒𝟏𝟕𝟓𝟗𝟕𝟏

𝟑𝟐𝟗𝟎𝟐𝟖𝟓𝟔𝟎𝟏
 

−𝟓𝟑𝟏𝟏𝟒𝟎𝟒𝟏

𝟖𝟎𝟗𝟓𝟐𝟎𝟎𝟖𝟕𝟔𝟕
 

𝟒𝟐𝟕𝟎𝟓𝟓𝟖𝟔𝟏𝟓𝟎

𝟏𝟏𝟐𝟕𝟒𝟐𝟒𝟔𝟐𝟐𝟏𝟎𝟏𝟕𝟏
 

−𝟓𝟓𝟏𝟑𝟓𝟑𝟑𝟗𝟒𝟗𝟑𝟔𝟕𝟏

𝟐𝟑𝟐𝟗𝟐𝟓𝟐𝟑𝟕𝟏𝟓𝟖𝟎𝟑𝟗𝟒𝟐𝟓
 

𝟒𝟕𝟔𝟏𝟎𝟒𝟎𝟖𝟗𝟔𝟔𝟐𝟓𝟐𝟓

𝟑𝟎𝟑𝟐𝟔𝟑𝟒𝟔𝟓𝟓𝟗𝟑8𝟏𝟓𝟒𝟑𝟓𝟖
 

𝜶𝟏  𝟐𝟒

𝟐𝟑
 

−𝟑𝟔𝟕

𝟑𝟖𝟐𝟏
 

𝟗𝟎𝟐𝟕𝟒

𝟑𝟏𝟓𝟔𝟒𝟕𝟓
 

−𝟒𝟔𝟑𝟖𝟖𝟐𝟓

𝟑𝟔𝟓𝟓𝟖𝟕𝟐𝟖𝟗
 

𝟏𝟔𝟕𝟕𝟏𝟑𝟕𝟓𝟑𝟔

𝟐𝟒𝟐𝟖𝟓𝟔𝟎𝟐𝟔𝟑𝟎𝟏
 

−𝟒𝟕𝟗𝟕𝟏𝟏𝟖𝟑𝟓𝟓𝟑𝟑

𝟏𝟏𝟐𝟕𝟒𝟐𝟒𝟔𝟐𝟐𝟏𝟎𝟏𝟕𝟏
 

𝟐𝟗𝟒𝟖𝟗𝟕𝟖𝟑𝟖𝟐𝟔𝟔𝟒

𝟏𝟎𝟑𝟓𝟐𝟐𝟑𝟐𝟕𝟔𝟐𝟓𝟕𝟗𝟓𝟑
 

−7𝟔𝟕𝟏𝟔𝟖𝟕𝟔𝟒𝟎𝟒𝟖𝟓𝟔𝟎𝟒𝟐

𝟑𝟕𝟗𝟎𝟕𝟗𝟑𝟑𝟏𝟗𝟗𝟐𝟐𝟔𝟗𝟐𝟗𝟒𝟕𝟓
 

𝜶𝟐   𝟒𝟏𝟓𝟓

𝟑𝟖𝟐𝟏
 

−𝟒𝟗𝟗𝟕𝟎𝟒

𝟑𝟏𝟓𝟔𝟒𝟕𝟓
 

𝟐𝟐𝟖𝟗𝟖𝟒𝟓𝟎

𝟑𝟔𝟓𝟓𝟖𝟕𝟐𝟖𝟗
 

−𝟐𝟕𝟗𝟑𝟐𝟓𝟖𝟐𝟖𝟓

𝟖𝟎𝟗𝟓𝟐𝟎𝟎𝟖𝟕𝟔𝟕
 

𝟕𝟓𝟕𝟐𝟏𝟑𝟕𝟏𝟖𝟕𝟖𝟏𝟖

𝟑𝟑𝟖𝟐𝟐𝟕𝟑𝟖𝟔𝟔𝟑𝟎𝟓𝟏𝟑
 

−𝟏𝟔𝟓𝟔𝟏𝟏𝟔𝟓𝟏𝟏𝟕𝟗𝟗𝟒

𝟏𝟎𝟑𝟓𝟐𝟐𝟑𝟐𝟕𝟔𝟐𝟓𝟕𝟗𝟓𝟑
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−𝟐𝟗𝟔𝟐𝟑𝟐𝟓𝟗𝟖𝟑𝟎𝟗𝟑𝟎𝟓𝟏𝟖𝟏𝟕𝟕𝟒𝟓𝟐𝟕𝟐𝟒𝟒𝟏𝟏

𝟐𝟓𝟏𝟖𝟖𝟖𝟖7𝟎𝟒𝟎𝟎𝟔𝟔𝟓𝟎𝟑𝟑𝟐𝟐𝟓𝟒𝟏𝟕𝟏𝟕𝟑𝟔𝟕
 

𝟔𝟗𝟖𝟔𝟔𝟔𝟗𝟓𝟒𝟗𝟐𝟑𝟓𝟐𝟗𝟗𝟕𝟖𝟕𝟐𝟏𝟒𝟐𝟎𝟕𝟎𝟗𝟔𝟐𝟒

𝟒𝟑𝟒𝟒𝟕𝟓𝟓𝟕𝟑𝟖𝟓𝟓𝟔𝟖𝟔𝟒𝟓𝟎𝟔𝟗𝟕𝟐𝟖𝟖𝟑𝟐𝟑𝟒𝟓𝟕
 

𝜶𝟏𝟎  𝟏𝟎𝟖𝟐𝟔𝟖𝟎𝟔𝟏𝟒𝟑𝟕𝟗𝟒𝟏𝟏𝟏𝟎𝟎𝟓𝟐𝟑𝟑𝟔

𝟕𝟑𝟑𝟐𝟗𝟔𝟎𝟒𝟓𝟏𝟖𝟒𝟑𝟕𝟎𝟐𝟗𝟒𝟎3𝟖𝟓𝟓
 

−𝟏𝟔𝟕𝟖𝟑𝟒𝟏𝟑𝟓𝟏𝟏𝟕𝟒𝟗𝟒𝟎𝟔𝟔𝟑𝟕𝟐𝟖𝟔𝟓𝟗𝟏𝟐

