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Abstract 
 

The t-Jz model is the strongly anisotropic limit of the t-J model which 

captures some general properties of the doped antiferromagnets (AF). The 

absence of spin fluctuations simplifies the analytical treatment of this 

problem and makes it possible to visualize the independent effect of hole(s) 

on the antiferromagnet. This paper studies the dynamics of two holes on one 

dimensional Ising antiferromagnetic Mott insulator. The energy of the two 

holes for none zero exchange Jz is calculated using exact diagonalization 

method. Systems with Odd number of sites N up to nine are presented. The 

energy of the hole is found to increase slightly in the weak coupling regime 

)1/( tJ z  and sharply in the strong coupling regime )1/( tJ z . This 

increase in the energy of the holes is due to the magnetic energy cost 

incurred in creating a ferromagnetic bond or a string of flipped spins. 

Comparison with the result obtained for the single hole at finite zJ  shows 

that the energy expended by a single hole in an Ising antiferromagnet is 

greater than that expended by two holes in the same background. In 

particular, it is observed that an increase in N increases the single hole 

energy slightly. On the other hand, an increase in N causes a decrease in the 

energy of two holes for finite zJ .  This means that two mobile holes in the 

bulk limit in one dimensional antiferromagnet can minimize their energy and 

so maintain a smooth coherent motion. The implication of this result for 

superconductivity of doped Mott insulators is discussed. 

 

Keywords: Ising antiferromagnet, confinement,  bulk limit, exact diagonalization and hole pairing. 

 

1.0     Introduction 
Interest in nonphonon-induced pairing has been stimulated by the discovery of the copper-oxide-based or cuprate 

superconductors [1]. Possible mechanisms for superconductivity in the cuprates are still the subject of considerable debate 

and further research. Certain aspects common to all materials have been identified [2].  Similarities between the 

antiferromagnetic low-temperature state of the undoped materials and the superconducting state that emerges upon doping, 

primarily the dx
2
-y

2 orbital state of the Cu2+ ions, suggest that electron-electron interactions are more significant than electron-

phonon interactions in cuprates – making the superconductivity unconventional. 

Due to strong onsite Coulomb repulsion, at half filling electronic motions are frozen, leaving spins dynamics as the only 

degree of freedom. The magnetic properties of these half-filled (undoped) systems are well described by the isotropic spin-

1/2 Heisenberg model [3]. The localization of these electrons even in the absence of disorder gives rise to a gapped electronic 

state known as the Mott insulator [4]. The fact that these unconventional insulators produce superconductivity when holes or 

vacancies of optimum concentration are introduced into them implies that holes are not static in the antiferromagnetic 

background, but mobile. The motion of these holes can produce a local distortion of the spin background by altering the spin 

configurations [3].  

Besides the two dimensional Mott insulators which become superconducting on doping, there have also been rigorous and 

intense researches on one and quasi-one dimensional systems. The motivation for researches on one and quasi-one  
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dimensional systems is because of the intriguing phenomena that have been discovered theoretically and experimentally in 

them. For instance, the injection of a single hole into quasi-one dimensional Mott insulators such as Sr2CuO3 and SrCuO2 has 

given rise to Spin-charge separations [5-8]. Furthermore, the close structural and electronic relationship of these materials to 

the high- temperature superconductors (HTSC), and the known instabilities of the HTSC towards one-dimensional 

phenomena, forms a background which provides a strong motivation for close scrutiny       [9-12]. Low dimensional systems 

such as ladder systems have also been used as a fantastic playground to observe the effect of hole dynamics on 

antiferromagnetically ordered spin background. For instance, self-localization that invalidates the quasi-particle picture has 

been observed in antiferromagnetic ladder systems [13]. This self-localization of a single hole which arises from quantum 

destructive interference of the phase string signs hidden in the t-J ladders can be removed by pairing two holes [14].  The 

hole pairing mechanism is supported by both theoretical and experimental reports [15-17]. However, the argument put 

forward by some theoretical Physicist did not seem to favour hole pairing [18, 19]. Trugman [18] also argued that a single 

hole in an antiferromagnet can avoid being trapped if it follows a complicated path that translates it into a degenerate 

vacuum. But recent discovery of string excitations in refs.[20-22] from ARPES studies of cuprates seems to be in support of 

the string picture proposed in ref.[15] in the intermediate coupling regime. It is therefore obvious that there is lack of 

consensus regarding the dynamics of both single and two holes in an antiferromagnet. This field is still evolving with 

theoretical and experimental researches geared towards addressing some of the problems of this hole(s) dynamics.  

