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Abstract 
 

In this work, a study of properties of the core of a generalised Bol loop is 

carried out. Isotopic characterisation of generalised Bol loops is examined. It 

is shown that the set of semi-automorphisms of the core of the generalised 

Bol loop (G, ∙) are the automorphisms of the core (G, +) which fixed the 

identity element of (G, ∙). It is also proved that isotopic generalised Bol loops 

have isomorphic cores. The necessary conditions for the core to be an 

isotopic invariant for a generalised Bol loops are also obtained. 

 

 

1.0 Introduction 
Loops (G,∙) satisfying the identity  

(𝑥𝑦 ∙ 𝑧)𝑦 = 𝑥(𝑦𝑧 ∙ 𝑦)                                                                                                          (1) 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑥 ∈ 𝐺are called right Bol loop. These loops are algebraic duals of the loops (G,∙) satisfying the identity 

𝑦(𝑧 ∙ 𝑦𝑥) = (𝑦 ∙ 𝑧𝑦) 𝑥                                                                                                         (2) 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑥 ∈ 𝐺called left Bol loops. 

Moufang loops are found to satisfy the identities (1) and (2) simultaneously.  

The notion of the core in loops was first introduced by R.H. Bruck [9] in connection with invariants of classes of isotopic 

Moufang loops. If (G, ∙) is a Moufang loop, Bruck defined the  

core(G,  ∙) as the groupoid (G,+) consisting of the elements of G under the binary operation ‘+’defined by 𝑥 + 𝑦 =
𝑥𝑦−1for all 𝑥, 𝑦 ∈ 𝐺 where 𝑦−1 is the inverse of 𝑦 in 𝐺. Robinson[11 ]  carried out a study on the core of Bol loops. If the 

Bol loop is Moufang then core of the Bol loop is also Moufang. 

The object of this present study is to examine the core of generalised Bol loops using procedures analogous to those 

employed by Robinson[11] in his work on the core of Bol loops. Isotopic characterisation of generalised Bol loops is also 

investigated. It is shown that the set of semi-automorphisms of the generalised Bol loop (G,∙) are automorphisms of the core 

(G,+) which fixes the identity of (G,∙). Isotopic generalised Bol loops are also shown to isomorphic cores. The necessary 

conditions for the core to be an isotopic invariant for generalised Bol loops are also formulated. 

 

2.0 Preliminaries 
Theorem 2.1: If(𝐺,∙)is a generalised Bol loop with identity 1, then the following hold: 

1. (𝐺,∙)satisfies the right inverse property, that is  (𝑥𝑦)𝑦𝜌 = 𝑥, where 𝑦𝜌 is defined by 𝑦 ∙ 𝑦𝜌 = 1 for all 𝑦𝜖𝐺. 

2. The left and right inverse elements 𝑦𝛾 and 𝑦𝜌 coincide, that is 𝑦𝛾 = 𝑦𝜌 = 𝑦−1 

3. (𝐺,∙) satisfies the generalised right alternative law, that is (𝑥𝑦)𝑦𝛼 = 𝑥(𝑦𝑦𝛼) 

Theorem 2.2: A loop (𝐺,∙) is generalised Bol loop if and only if for 𝑥𝜖𝐺 

(𝑅(𝑥)−1, 𝐿(𝑥)𝑅(𝑥𝛼), 𝑅(𝑥𝛼))  
Is an autotopism of (𝐺,∙). 

Theorem 2.3: If (𝐺,∙) is a generalised Bol loop, then 
(𝑥𝑦 ∙ 𝑥𝛼)−1 = (𝑥𝛼)−1𝑦−1 ∙ 𝑥−1 

For all 𝑥, 𝑦𝜖𝐺. 
Lemma 2.4: Let (𝐺,∙) be a quasigroup and let 𝑓, 𝑔𝜖 𝐺 then for all 𝑥, 𝑦𝜖 𝐺 

𝑥°𝑦 = 𝑥𝑅(𝑔)−1 ∙ 𝑦𝐿(𝑓)−1        (3) 

then(𝐺, °)is a loop with identity 𝑓 ∙ 𝑔 and(𝐺,∙)and(𝐺, °)are isotopic. 
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Remark 2.5: A loop (𝐺, °)obtained from a quasigroup(𝐺,∙) in the manner described in Lemma 2.4 is called a principal loop 

isotope of (𝐺,∙). 
Lemma 2.6.: If a quaisgroup(𝐺, °) and a loop (𝐻, °) are isotopic then (𝐻, °) is isomorphic to a principal isotope of (𝐺,∙). 

