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Abstract

In this work, the basic postulates of quantum mechanics are applied to calculate the
optical properties of silicon oxide nanoparticle using Born-Mayer potential. The
Born-Mayer potential was inputted into the time independent Schraddinger equation
and the radial wave function was obtained by solving the equation using Runge-
Kutta fourth and fifth order method.. The radial wave functions were then used to
evaluate the expectation values of the energy of the system. The energies were used in
the calculation of the optical properties such as, absorption coefficient extinction
coefficient, real and imaginary dielectric constant and optical conductivity of the
system. The accuracy of the theoretical model used for calculating the optical
properties of silicon oxide nanoparticles was validated by comparing the results with
experimental values using the Tauc plot which was used to determine the energy
band gap (E,) of silicon oxide nanoparticles and its optical properties empirically.
The results obtained shows an oscillating radial wave function which decays
exponentially in amplitude along the direction of propagation due to the core-shell
nature of silicon-oxide nanoparticles The curve of the absorption coefficient shows a
band gap value of 9.0 eV which is the theoretical band gap value of silicon oxide
nanoparticle. The calculated and experimental curves of the absorption, extinction
coefficients and the optical conductivity almost ride on each other and also showed

good agreement between the theoretical calculation and exeerimental data.

1. Introduction

Quantum mechanics, also known as quantum physics is a branch of Physics which describes nature at the smallest scales of
energy levels of atoms and subatomic particles. Quantum mechanics provides a reliable method to calculate the total energy
of an ensemble of electrons and atomic nuclei. One of the postulates of quantum mechanics is that the state of a system can
be fully described by the mathematical function ¥ (r, 7, ... t) where 14,7, are the spatial coordinates of particlesl, 2, etc.
that constitute the system and t is the time. This is known as the wavefunction of the system and can be evaluated by
solving a wave-like equation, known as the Schrodinger equation [1]. Schrodinger equation is a linear partial differential
equation that describes wave function or state function of quantum mechanical system. The equation has two “form”, the
time-dependent Schrédinger equation (TDSE) and time-independent Schrodinger equation (TISE). The form of the
equation used depends on the physical situation. In quantum mechanics, the wave function is the most complete
description that can be given to a physical system like silicon-oxide nanoparticles and according to the principle of quantum
mechanics, the wave function of the electrons in the system has the main importance in description of optical, electrical and
thermal properties of the system [2, 3]. Solution to Schrédinger’s equation describes not only molecular, atomic, and
subatomic systems; also macroscopic system, possibly even the whole universe [4]. The equation is central to all
applications of quantum mechanics including, quantum field theory which combines special relativity with quantum
mechanics. Nayyar, et al, [5] presented a theoretical approach to calculate the absorption coefficient of silicon
nanostructure. He used quantum mechanical calculation on the interaction of photons with the electrons of the valence
band; one model is that, the oscillator strength of the direct optical transition is enhanced by the quantum confinement
effect in silicon nanocrystallites. He discovered that the absorption coefficient showed a peak at high photon energy.
Similarly, Anande et al,[6] calculated the optical absorption coefficient of a silicon nanowire using quantum mechanical
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model and discovered a very good agreement between theory and experimental data at low photon energies and the
discrepancy between experimental data and theory at high photon energies probably due to free carrier absorption as well.
In this research work, radial Schrodinger equation with interacting Born-Mayer potential is used to calculate the
Microscopic optical properties of silicon oxide nanoparticles.

2. Computational Methods

Silicon oxide is a chemical compound with a formula Si0, most commonly found in nature as quartz. It is the major
constituent of sand and the abundant families of material. The structure of the silicon oxide is similar to other silicon based
alloys build-up from tetrahedral entities centered on a silicon atom [7].