The aim of the present work is to study the propagation of two holes in 1D t-Jz model with exact diagonalization method. It is 

hoped that this simplified model will shed more light on some elusive aspect of two holes dynamics and provide further 

evidence in support of hole pairing as a mechanism for superconductivity. The rest of the paper is organized as follows:  In 

section 2, the Ising model in 1D is presented and an effective Hamiltonian describing two holes dynamics in the midst of the 

Ising interaction term is introduced. In section 3, we derive a formula for the size of the Hilbert space of two holes in the 

Ising antiferromagnet. In section 4, the dynamics of two holes in finite antiferromagnetic chains are studied with exact 

diagonalization method. The result of the numerical ground state energy of two holes as a function of the coupling constant Jz 

is presented in section 5. A brief conclusion will close the paper in section 6.  

 

2.0  The Ising Antiferromagnetic Model 
The Hamiltonian describing hole dynamics in an Ising model is a simple generalization of the t-J model where only the Sz 

component of the spins are retained. In 1D this model reads 

   +++ ++−=
i

z

i

z

iz

i

iiii SSJCCCCtH 1
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
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Here, 
†

iC ( iC ) is the creation (annihilation) operator of an electron with spin σ at the lattice site i ; 

)(2/1 ††


−=

iiii

z

i ccccS  is the Ising component of the antiferromagnetic spin interaction; t  is the effective transfer 

integral (or the kinetic energy term) and zJ  is the antiferromagnetic exchange energy for a pair of nearest neighbour spins. 

In this model, the constraint of no double occupancy of any site is understood.  

In this work, odd chains with periodic boundary conditions are considered. In the absence of a hole, the ground state 

of the zJt −  model is a perfect Néel state with energy given by 

4

)2( −
−=

NJ
E z

N
                                                                                                                        (2) 

 where N is the number of sites and N-2 is the net number of antiferromagnetic bonds. The two antiferromagnetic states (Neél 

state) of the undoped chain are  N,,2,1   and   N,,21  . Hence, the Neél state is already in the subspace of 

2/1=z

totS  or the subspace of 2/1−=z

totS . Out of these two states obtained by translation of one lattice vector, two 

arbitrary spins are selected. The annihilation of these two arbitrary electrons in the Neél state defines the starting state, i.e. 

Nc ji  =0 (where    may be the same or different from ). When the Hamiltonian in (1) acts on 0 , states which 

can uniquely be labelled by the position of the hole R  are generated.  

In order to create two holes, two electrons must be annihilated. The annihilation of the two electrons in the Neél state of 

subspace 2/1=z

totS  will generate three possible subspaces. These include the subspace of 2/1=z

totS  arising from the 

arbitrary annihilation of two anti-aligned spins; the subspace 2/1−=z

totS  arising from the annihilation of the two 

ferromagnetically aligned up spins; and the subspace 2/3=z

totS  arising from the annihilation of the two ferromagnetically  
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aligned down spins. Also, the annihilation of the two electrons in the Neél state of subspace 2/1−=z

totS  will generate 

three possible subspaces. These include the subspace 2/1−=z

totS  arising from the arbitrary annihilation of the two anti-

aligned spins; the subspace 2/1=z

totS  arising from the annihilation of the two ferromagnetically aligned down spins; and 

the subspace 2/3−=z

totS  arising from the annihilation of the two ferromagnetically aligned up spins. In this work we shall 

investigate the dynamics of two holes in the Neél state of subspace 2/1=z

totS .  