 

Let (𝐺,∙) be a loop which satisfies the right inverse property and let 𝑓, 𝑔𝜖 𝐺, define 𝑥°𝑦 as in (3). Since 𝑓 ∙ 𝑔 is the identity 

for (𝐺, °), for each 𝑥𝜖 𝐺 let 𝑥𝜌𝜎  denote that unique element of G such that 𝑥°𝑥𝜌𝜎 = 𝑓. 𝑔.   Define mappings 𝐿, 𝑅, 𝐽 and 𝑅° by 

𝑥𝐿 = 𝑥𝛾, 𝑥𝑅 = 𝑥𝜌, 𝑥𝐽 = 𝑥−1, 𝑥𝑅° = 𝑥𝜌𝜎       (4) 

For all𝑥𝜖𝐺. Then for all 𝑥𝜖𝐺, 
𝑥𝑅(𝑔)−1 ∙ 𝑥𝑅°𝐿(𝑓)−1 = 𝑓 ∙ 𝑔 

and by right inverse property of (𝐺,∙) 

𝑥𝑅(𝑔)−1 = (𝑓 ∙ 𝑔) ∙ (𝑥𝑅°𝐿(𝑓)−1𝑅) 

implying that  

𝑥𝑅(𝑔)−1 = (𝑥𝑅°𝐿(𝑓)−1𝑅)𝐿(𝑓 ∙ 𝑔) 

hence we have  

𝑅° =  𝑅(𝑔)−1𝐿(𝑓 ∙ 𝑔)−1𝐿(𝑓) 

if𝑔 = 𝑓−1 and the left inverse mapping 𝐿 is replaced with inverse mapping 𝐽 we have  

𝑅° = 𝑅(𝑓)𝐽𝐿(𝑓)          (5) 

Theorem 2.7: Let (𝐺,∙) be a generalised Bol loop. A loop isotope (𝐻, °) of (𝐺,∙) is a generalised Bol loop if there exists a 

self-map of (𝐻, °) that fixes its identity element. 

Theorem 2.8: Let (𝐺,∙)  be a generalised Bol loop. Any loop isotope (𝐻, °) of (𝐺,∙)  with identity element  eis an 

𝛼 −generalised Bol loop if and only if 𝑒𝛼 is in the right nucleus of 𝐻. 
Definition 2.1: A mapping 𝜃 of a generalised Bol loop (𝐺,∙) into itself is called a semi-endomorphism of(𝐺,∙) if  

(𝑦𝑥. 𝑦𝛼)𝜃 = (𝑦𝜃. 𝑥𝜃)(𝑦𝛼)𝜃 𝑎𝑛𝑑 1𝜃 = 1                                                                       (6)  
For further definition and properties of concepts in Theory of Loops employed in this paper readers are to consult Bruck[9] 

and Pflugfelder [10 ]. 

 

3.0 Main Results  
Theorem 3.1: If (G,∙) a generalised Bol loop with core (𝐺, +), then the following hold: 

i. 𝑦 + 𝑦 = 𝑦𝛼  

ii. 𝑦 + 𝑦𝛼 = 𝑦 

Proof: 

i. For every 𝑦𝜖𝐺, we have 𝑦 + 𝑦 = 𝑦𝑦−1 ∙ 𝑦𝛼 = 𝑦𝛼  

ii. For every 𝑦𝜖𝐺, we have that 𝑦 + 𝑦𝛼 = 𝑦(𝑦𝛼)−1 ∙ 𝑦𝛼  

If (𝑦𝛼)−1 = 𝑧 then𝑦𝛼 = 𝑧−1. By right inverse property it follows that 𝑦𝑧. 𝑧−1 = 𝑦 hence we have 𝑦 + 𝑦𝛼 =
𝑦∎ 

Theorem 3.2: If (G,∙)is a commutative generalised Bol loop with core (𝐺, +), then (𝐺, +) satisfies  