𝟏𝟔𝟖𝟔𝟓𝟑𝟗𝟖𝟐𝟒𝟏𝟔𝟓𝟎𝟐𝟔𝟕𝟏𝟓𝟖𝟗𝟔𝟒𝟓𝟖𝟑𝟑
 

𝟏𝟕𝟎𝟖𝟎𝟐𝟔𝟓𝟑𝟐𝟓𝟕𝟏𝟖𝟓𝟒𝟖𝟏𝟑𝟓𝟕𝟔𝟐𝟓𝟎𝟖𝟐𝟗𝟒𝟎𝟖

𝟏𝟒𝟕𝟕𝟗𝟏𝟗𝟑𝟗𝟐𝟔𝟓𝟔𝟗𝟔𝟑𝟐𝟎𝟓𝟏𝟒𝟗𝟏𝟑𝟏𝟑𝟕𝟔𝟏𝟐𝟓
 

−𝟏𝟖𝟎𝟕𝟎𝟏𝟒2𝟔𝟖𝟕𝟏𝟏05294584618089473

112641815444066857588185861637
 

𝛼11   257775501191113033686122112

168653982416502671589645833
 

−1105587010456922765003488984

969127470594729970589594345
 

576408641000229729423520060272

402292198014524491386378077275
 

𝛼12    93459744216689183413568681232

59116775706278528205965255045
 

−62535344707147961319432150844

48275063761742938966365369273
 

𝛼13     26292817369524410435272538136

16091687920580979655455123091
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3.0 The Stability of the Multi-Derivative Hybrid LMM (5) 
The stability of the hybrid algorithms in (5) are of consideration here. Consider for example, a case when 