The following Hamiltonian for the dynamics of two holes in finite one dimensional antiferromagnet is proposed.    

RRRtRH


++−= ][ 21
                                                                                               (3) 

where H  ,
  
  and R


are respectively given by 

Nt −=                                                    (4)                                                                                                                                                

gIHHH sin−=
                                                                                                                        

(5)
 

12 RRR


−=                                                                                                                                (6)              

Here N  is the energy of the Néel state; t  is the energy of the system with holes; 
1R


 and 
2R


 are the position vectors of 

the two holes and 
gIH sin

 is the Hamiltonian for the Néel state, describing spin interactions in the absence of quantum spin 

fluctuation. By considering the dynamics of the ferromagnetic bond produced as a result of the motion of the two holes as 

well as the relative positions of the holes, the following operations are possible 

R
J

RRtRH z

4
]11[ 21 +++−−=                                                  (7)     

R
J

RRRRtRH z

2
]1111[ 2211 +++−+++−−=                                                        (8)                       

RJRRRRtRH z+++−+++−−= ]1111[ 2211                                                         (9)
 

R
J

RRtRH z

4

3
]11[ 21 +++−−=

                                                                                 (10)

 

The operation in (7) is obtained when the two holes are at their “birth sites” (i.e. when either of the holes has not hopped). 

Here, the first hole is place at 01 =R  (i.e. at the origin), while the second hole is placed at 2R , a distance of one lattice 

spacing from 1R  (i.e. both holes are nearest neighbour). In this way, the number of degrees of freedom for the two holes is 

reduced to two (that for a single hole).  The operation in (8) is obtained when the holes propagate in such a way that leaves a 

given chain completely devoid of paired holes and a ferromagnetic bond. The operation in (9) arises from chains with 

ferromagnetic bond, but devoid of paired holes. The operation in (10) arises from chains with both paired holes and a 

ferromagnetic bond. 

The translational invariance property of the zJt −  model can be utilized in reducing the size of the Hilbert space for two 

holes. This means that any two-hole state with definite momentum k and spin    or   can be written as:   


−

=


−=
1

0

00

1 N

r

r

N

ikr

k cTe
N

 ,                                                                                                (11)      

where 0  is a suitable spin state with the spins at the origin 0=r  fixed to   and NT  is  the spin translation operator 

defined by the transformation property                                               

1

1

+

− = RNRN STST                                                                                                                       (12)                                                                                                                         

where periodic boundary conditions (PBC) over the N sites are assumed in order to define the effect of translation at the 

rightmost site. 

3.0  Hilbert Space for Two Holes In Ising Antiferromagnet 

In this section, the size of the Hilbert space for two holes propagating in the Néel state of  2/1=z

totS  will be obtained. Fig. 

1 represents N-site chains with two holes occupying the first and second sites.
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Fig.1.Arrangement of two holes and electrons on N-site chains. The shaded circles represent electrons, while the empty 

circles represent electrons. 

The arbitrary chosen birth state of the two holes denoted by 0 is given by 

===


 5,4,3,2,15,4,32,10
2121

ccNcc                       (13) 

The positions of the two holes are chosen in such a way that they are at nearest neighbour (NN) sites. This choice of birth 

state for the holes though convenient, is arbitrary and not based on strict or rigid rules. If any of the two holes are allowed to 

move with the constraint that the Nth lattice site is not occupied and the constraint of no double occupancy of any site is 

adhered to, its degrees of freedom will be N-3. The former constraint imposed on the dynamics of the two holes ensures that 

the holes’ states are not double counted. The 1st, 2nd and (N-3)th hops of the hole at site 2 are respectively  given by (14), (15) 

and (16).  