𝑥 + (𝑥 + 𝑦) = 𝑦,        𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦𝜖𝐺 

Proof:𝑥 + (𝑥 + 𝑦) = 𝑥(𝑥𝑦−1 ∙ 𝑥𝛼) = 𝑥(𝑥𝑦−1 ∙ 𝑥𝛼)−1 ∙ 𝑥𝛼which by commutativity is  
𝑥((𝑥𝛼)−1𝑦 ∙ 𝑥−1)𝑥 ∙ 𝑥𝛼 = (𝑥𝛼)−1𝑦 ∙ 𝑥𝛼 = 𝑦(𝑥𝛼)−1 ∙ 𝑥𝛼 = 𝑦∎ 

In the remaining part of this section, consideration would be given to the case in which the mapping 𝛼: 𝑦 → 𝑦𝛼 commutes 

with the set of bijections defined on the generalised Bol loop (𝐺,∙), that is 𝛼𝑇 = 𝑇𝛼 for every bijection𝑇 on (𝐺,∙). 

Theorem 3.3: If 𝜃 is a semi-endomorphism of a generalised Bol loop (𝐺,∙) then  

(𝑦−1)𝜃 = (𝑦𝜃)−1                             𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦𝜖 𝐺 

Proof: Setting𝑥 = 𝑦−1 in (6) above, we have, (𝑦𝛼)𝜃 = (𝑦𝑦−1. 𝑦𝛼)𝜃 = (𝑦𝜃𝑦−1𝜃). (𝑦𝛼)𝜃 

Implying that 𝑦𝜃𝑦−1𝜃 = 1 which again imply that𝑦−1𝜃 = (𝑦𝜃)−1∎ 

Theorem 3.4: If the mapping 𝛼  fixes the identity element of (𝐺,∙)  then the semi-automorphisms of (𝐺,∙)   are the 

automorphisms of (𝐺, +)  which fixed the identity element of (𝐺,∙). 
Proof:  Let 1 be the identity element of (𝐺,∙) and suppose 𝛼: 1 → 1. If 𝜃 is a semi-automorphism of (𝐺,∙), then (𝑥 + 𝑦)𝜃 =
(𝑥𝑦−1 ∙ 𝑥𝛼)𝜃 = (𝑥𝜃 ∙ (𝑦−1)𝜃) ∙ (𝑥𝛼)𝜃 = (𝑥𝜃 ∙ (𝑦𝜃)−1)(𝑥𝜃)𝛼 = (𝑥𝜃 + 𝑦𝜃) hence 𝜃 is an automorphism of (𝐺, +). 

Suppose 𝜃 is an automorphism of (𝐺, +)    such that 1𝜃 = 1, then 𝑦−1𝜃 = (1 + 𝑦)𝜃 = 1𝜃 + 𝑦𝜃 = 1 + 𝑦𝜃 = (𝑦𝜃)−1. 

Also, (𝑥𝑦 ∙ 𝑥𝛼)𝜃 = (𝑥 + 𝑦−1)𝜃 = 𝑥𝜃 + (𝑦𝜃)−1 = (𝑥𝜃)(𝑦𝜃) ∙ (𝑥𝜃)𝛼 = (𝑥𝜃)(𝑦𝜃) ∙ (𝑥𝛼)𝜃 

Hence 𝜃 is a semi-automorphismof (𝐺,∙) .∎ 

Lemma 3.1:  Let (𝐺,∙) be a generalised Bol loops and let 𝑓 ∈ 𝐺. 
𝑥°𝑦 = 𝑥𝑅(𝑓) ∙ 𝑦𝐿(𝑓)−1 

for all 𝑥, 𝑦 ∈ 𝐺 that is (𝐺, °) is a principal isotope of (𝐺,∙). Let 𝑇 be a permutation of 𝐺 and let (𝐺, +)and (𝐺, +̆) be the cores 

of (𝐺,∙)and (𝐺, °) respectively. Then  
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𝑥𝑇 +̆ 𝑦𝑇 = (𝑥 + 𝑦)𝑇                                                                                                 (7)  
for all 𝑥, 𝑦 ∈ 𝐺 if and only if  

[(𝑓𝑥 ∙ 𝑦−1) ∙ 𝑥𝛼]𝑇−1 = [(𝑓𝑥)𝑇−1 ∙ (𝑓𝑦)𝑇−1𝐽] ∙ (𝑓𝑥𝛼)𝑇−1                         (8) 

for all 𝑥, 𝑦 ∈ 𝐺 where 𝐽: 𝑥 → 𝑥−1. 