Oxygen atom Oxygen atom

Silicon atom
Figure 1: Sketch of Silicon oxide bonding

Silicon oxide nanoparticles are assumed to be spherical in shape; so the spherical polar form of the Schrodinger equation is
used to describe the state of the system. Consider the time-independent Schrédinger equation given in equation 1:

Hwnlm = Ewnlm (1)
The equation in three dimensional polar coordinates is given as:

-h? (1 92 1 1 9 a 1 92
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Equation (2) can be split into one dimensional second order differential equation in each coordinate following the
separation technique defined by:

Ynim (1,0, 0) = Ry ()Y (6, d) (3)

When substituting equation (2) into (3), the partial derivatives can be expressed as ordinary derivatives. The equation can
then be separated in to a radial part and an angular part with a colatitudes equation and an azimuthal equation. The radial
part collects all terms that depend on the radial coordinate (r) and sets it equal to a constant which contains the orbital

quantum number [ given as:
™

LR + By RS + 2 ErRY) = 101+ 1)L 4)
With substitution of R(T) =YD this leads to equatlon (5):

d? h? l(l+1)

ar? Uni + [E + V(r) ] Un = 0 (5)

The potentlal Vi in equatlon (5) is the sum of the Coulomb potential and Born-Mayer repulsive potential [8,9,10].
Born-Mayer potential is a short range repulsive potential which occurs when the wave function of inner-shell electrons or
the nuclei begin to overlap [11].

The Born-Mayer potential is given as:

V(r) = Bexp (%) (6)
Where B and p are empirical constants and r is the distance between the atoms or electrons. In this research work, the
coulomb potential can be obtained in figure 1 by assuming the eight electrons involved in the covalent bonding as the active
electrons. The effective potential Vs, is the sum of the coulomb and the interaction Born-Mayer potential given as:

ze? ze? ze? ze?
Verpy = =2 (22— + + + ) )

ATTENT ATTEGT 4TEWT3 4TTEYT,
The potential can be written in reduced oxygen and silicon nuclei form as:

Journal of the Nigerian Association of Mathematical Physics Volume 63, (Jan. — March, 2022 Issue), 55 —66
56



Quantum Mechanical... lorngbough, Echi, Onoja and Tikyaa J. of NAMP

(ze)o(ze)s r
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Substituting equation (8) in to (5)
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Equation (9), is the Schrodinger equation for the reduced nuclei of oxygen and silicon with Born-Mayer repulsive
interaction in the attractive field of the electron-nuclei. The attractive field of the electron-nuclei can either be electron-
oxygen nuclear interaction or electron- silicon nuclear interaction.

2.1 Numerical Solution of Radial Schrodinger Equation

The solution of radial Schrodinger equation was obtained using Runge-Kutta fourth order method to implement the
shooting method which converts the boundary value problem (BVP) of second order ordinary differential equation into a
system of two firsts order initial value problem (IVP) of ordinary differential equation. The ODEA45 code in matlab which is
based on Runge-Kutta 4t*and 5*method was used to implement Runge-Kutta algorithm in MATLAB [12,13].

Consider equation (9) above, and define

d
Q(r) = ar Unl (10)
This gives:
d 2m Ldolze)s. T2 Q4
ze)o+(ze)s -
EQ(,):—FI—Z E—2|:4<%>€:|+ Be p—QT U (11)

Equation (10) and (11) are the two first order coupled system of one dimensional differential equation that were sole using
ODE 45 code.

2.2 Evaluation of optical properties of silicon oxide nanoparticlesl

2.2.1 Absorption coefficient of silicon oxide nanoparticles

The optical properties of silicon oxide nanoparticles are characterized by the response of the material to incident
electromagnetic radiation [14]. In this research work, the optical properties consider include absorption coefficient,
extinction coefficient, real dielectric constant, imaginary dielectric constant and optical conductivity. Silicon oxide
nanoparticles are known to have a quasi-direct band gap due to the nature, size and geometry of the molecule [15]. The
assumption of parabolic band gap behavior has to be taken to make the associated mathematical calculation easy [16].
Consider a photon with energy hw incident on the silicon oxide nanoparticle, the electron in the valence band at state o is
excited to a state m in the conduction band. Consider a situation where the inter band transitions depend on the momentum
matrix element, at any instance of time, the Hamiltonian for an electron in the presence of an electromagnetic field is [17]:

1 eA . >
Hyo = m (a.p) (12)
Where A4 is vector potential, @ is unit polarization vector and # is canonical momenta

Using the above equation, the reduced transition probability for electron to make transition from state o in the initial
(valence) to state m in the final (conduction) is

2m ANZ .
Wom = 26| (£2)" @5)*| 8B — B, — he) (13)
Where 6(E,, — E, — hw) is the Dirac delta function and t is time
This is the transition probability of one primitive cell. To get the total transition probability for quasi-direct band to band

transition, the sum of equation (13) over all N values of k, and also over varying wavelength of the incoming photon hw
[18]. Let us assume that the incoming photon is monochromatic wave, the transition probability for monochromatic wave

can be obtained by considering the volume occupied by each value of k: as

21\ 3
2= (%) (14)
And the Fermi Dirac distribution is also given by:
1
fo(E,T) = 1+exp(E—Ef)/KT (15)

E is the electron energy, and E is the Fermi level in the material under consideration, K is the Boltzmann constant, and T is
the temperature of operation[18,19]. The total probability for an electron to transit between states in a quasi-direct band gap
material can be calculated by integrating the transition probability (13) over the first Brillion Zone, keeping in mind the
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Fermi Distribution. This total probability has to be multiplied by a factor of 2, to incorporate the effects of spin of an
electron, during the absorption of photon. Hence, total probability

2V 7
Yom = Wf ‘/Vomfo(l - fo)dk (16)
And the transition probability rate 7,,, (= Y]‘;’t"
Wom
Tom = (27.[)3 f fo(l - fo)dk (17)
Using the transmon rate, W,,, calculated in (13), the transition probability rate 7, is written as,
A? A

Tom = o [ (@.5)28 (B — E, — ha)fy (1 — f,)dR (18)
From the absorption of parabolic band, we get:
Ey — E, = E, + ki 4 15

2me 2mp
Assuming m # o; then

h2k?2
Em_EozEg-l-E (19)
where the reduced mass, m; is given by:
111 (20)

my Mme mp
E, is the energy band gap for the material (silicon oxide nanoparticle), m, is the mass of the electron with wave vector k,,
and my,, is the mass of the hole with wave vector k,. m,. is the reduced mass for the electron and the hole.
Substituting equation (19) in to (18) gives
e2a? A N2 h2k? >
Tom = oo [ @.5)28 (Eg + = = h) f,(1 — f,)lk (21)
Introducing a dimensionless term oscnlator strength given as O; 7(1':;2 and also dk = 4mk?dk in to equation (21) and
taking out those terms that do not vary with the variation of k out of the integral gives [20],

242 Sh w
Tom = —oo fo (1 = £5) (Z222) [ 8(Ey + == — ha)4mk>dk (22)
The delta function has a property, such that

1.7 f)8(x — a)dx = f(a)
Using the above property in equation (22), the transition probability rate becomes [21,22]:

2 3/
Tom = S (220) 2 420, £, (1 ~ fo) B — E, (23)
Absorption Coefficient is defined as the transition rate per unit quantum flux (quantum flux is defined as the number of
incident photons per unit area in unit time)[23]. Quantum flux can be calculated from the average value of poynting vector
s per unit wavelength energy.
The various relations are given as:
Quantum flux:

@) =2 (24)
The poyntmg vector is given as:
S=ExH (25)

Where Electric field (E) = Awd sin(§.7 — wt) and magnet field
(uH) = —A(q % @) sin(q4.7 — wt)

Introducing the two terms in equation (25) gives,

Average poynting vector:

wA?
($)= —| |7 (26)
But the magnitude of the wave vector of a photon is given as |q| = an hence , equation (26) becomes,
(S) = Zn€,cw?A? 27)
Substituting (27) in to (24) Quantum flux becomes,
1
_ NEoCcwA
b= (28)