= 5,4,3,2,11                                                                                                     (14) 

= 5,4,3,2,12                                                                                                    (15) 

( ) −=− ,15,4,3,2,13 N                                                                             (16) 

Propagating in the same direction as the first hole originally at site 2, the second hole at site 1 must make 1, 2 and (N-3) hops 

in order to pair with the first hole. This means that the total states generated by the second hole can be obtain from the 

arithmetic series 

( ) dNa
N

S N 12
2

−+=                                                                                                           (17) 

Here, N  is the number of sites; the first term in the series is 1; d the common difference is also 1. But the last term of an 

arithmetic progression is given by 

  ( )dNal 1−+=                                                                                                                     (18)              

Hence, (17) becomes 

( )la
N

S N +=
2

                                                                                                                         (19)                                                 

The last term l is given by  

3−= Nl                                                                                                                                  (20) 

Hence (19) becomes 

( )31
2

−+= N
N

S N
                                                                                                                  (20) 

 But the sum of all the states from 0 to 3−N  equals 213 −=+− NN .  Adding this to (20) gives 

( ) ( )( )
( )!32

!
21

2

1
231

2 −
=−−=−+−+=

NN

N
NNNN

N
S N

                                                  (21) 

 The states 0 , 1 , 2 , etc are representative of groups of normalized state vectors obtained by making use of the 

translational invariance of the t-Jz model. Thus, (21) gives the number of normalized state vectors obtained by making use of 

the translational symmetry discussed in section 2. Since translational symmetries give 1/N reduction in the size of the system, 

the size of the Hilbert space for two mobile holes in Ising antiferromagnet gives                       
 

( )!32

!

−
=

N

N
S N

                                                                                                                       (22) 

 

4.0  The Dynamics of Two Holes In a Finite Antiferromagnetic Chain 
This section presents the dynamics of two holes in one dimensional antiferromagnetic chain. 

  

4.1 Five -Site Chain  

A five-site chain with three electrons and two holes condition is illustrated in Fig. 2.  
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 Fig. 2: A five- site chain with two holes and three electrons subjected to periodic boundary conditions. 

The two antiferromagnetic states (Neél state) of the undoped chain are  5,4,32,1  and   5,4,3,21 . The 

birth state denoted by 0 is given by 

===


5,4,3,2,15,4,32,10
2121

ccNcc                         (23) 

From (22), the size of the Hilbert space of this system is 
( )

30
4

!5

!352

!5
5 ==

−
=S . This can easily be reduced to 6 normalized 

states by using (11). The other electronic states which are shown below can be obtained from 0  by hopping and translating 

the holes one lattice spacing. 
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 The action of H   on the reduced Hilbert space, gives 
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 The Hamiltonian matrix for this operation is given by  

=H

[
 
 
 
 
 
 
 
 

𝐽𝑧

4
−𝑡 −𝑡 0 0 0

−𝑡
𝐽𝑧

2
−𝑡 −𝑡 −𝑡 0

−𝑡 −𝑡
𝐽𝑧

2
0 −𝑡 −𝑡

0 −𝑡 0
3𝐽𝑧

4
−𝑡 0

0 −𝑡 −𝑡 −𝑡 𝐽𝑧 −𝑡

0 0 −𝑡 0 −𝑡
3𝐽𝑧

4 ]
 
 
 
 
 
 
 
 

                                                                                                (24)

 

 

4.2  Seven -Site Chain  
A seven-site chain with five electrons and two holes is illustrated in Fig. 3.  

 

 

 

 

 

 

 

 

 

Fig 3: A Seven- site chain with two holes and five electrons subjected to periodic boundary conditions. 