Proof: Define 𝑅 as in (4) above and using the fact that  

𝑅° = 𝑅(𝑓)𝐽𝐿(𝑓) 

then 

𝑥+̆𝑦 = (𝑥°𝑦−1)°𝑥𝛼 = (𝑥°𝑦𝑅°)°𝑥𝛼 = [𝑥𝑅(𝑓) ∙ 𝑦𝑅°𝐿(𝑓)−1]𝑅(𝑓) ∙ 𝑥𝛼𝐿(𝑓)−1

= [𝑥𝑅(𝑓) ∙ 𝑦𝑅(𝑓)𝐽𝐿(𝑓)𝐿(𝑓)−1]𝑅(𝑓) ∙ 𝑥𝛼𝐿(𝑓)−1 = [𝑥𝑅(𝑓) ∙ 𝑦𝑅(𝑓) ∙ 𝑥𝛼𝐿(𝑓)−1] 
then 

𝑥𝑇+̆𝑦𝑇 = (𝑥 + 𝑦)𝑇                                                    
holds for all 𝑥, 𝑦 ∈ 𝐺 if and only if 

[𝑥𝑇𝑅(𝑓) ∙ 𝑦𝑇𝑅(𝑓)𝐽]𝑅(𝑓) ∙ (𝑥𝑇)𝛼𝐿(𝑓)−1 = (𝑥𝑦−1 ∙ 𝑦𝛼)𝑇 

for all 𝑥, 𝑦 ∈ 𝐺. Replacing 𝑥 by 𝑥𝐿(𝑓)𝑇−1 and 𝑦 by 𝑦𝑅(𝑓)−1𝑇−1, then the last equation hold if and only if  

(𝑥𝐿(𝑓)𝑅(𝑓) ∙ 𝑦−1𝑅(𝑓)) ∙ (𝑥𝐿(𝑓))
𝛼

𝐿(𝑓)−1 = {[𝑥𝐿(𝑓)𝑇−1 ∙ 𝑦𝑅(𝑓)−1𝑇−1𝐽] ∙ (𝑥𝐿(𝑓)𝑇−1)𝛼}𝑇 

for all 𝑥, 𝑦 ∈ 𝐺. On the assumption that 𝛼𝑇 = 𝑇𝛼 for every bijection 𝑇 on (𝐺,∙) then the last equation holds if and only if 

(𝑥𝐿(𝑓)𝑅(𝑓) ∙ 𝑦−1𝑅(𝑓)) ∙ 𝑥𝛼 = {[𝑥𝐿(𝑓)𝑇−1 ∙ 𝑦𝑅(𝑓)−1𝑇−1𝐽] ∙ (𝑥𝛼𝐿(𝑓)𝑇−1)}𝑇 

for all 𝑥, 𝑦 ∈ 𝐺. Using the Bol identity (1), this can be rewrittenas  

[(𝑓𝑥 ∙ 𝑓)𝑦−1 ∙ 𝑓)] ∙ 𝑥𝛼 = {[(𝑓𝑥)𝑇−1 ∙ [𝑓(𝑓−1𝑦 ∙ 𝑓−1)]𝑇−1𝐽] ∙ (𝑓𝑥𝛼)𝑇−1}𝑇 

for all 𝑥, 𝑦 ∈ 𝐺. By applying 𝑇−1 to both sides, we have  

{[(𝑓𝑥)(𝑓𝑦−1 ∙ 𝑓)]𝑥𝛼}𝑇−1 = {(𝑓𝑥)𝑇−1 ∙ [𝑓(𝑓−1𝑦 ∙ 𝑓−1)]𝑇−1𝐽} ∙ (𝑓𝑥𝛼)𝑇−1 

for all 𝑥, 𝑦 ∈ 𝐺. If we set 𝑓−1𝑦 ∙ 𝑓−1 = 𝑧, implying that𝑓𝑦−1 ∙ 𝑓 = 𝑧−1 then we have  