( )3,1 === qpk in (5) and substituting the coefficients of the methods in (5a) and (5b) from Tables 1 and 2 respectively 

into (6) gives, 

( )
2488

3

8

7

8

1
1,

32

1

wzwzwzw
zwzw −








+−+−−= .    (11) 

Now, for ( )4,2 === qpk , we have 
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128
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1
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3
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1

23
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1

23
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322222
2

2222
2

2

zwzwzwww
z

zwzwww
z

w
wzw

−







+−++−−









+−++−−+−=

     (12) 

In a similar manner we obtain the stability polynomial of (5) for step number .14)1(3=k  The computing power available 

have been constrained by machine limitation to stop investigation of the methods at 14=k , However, it is conjectured the 

existence of stable methods with step number 15k . The Fig. 3presents the computed stability region (exterior of the 

closed curve) of the methods in (5). The boundary locus of ( ) 0, =zwk  shows that the method in (5) is −)86( 0A stable 

for 1=k , −)90( 0A stable for 5)1(2=k  and −)(A stable for 14)1(6=k . Table 3 gives the stability characteristics of 

the TDLMM (2), TDBDF (4) and the multi-derivative hybrid LMM in (5). 

 
Fig. 3: The stability region (exterior of the closed curve) of the multi-derivative hybrid LMM (5). 

 

 

 

 

 

 

 

 

 

Transactions of the Nigerian Association of Mathematical Physics Volume 1, (November, 2015), 169 – 178 

-2 0 2 4 6 8 10 12 14 16
-8

-6

-4

-2

0

2

4

6

8

Re(z), z=*h

Im
(z

),
 z

=


*h

k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10 k = 11 k = 12 k = 13 k = 14
k = 1



176 

 

 

 

Table 3: Stability characteristics and error constants of the TDMM (2), TDBDF (4) and MHLMM (5) 
k   1     2      3        4     5     6     7    8    9 

      TDMM(2)[26]    

p 4 5 6 7 8 - - - - 
)(

1

k

pC +
 

480
1−

 
1800

1−
 

50400
11−

 
846720

89−
 

101606400

5849−
 

- - - - 

  900 900 900 89.860 89.10 - - - - 

      TDBDF(4)[24]    

p     3    4     5      6        7        8          9          10          11       
)(

1

k

pC +
 −1

24
 

−2

225
 

−9

2875
 

−288

204575
 

−4500

6123971
 

−1000

2356067
 

−34300

129973303
 

−2195200

12648444479
 

−133358400

1117849207079
 

  870 900 900 900 87.50 880 860          830           790 

      MDLMM(5)    

q 3 4 5 6 7 8 9 10 11 
p 3 4 5 6 7 8 9 10 11 

)(

1

k

qC +
 −1

384
 

−1

1280
 

−1

3072
 

−1

6144
 

−3

32768
 

−11

196608
 

−143

3932160
 

−13

 524288
 

−221

12582912
 

)(

1

k

pC +
 −1

48
 

−33

7360
 

−9133

5502240
 

−4175971

5302878000
 

−53114041

122837329104
 

−21352793075

81599624837136
 

−55135339493671

324698291165292480
 

−95220817932505

819896834796298776
 

−220879487667094383

2668718497225575835040
 

  860 900 900 900 900 900                  890 860 860 

k 10      11         12          13           14 

   MDLMM(5)   

 q 12           13 14             15                   16 

p 12           13 14               15                   16 
)(

1

k

qC +
 

−323

25165824
 

−323

33554432
 

−7429

1006632960
 

−37145

6442450944
 

−19665

4294967296
 

)(

1

k

pC +
 

−211880397497299990893

3475377270253222613610188
 

−9853584754820756860887

213535808357688629624025760
 

−2741811368458700014968014

76737561999508715573288854015
 

−6865587210395127296009741

243422017614088057318680461950
 

−990795223332818617781741389

43769391143980264662837934807520
 

  840 770 740 700 540 

 

The   in Table 3 implies the angle of absolute stability of the method. 