The two antiferromagnetic states (Neél state) of the undoped chain are  7,6,5,4,32,1  and   7,6,5,4,3,21                                                                          

The annihilation of these two anti-aligned spins at site 1 and 2 defines the starting state or the birth state of the holes. This 

birth state is given by
 

===


7,6,5,4,3,2,17,6,5,4,32,10
2121

ccNcc                    (25) 

From (22), the size of the Hilbert space of this system is 
( )

105
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!7
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
=

−
=S . This can easily be reduced to 15 

normalized states by using (11). These 15 normalized states obtained from  0  are shown below. 
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The action of H   on the reduced Hilbert space, gives 
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0410
4

 zJ
ttH +−−=  

1115201
2

 zJ
ttttH +−−−−=  

2126312
2

 zJ
ttttH +−−−−=

 

3138423
2

 zJ
ttttH +−−−−=

 

41411304
2

 zJ
ttttH +−−−−=

 

4615
4

3
 zJ

ttH +−−=
 

687526  zJttttH +−−−−=
 

7967
4

3
 zJ

ttH +−−=
 

8119638  zJttttH +−−−−=
 

91210879  zJttttH +−−−−=
 

1013910
4

3
 zJ

ttH +−−=
 

111284111  zJttttH +−−−−=
 

1313119212  zJttttH +−−−−=

 
13131210313  zJttttH +−−−−=

 

1413414
4

3
 zJ

ttH +−−=
 

 The Hamiltonian matrix for this operation is given by  

H =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐽𝑧
4

−𝑡 0 0 −𝑡 0 0 0 0 0 0 0 0 0 0

−𝑡 𝐽𝑧
2 −𝑡 0 0 −𝑡 0 0 0 0 0 −𝑡 0 0 0

0 −𝑡
𝐽𝑧

2
−𝑡 0 0 −𝑡 0 0 0 0 0 −𝑡 0 0

0 0 −𝑡
𝐽𝑧

2
−𝑡 0 0 0 −𝑡 0 0 0 0 −𝑡 0

−𝑡 0 0 −𝑡
𝐽𝑧

2
0 0 0 0 0 0 −𝑡 0 0 −𝑡

0 −𝑡 0 0 0 3𝐽𝑧
4 −𝑡 0 0 0 0 0 0 0 0

0 0 −𝑡 0 0 −𝑡 𝐽𝑧 −𝑡 −𝑡 0 0 0 0 0 0

0 0 0 0 0 0 −𝑡 3𝐽𝑧
4 0 −𝑡 0 0 0 0 0

0 0 0 −𝑡 0 0 −𝑡 0 𝐽𝑧 −𝑡 0 −𝑡 0 0 0
0 0 0 0 0 0 0 −𝑡 −𝑡 𝐽𝑧 −𝑡 0 −𝑡 0 0

0 0 0 0 0 0 0 0 0 −𝑡 3𝐽𝑧
4 0 0 −𝑡 0

0 −𝑡 0 0 −𝑡 0 0 0 −𝑡 0 0 𝐽𝑧 −𝑡 0 0
0 0 −𝑡 0 0 0 0 0 0 −𝑡 0 −𝑡 𝐽𝑧 −𝑡 0
0 0 0 −𝑡 0 0 0 0 0 0 −𝑡 0 −𝑡 𝐽𝑧 −𝑡

0 0 0 0 −𝑡 0 0 0 0 0 0 0 0 −𝑡 3𝐽𝑧
4 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

               (26) 

 

4.3  Nine-Site Chain 
A nine-site chain with seven electrons and two holes s is illustrated in Fig. 4.  
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Fig. 4: A nine- site chain consisting of two holes and seven electrons with periodic boundary conditions. 

The two antiferromagnetic states (Neél state) of the undoped chain are  9,8,7,6,5,4,32,1
 
and 

 9,8,,7,6,5,4,3,21 . The birth state is given by 

===


9,8,7,6,5,4,3,2,19,8,7,6,5,4,32,10
2121

ccNcc        (27) 

The size of the Hilbert space of this system is 
( )

252
!62

!9

!392

!9
9 =


=

−
=S . This can easily be reduced to 28 normalized states 

according to (21) by using (11). These 28 normalized states obtained from  0  are shown below. 
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9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9

1
23

 



























+

++

++

++

+

=

9,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9

1
24
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

























+

++

++

++

+

=

9,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9

1
25

 



























+

++

++

++

+

=

9,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9

1
26

 



























+

++

++

++

+

=

9,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9,8,7,6,5,4,3,2,19,8,7,6,5,4,3,2,1