[(𝑓𝑥 ∙ 𝑧−1)𝑥𝛼]𝑇−1 = [(𝑓𝑥)𝑇−1 ∙ (𝑓𝑧)𝑇−1𝐽] ∙ (𝑓𝑥𝛼)𝑇−1 

which is (8) aside from change of notation hence (7) holds for all 𝑥, 𝑦 ∈ 𝐺 if and only if (8) holds for all 𝑥, 𝑦 ∈ 𝐺. ∎ 

Theorem 3.5: Isotopic generalised Bol loops have isomorphic cores. 

Proof: Let (𝐺,∙) be a generalised Bol loop. In view of Lemma 2.6 only the principal isotopes of (𝐺,∙) would be considered, 

i.e. isotopes (𝐺, °) of the form 

𝑥°𝑦 = 𝑥𝑅(𝑓) ∙ 𝑦𝐿(𝑓)−1 

for all 𝑥, 𝑦 ∈ 𝐺 . Let (𝐺, +)  and (𝐺, +̆)  be the cores of (𝐺,∙)  and (𝐺, °)  respectively and let 𝐽: 𝑦 → 𝑦−1 . Since (𝐺,∙) is a 

generalised Bol loop, then (𝑓𝑥 ∙ 𝑦−1)𝑥𝛼 = 𝑓(𝑥𝑦−1 ∙ 𝑥𝛼)for all 𝑥, 𝑦 ∈ 𝐺 . This implies that (𝑓𝑥 ∙ 𝑦−1)𝑥𝛼 = (𝑥𝑦−1 ∙
𝑥𝛼)𝐿(𝑓)for all 𝑥, 𝑦 ∈ 𝐺 . Applying 𝐿(𝑓)−1  on both sides we obtain [(𝑓𝑥 ∙ 𝑦−1)𝑥𝛼]𝐿(𝑓)−1 = 𝑥𝑦−1 ∙ 𝑥𝛼 = 𝑥𝑦𝐽 ∙ 𝑥𝛼  for all 

𝑥, 𝑦 ∈ 𝐺 . This implies that [(𝑓𝑥 ∙ 𝑦−1)𝑥𝛼]𝐿(𝑓)−1 = [(𝑓𝑥)𝐿(𝑓)−1 ∙ (𝑓𝑦)𝐿(𝑓)−1𝐽] ∙ 𝑓𝑥𝛼𝐿(𝑓)−1  for all 𝑥, 𝑦 ∈ 𝐺 . If we set  

𝑇 = 𝐿(𝑓) we have [(𝑓𝑥 ∙ 𝑦−1)𝑥𝛼]𝑇𝛼 = [(𝑓𝑥)𝑇−1𝐽] ∙ (𝑓𝑥𝛼)𝑇−1 for all 𝑥, 𝑦 ∈ 𝐺 hence by Lemma 3.1 

𝑥𝑇+̆𝑦𝑇 = (𝑥 + 𝑦)𝑇 

for all 𝑥, 𝑦 ∈ 𝐺. i.e. (𝐺, +̆) and(𝐺, +)  are isomorphic.∎ 

Corollary 3.1:The core is an isotopic invariant for generalised Bol loops if for each loop isotope (𝐻, °) of a generalised Bol 

loop (𝐺,∙) there exist a mapping 𝛽 in the class of mappings 𝛼 defined such that 𝛽 fixes the identity element of (𝐻, °). 

Proof: The core is an isotopic invariant for a loop if its core is isomorphic to the core of every of its loop isotope. Let 

(𝐻, °)be a loop isotope of a generalised Bol loop (𝐺,∙) and let (𝐻, +̆)and(𝐺, +)  be the cores of (𝐻, °) and (𝐺,∙) respectively. 