• Although, the error constants of the MDLMM (5) are larger in size than that of the TDLMM (2), and the TDBDF (4), but the MDLMM presents more A( )-stable methods of 

higher order than the TDLMM (2), and TDBDF (4),  

• Again, the MDLMM (5) have more A-stable methods than the TDLMM and TDBDF methods. These serves as an advantage over the TDLMM [26] and TDBDF [24] methods in 

variable order implementation, see Table 3.  
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4.0 Implementation of the Methods (5): Numerical Experiment and Conclusion 
Consider the application of the hybrid LMM (5) on some stiff problems. The results obtained are compared with methods of 

TDLMM (2) and TDBDF (4) with same order. Thus are the methods 

(i). TDLMM (2)[26],  

( ) ,4,
244

3
4

1

3

1

2

11 =+−++= ++++ pl
h

g
h

ff
h

yy nnnnnn
     

(ii). TDBDF (4)[24],  

( ) ,4,
45

4

5

2

15

14
16

15

1
2

3

2

2

212 =+−++−= +++++ plhghfhyyy nnnnnn
   

(iii). MDLMM (5),  
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for a fixed step size implementation. The following stiff systems of initial value problems have been solved: 

Problem 1: [21] 
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Problem 2: [11] 

( ) ( ) ( ) )sin(,00),cos()sin( xxyyxxyy ==+−=  ,   410,56.1,0 −= x  

Problem 3: [15] 







−=

+−=

,200

,9.1991.0

2

/

2

21

/

1

yy

yyy
,

1

1
)0( 








=y  1,0x ,    







=

+=

−

−−

,)(

,)(

200

2

2001.0

1

x

xx

exy

eexy
 

If 0)3( k in (5b) and the algorithm is applied on the initial value problem (IVPs (1)), the arising systems of nonlinear 

algebraic equations are resolved by the Newton-Raphson iterative scheme,  

( )( ) ( ),][1][][]1[ s

kn

s

kn

s

kn

s

kn yFyFyy +

−

++

+

+
−=−  

with ( ) 1][ −

+
 s

knyF  as the Jacobian matrix form, 

( ) ( ) ( ) ( )

( ) ( )
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The starter for the iterative scheme (13a) is the order 3=p  explicit third derivative Runge-Kutta methods in [5]. For stiff 

problems (1), h  is constrained to be chosen small, for the sequence in (13a) will to converge. The step size 0001.0=h  has 

been adopted. The maximum absolute errors  nnnn yxyyxyE 2211 )(,)(max −−=  generated by the various 

methods at the end point of the interval are in Table 4. Find that the same order methods produced results of the same 

accuracy on problems 1-3. 

Table 4: AbsoluteErrors: 


−= nn yxyE )( ,    3=p  

Problem 
nx        TDLMM (2)       TDBDF (4) MDLMM (5) 

      1     1.0 1.2643(- 05) 4.6528( - 05) 4.6528( - 05) 

      2     1.56 1.0887(- 06)      1.0815( - 06)        1.0815( - 06) 

      3     1.0 2.2787(-06) 8.6099(- 06) 8.6099(- 06) 
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The numerical results in Table 4 of theMDLMM (5) compares with the TDBDF methods in (4) and TDMM in (2) when 

applied to the stiff problems 1-3. Conclusively, this paper considered a hybrid TDBDFfor the direct solution of stiff IVPs in 

ODEs (1). The stability of the MDLMM (5) shows that the methods are stable for 14k . The encouraging numerical results 

of Table 4 show that the MDLMM (5) is suitable for stiff ODEs (1). The methods on the problems 1-3 are of comparable 

performance with similar methods from [24] and [26] in (4) and (2) respectively. 
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