9

1
27

 

The action of H   on the reduced Hilbert space, gives 

0610
4

 zJ
ttH +−−=  

1227201
2

 zJ
ttttH +−−−−=  

2238312
2

 zJ
ttttH +−−−−=

 

32410423
2

 zJ
ttttH +−−−−=

 

42513534
2

 zJ
ttttH +−−−−=

 

52617645
2

 zJ
ttttH +−−−−=

 

62722506
2

 zJ
ttttH +−−−−=

 

7817
4

3
 zJ

ttH +−−=
 

8109728  zJttttH +−−−−=

 

91189
4

3
 zJ

ttH +−−=
 

1013118310  zJttttH +−−−−=

 
11141210911  zJttttH +−−−−=

 

12151112
4

3
 zJ

ttH +−−=
 

13171410413  zJttttH +−−−−=

 
141815131114  zJttttH +−−−−=

 

151916141215  zJttttH +−−−−=
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16201516
4

3
 zJ

ttH +−−=
 

17221813517  zJttttH +−−−−=
 

182319171418  zJttttH +−−−−=
 

192420181519  zJttttH +−−−−=
 

202521191620  zJttttH +−−−−=
 

21262021
4

3
 zJ

ttH +−−=
 

2223176122  zJttttH +−−−−=
 

23242218223  zJttttH +−−−−=
 

24252319324  zJttttH +−−−−=
 

25262420425  zJttttH +−−−−=
 

26272521526  zJttttH +−−−−=
 

2726627
4

3
 zJ

ttH +−−=
 

The matrix arising from nine-site chain is large (i.e 28x28 with symmetry consideration). Hence, only the results for the 

numerical ground state energy will be presented in section 5.   

 

5.0 Presentation and Discussion of Results 
This section presents the numerical exact result for the energy of two holes for five-, seven- and nine-site chains in the 

subspaces of 2/10 =z

ttS . From Table 1, it is observed that at 0/ =tJ z  the energy of two holes for N=5 is -3.60388. This 

value is not in excellent agreement with that proposed by Nagaoka that the energy of a hole at Jz=0 must be equal to  –zt, 

where z is the coordination number [23]. This is simply because the degrees of freedom for two holes in one dimension 

reduce from 4 to 2 whenever they are on Neighbouring sites. For this zero value of zJ , the energy of the holes is found to 

decrease with increase in N. This is because at the thermodynamic limit (large N), number of degrees of freedom for the two 
holes approaches 2z (or 4), hence agreement with Nagaoka result of -2zt can made. At this energy, the holes can propagate 

freely through the antiferromagnetic background without disrupting the spin background and expending energy. This is 

because the antiferromagnetic coupling zJ  which provides the magnetic energy as well as the confining potential is zero. 

The energy of the hole is found to increase slightly in the weak coupling regime )1/( tJ z  and sharply in the strong 

coupling regime ( )1/( tJ z . This increase in the energy of the holes is due to the magnetic energy cost incurred in 

creating a ferromagnetic bond or a string of flipped spins.  This energy cost will result to a linear rising potential that might 

confine the holes to their original sites. Hence, the coherent propagation of the holes might be slightly compromised as zJ  is 

increased. In order to create a ferromagnetic bond, each of the holes must expend a magnetic energy of 2/zJ .    

For comparison with the current result for two holes, the result of the energy of a single obtained in ref. [24] is here 

reproduced in Table 2. At a glance, it is obvious that the energy expended by a single hole propagating in an Ising 

antiferromagnet is greater than that expended by two holes in the same background. This is because it is possible for two 

holes to minimize their energy by propagating in such a way that at every instant they are at nearest neighbour sites. In this 

style of propagation, the energy expended by the first hole in creating an overturned spin is easily recovered by the second 

hole following behind. For the single hole at  3/ tJ z , an increase in N increases the hole energy slightly. On the other 

hand, an increase in N causes a decrease in the energy of two holes for finite zJ .  This means that at large N, two 

propagating holes in one dimensional antiferromagnet can minimize their energy and so maintain a smooth coherent motion.  
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Table 1: The energy of two holes  tEh /    as a function of tJ z /  for 5, 7 and 9 sites 

tJ z /      tEh / (5sites) 

sites)  

tEh / ( 7sites) 
  

tEh / (9 sites)  