Suppose there exists a mapping 𝛽 in the class of mappings 𝛼 defined such that  

𝛽: e° → e° 

wheree° is the identity element of (𝐻, °). In view of Theorem 2.7 (𝐻, °)  is also a generalised Bol loop. Therefore, by 

Theorem 3.5 we have that 

𝑥𝑇+̆𝑦𝑇 = (𝑥 + 𝑦)𝑇 

holds for every loop isotope (𝐻, °) of (𝐺,∙). ∎ 

Corollary 3.2:  The core is an isotopic invariant for generalised Bol loops if every loop isotope (𝐻, °) of a generalised Bol 

loop (𝐺,∙) with identity element 𝑒, there exists a mapping 𝛾 in the class of mappings 𝛼 defined such that 𝑒𝛾 is an element of 

the right nucleus of 𝐻. 
Proof: Suppose (𝐻, °) is a loop isotope of a generalised Bolloop (𝐺,∙),  let (𝐻, +̆)and(𝐺, +) be cores of (𝐻, °) and (𝐺,∙) 

respectively. Also, suppose there exists a mapping 𝛾 in the class of mappings 𝛼 defined such that 𝑒𝛾 is an element of the right 

nucleus of 𝐻 where 𝑒𝛾 is the image of the identity element 𝑒 of 𝐻 under the map𝛾. It follows from Theorem 2.8 that (𝐻, °) is 

also a generalised Bol loop. Therefore the result follows from Theorem 3.5.∎ 

Theorem 3.6: If(𝐺,∙) is a generalisedBol loop such that for each principal isotope (𝐺, °)of (𝐺,∙)  the condition 𝑥 + 𝑦 = 𝑥+̆𝑦 

holds for all for all 𝑥, 𝑦 ∈ 𝐺 where (𝐺, +)and(𝐺, +̆) are the core of (𝐺,∙)and (𝐺, °) respectively then (𝐺,∙) is a group. 
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Proof: Suppose (𝐺,∙)  is generalised Bol loop such that 𝑥 + 𝑦 = 𝑥+̆𝑦  for all 𝑥, 𝑦 ∈ 𝐺. Then by Lemma 3.1 with the 

bijection𝑇taken to be the identity map𝐼, we have (𝑓𝑥 ∙ 𝑧−1)𝑥𝛼 = [(𝑓𝑥)(𝑓𝑧)−1](𝑓𝑥𝛼) for all 𝑓, 𝑥, 𝑧 ∈ 𝐺. If we set 𝑧 = 𝑓−1, 

we have (𝑓𝑥 ∙ 𝑓)𝑥𝛼 = (𝑓𝑥)(𝑓𝑥𝛼)which implies that 𝑥𝛼𝐿(𝑓𝑥. 𝑓) = (𝑓𝑥𝛼)𝐿(𝑓𝑥)  which implies that 𝑥𝛼𝐿(𝑓𝑥. 𝑓) =
𝑥𝛼𝐿(𝑓)𝐿(𝑓𝑥)  which implies that  𝐿(𝑓𝑥. 𝑓) = 𝐿(𝑓)𝐿(𝑓𝑥)  for all 𝑓, 𝑥, ∈ 𝐺 . This shows that (𝐺,∙)  is associative hence a 

group. ∎ 

Isotopy Characterisation of Generalised Bol loops 

An Isotopism of (𝐺,∙)  unto (𝐺,∙)  is called an autotopism. The set of all autotopism a loop (𝐺,∙)  forms a group with 

“componentwise multiplication” 

(𝑈1, 𝑈2, 𝑈3)(𝑉1, 𝑉2, 𝑉3) = (𝑈1𝑉1, 𝑈2𝑉2, 𝑈3𝑉3) 

The identity element of this group is (𝐼, 𝐼, 𝐼) where 𝑥𝐼 = 𝑥 for all 𝑥 ∈ 𝐺 and (𝑈, 𝑉, 𝑊)−1 = (𝑈−1, 𝑉−1, 𝑉−1) 

Theorem 3.7: A loop (𝐺,∙)  is a generalised Bol loop if and only if 𝐴 = (𝑅(𝑦), 𝐿(𝑥)𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1, 𝑅(𝑦𝛼)−1)  is an 

autotopism  of(𝐺,∙). 