 0.00000 -3.23607 -3.60388 -3.75877 

0.01000 -3.22963 -3.59604 -3.75029 

0.02000 -322320 -3.58821 -3.74182 

0.05000 -3.20394 -3.56475 -3.71644 

0.10000 -3.17190 -3.52574 -3.67425 

0.20000 -3.10812 --3.44813 -3.59028 

0.40000 -2.98175 --3.29448 -3.42405 

0.60000 -2.95695 -3.14300 -3.26020 

0.80000 -2.73372 -2.99374 -3.09886 

1.00000 -2.61206 -2.84676 -2.94015 

1.50000 -2.31476 -2.48952 -2.55547 

2.00000 -2.02715 -2.14720 -2.18882 

2.50000 -1.74905 -1.81988 -1.84051 

3.00000 -1.48025 -1.50734 -1.51022 

 

 4.00000 -0.96942 -0.92474 -0.90072 

Table 2: The energy of one hole  tEh /    as a function of tJ /  for 4, 6, and 8 sites  

tJ z /  tEh / (4sites)  tEh / (6 sites) 
 

 

tEh /  (8 sites)  

    0.00000 -2.00000 -2.00000 -2.00000 

0.01000 -1.99167 -1.99100 -1.99072 

0.02000 -1.98334 -1.98201 -1.98144 

0.05000 -1.95838 -1.95505 -1.95362 

0.10000 -1.91685 -1.91020 -1.90735 

0.20000 -1.83408 -1.82082 -1.81514 

0.40000 -1.66969 -1.64338 -1.63213 

0.60000 -1.50688 -1.46782 -1.45121 

0.80000 -1.34568 -1.29428 -1.27264 

1.00000 -1.18614 -1.12291 -1.09665 

1.50000 -0.79473 -0.70479 -0.66958 

2.00000 -0.41421 -0.30278 -0.26308 

2.50000 -0.04473 0.08215 0.12192 

3.00000 0.31386 0.45002 0.48662 

4.00000 1.00000 1.13919 1.16576 
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6.0 Conclusion  
The motion of two holes in one dimensional antiferromagnetic Mott insulator within the t-Jz has been studied. The 

energy of two holes is found to increase with Jz. This is because magnetic energy costing Jz/2 is paid each time a 

ferromagnetic bond is created. This might have the effect of compromising the coherent motion of the holes since 

the string potential that tends to confine the hole is also dependent on Jz.  

From Table 1 and Table 2, it is obvious that the energy expended by a single hole propagating in an Ising 

antiferromagnet is greater than that expended by two holes in the same background. This is because two holes can 

minimize their energy if their propagations keep them at nearest neighbour. In this style of propagation, the 

energy expended by the first hole in creating an overturned spin and hence a ferromagnetic bond is easily 

recovered by the second hole following the first. In this way, the original spin configuration is restored and the 

two holes can be conceived to be in state in state of degenerate vacuum.  

From this result of the exact calculation of two holes dynamics in 1D, it obvious that hole pairing is possible for 

one and quasi-one dimensional Mott insulators such as Sr2CuO3 and SrCuO2. In two dimensions (2D), the motion 

of a single hole can create strings of flipped spins along the path of the hole, making it impossible for a hole to 

have a coherent propagation [25]. In the light of the results obtain here for two holes in 1D, one can naively say 

that hole pairing which helps to unwind strings of flipped strings is possible in 2D.  High temperature 

Superconductivity is a low energy in which the charge carriers (hole or electrons) in the superconducting 

materials formed a pair and propagates in such way as to minimize their energy. Since coherent propagation is 

due to hole pairing, one can therefore conclude that t-J model and its variants do support superconductivity. 
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