Proof: By definition (𝐺,∙) is a generalised Bol loop if and only if 

𝑥(𝑦𝑧 ∙ 𝑦𝛼) = (𝑥 ∙ 𝑦𝑧)𝑦𝛼) 

If and only if  

𝐿(𝑦𝑧)𝐿(𝑦𝛼) = 𝐿(𝑦)𝑅(𝑦𝛼)𝐿(𝑥) 

Pre-multiplying and post multiplying both sides of this equation by 𝑅(𝑦𝛼)−1𝐿(𝑦)−1 and 𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1 then the latter hold 

if and only if 

𝑅(𝑦𝛼)−1𝐿(𝑦)−1 = 𝐿(𝑥)𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1                                                                               (9)  
Now if (𝐺,∙) is a generalised Bol loop  

𝐵 = (𝑅(𝑦)−1, 𝐿(𝑦)𝑅(𝑦𝛼), 𝑅(𝑦𝛼)) 

is an autotopism of (𝐺,∙). Taking the inverse of B,  we have 

𝐵−1 = (𝑅(𝑦), 𝑅(𝑦𝛼)−1𝐿(𝑦)−1, 𝑅(𝑦𝛼)−1) 

which is also an autotopism. Using (9) we have 

𝐵−1 = (𝑅(𝑦), 𝐿(𝑥)𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1, 𝑅(𝑦𝛼)−1)                                                                (10) 

Conversely, suppose  

𝐴 = (𝑅(𝑦), 𝐿(𝑥)𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1, 𝑅(𝑦𝛼)−1) 

is an autotopism of (𝐺,∙) for all 𝑥, 𝑦 ∈ 𝐺. Let 𝐿(𝑥)𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1 = 𝑌 then by using (10) on any 𝑎, 𝑏 ∈ 𝐺 we have  

𝑎𝑅(𝑦) ∙ 𝑏𝑌 = 𝑎𝑏𝑅(𝑦𝛼)−1 

This implies that 𝑎𝑦 ∙ 𝑏𝑌 = 𝑎𝑏𝑅(𝑦𝛼)−1 . For 𝑎 = 1, we have 𝑦 ∙ 𝑏𝑌 = 𝑏𝑅(𝑦𝛼)−1  which implies that 𝑏𝑌𝐿(𝑦) = 𝑏𝑅(𝑦𝛼)−1 

and this shows that 𝑏𝑌 = 𝑏𝑅(𝑦𝛼)−1𝐿(𝑦)−1 hence  

𝑌 = 𝑅(𝑦𝛼)−1𝐿(𝑦)−1 

Hence we have  

𝐿(𝑥)𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1 = 𝑅(𝑦𝛼)−1𝐿(𝑦)−1 

implying that (𝐺,∙) is a generalised Bol loop.∎ 

Corollary 3.3: If (𝐺,∙) is a generalised Bol loop, then 

(𝑅(𝑦), 𝐿(𝑥)𝑅(𝑦𝛼)−1𝐿(𝑥𝑦)−1, 𝑅(𝑦𝛼)−1) 

Is an autotopismof(𝐺,∙). 
Proof: Since (𝐺,∙) is a right inverse property loop, then 

𝑅(𝑦)−1 = 𝑅(𝑦−1) 

for all 𝑦 ∈ 𝐺. The result follows from Theorem 3.7. ∎ 

Theorem 3.8: Let (𝐺,∙) be a generalised Bol loop, let 𝑓 ∈ 𝐺, and let 𝑢°𝑣 = 𝑢𝑅(𝑓) ∙ 𝑣𝐿(𝑓)−1for all 𝑢, 𝑣 ∈ 𝐺  i.e. (𝐺, °) is a 

principal isotope of (𝐺,∙). Then (𝐺,∙) and (𝐺, °) are isomorphic if and only if there exists a pseudo-automorphism with 

companion 𝑓𝛼 . 
Proof:(𝐺,∙) and (𝐺, °) are isomomorphic if and only if there exists a permutation 𝑇 of 𝐺 such that 𝑢𝑇°𝑣𝑇 = (𝑢 ∙ 𝑣)𝑇 for all 

𝑢, 𝑣 ∈ 𝐺. Equivalently, this holds if and only if 𝑢𝑇𝑅(𝑓) ∙ 𝑣𝑇𝐿(𝑓)−1 = (𝑢 ∙ 𝑣)𝑇 for all 𝑢, 𝑣 ∈ 𝐺. The last statement holds if 

and only if 𝛽 = (𝑇𝑅(𝑓), 𝑇𝑅(𝑓)−1, 𝑇)  is an autotopism of (𝐺,∙).  By Theorem 2.2 (𝑅(𝑓)−1, 𝐿(𝑓)𝑅(𝑓𝛼), 𝑅(𝑓𝛼))  is an 

autotopism of (𝐺,∙) hence 𝛽 is an autotopism of (𝐺,∙) if and only if 𝛾 = 𝛽(𝑅(𝑓)−1, 𝐿(𝑓)𝑅(𝑓𝛼), 𝑅(𝑓𝛼)) is an autotopism of 

(𝐺,∙). But 𝛾 = (𝑇, 𝑇𝑅(𝑓𝛼), 𝑇𝑅(𝑓𝛼)). This completes the proof.∎ 

Corollary 3.5Let (𝐺,∙)  be a generalised Bol loop, let 𝑓 ∈ 𝐺 and let 𝑢°𝑣 = 𝑢𝑅(𝑓) ∙ 𝑣𝐿(𝑓)−1 for all 𝑢, 𝑣 ∈ 𝐺 . If 𝑓𝛼 ∈
𝑁𝜌, where𝑁𝜌 is the right nucleus of (𝐺,∙), then (𝐺,∙) and (𝐺, °) are isomorphic. 

Proof: 𝑓𝛼 ∈ 𝑁𝜌 implies that 𝑥 ∙ 𝑦𝑓𝛼 = 𝑥𝑦 ∙ 𝑓𝛼 for all 𝑥, 𝑦 ∈ (𝐺,∙). This holds if and only if 𝑥𝐼 ∙ 𝑦𝑅(𝑓𝛼) = 𝑥𝑦𝑅(𝑓𝛼) for all 

𝑥, 𝑦 ∈ (𝐺,∙) where 𝐼 is the identity map on G or equivalently if and only if (𝐼, 𝑅(𝑓𝛼), 𝑅(𝑓𝛼)) is an autotopism of (𝐺,∙). Hence 

by Theorem 3.8 (𝐺,∙) and (𝐺, °) are isomomorphic.∎ 
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Theorem 3.9: If (𝐺,∙)is a generalised Bol loop then 𝑦𝛼 ∈ 𝑁𝜌 if and only if 𝑦 ∈ 𝑁𝜇 . 

Proof: Suppose 𝑦𝛼 ∈ 𝑁𝜌  then (𝑥𝑦 ∙ 𝑧)𝑦𝛼 = 𝑥(𝑦𝑧 ∙ 𝑦𝛼) = (𝑥. 𝑦𝑧)𝑦𝛼  for all 𝑥, 𝑧 ∈ (𝐺,∙)hence 𝑥𝑦 ∙ 𝑧 =

𝑥 ∙ 𝑦𝑧 for all 𝑥, 𝑧 ∈ (𝐺,∙) therefore 𝑦 ∈ 𝑁𝜇. 

Conversely, suppose 𝑦 ∈ 𝑁𝜇  then 𝑥(𝑦𝑧 ∙ 𝑦𝛼) = (𝑥𝑦 ∙ 𝑧)𝑦𝛼 = (𝑥. 𝑦𝑧)𝑦𝛼for all 𝑥, 𝑧 ∈ 𝐺. If 𝑦𝑧 = 𝑞  we 

have 𝑥. 𝑞𝑦𝛼 = 𝑥𝑞. 𝑦𝛼 therefore 𝑦𝛼 ∈ 𝑁𝜌∎ 

Corollary 3.5: If (𝐺,∙) is a generalised Bol loop with 𝑓 ∈ 𝐺  and let 𝑢°𝑣 = 𝑢𝑅(𝑓) ∙ 𝑣𝐿(𝑓)−1  for all 

𝑢, 𝑣 ∈ 𝐺. If 𝑓 ∈ 𝑁𝜇 where𝑁𝜇  is the middle nucleus of (𝐺,∙) then (𝐺,∙) and (𝐺, °) are isomorphic. 

Proof: Suppose 𝑓 ∈ 𝑁𝜇, then by Theorem 3.9 𝑓𝛼 ∈ 𝑁𝜌 and the result follows from Corollary 3.4. ∎ 
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