Using the above relation, Absorption Coefficient a (: %) becomes [23-24]
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a(w) = () (2z) 72 (%) 0 - f)/ho - E,

4mE,ch? m

3.4.2 Refractive index of the material

The imaginary part of the refractive index k(w) (extinction coefficient) can be evaluated from the absorption coefficient

by [25]
k(w) =22

3.4.3 The real and imaginary Dielectric function
The complex index of refraction is given as

Ncomplex .u‘c-:complex

(29)

(30)

(31)

For non-magnetic material, 4 = 1,and where Ncompiex is usually written in terms of its real and imaginary parts as

Ncomplex =n+ik

(32)

With the definition for Negypiex the dielectric function was evaluated from the relation

E:complex = €1 + iSZ = (77 +

ik)?

Yielding real and imaginary part of dielectric function as [26],

& =772 — k?
€2=2nk

3.4.4 The optical response of a material

The optical response of silicon oxide nanoparticle can be obtained in terms of the optical conductivity o(w) which is given

by the relation [26],

o(w) = —u((:inc

(33)

(34)
(35)

(36)

The Schematic flow chart showing the Evaluation Stages in the Simulation is given in the Figure 2 below:

Solve Radial Schrondiger
Eqgn(9)broken into 10&11 with the

potential given in (8)

v

Eigenfunction &Eigenvalues obtained

v

Evaluate the total transitional pro.(Y,,,) Eqn
(16) using the perturbation modeled eqn 12

v

Evaluate the transitional prob. Rate Eqn(23)

v

Calculate the absorption coefficient
a(w) Egn. (29)

v

Evaluate the imaginary part of
refractive index k(w) (30)

v

Dielectric Function Eqgn. (34)
&(35)
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3. Results and Discussions

In this step, the radial wave function for silicon oxide nanoparticle would beobtained considering boundary conditions and
physical confinements.
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In quantum mechanics, a quantum mechanical system or particle that is bound or confined partially can only take on certain
discrete values of energy called energy eigenvalue denoted as E,, . The subscript n called the principal quantum number
which determines the overall energy of each orbital or wave function of the system [27]. In this research, the energy state
relation to the principal quantum number is represented by the equation

—E,
En = n_zo (37)
where E, = —108.8 e/ (the negative sign in the equation indicates that work has to be done to remove an electron from
the atom).

The energy state for this system (silicon oxide nanoparticle) is considered based on the hydrogen atom model. Figure 3
shows a sketch of the effective potentialV (r) as a function of the linear coordinate r(m) for silicon oxide nanoparticles.
Figure 4 shows that as the principal quantum number (n) increases the absolute value of energy state decreases. This
means an electron with the lowest value of "n" has more energy and is located on the orbital or wave function closer to the
nucleus. As the value of "n" increases the atomic size increases and more orbital or wave functions are formed. At n =
land E; = 108.8 eV (figure 5) a sinusoidal wave of one wavelength (A) is observed. The periodic nature is that, the
amplitude of the wave decay all through along the direction of propagation, this is due to the effect of core-shell nature of
silicon oxide nanoparticles and this creates a perturbation in the wave that results to the decay of the wave as it propagates.
In figure 6, at n = 2 and E, = 27.2 eV there is partial formation of the wave packet which is due to high frequency that
arises as the wave travel and it makes the line of propagation of the wave to become compactable and the amplitude decay
throughout the direction of propagation.

The wave packet that over crowds at the middle is observed at energy of E; = 12.09 eV,n = 3 (figure7). This core region
(over crowd) of wave packet is due to the core region of the silicon oxide nanoparticle and the shell region (less crowd) of
the wave packet indicates the shell region of the silicon oxide nanoparticle [28]. Although, at E, = 6.8 eV, n = 4 (figure 8)
the wave packet nature of the probability distribution disappeared but high oscillation is observed due to high frequency
and the wave became more compacted while the amplitude die down along the direction of propagation.

At higher states Es = 4.352 eV,n =5 (figure 9) some oscillations are lost as the value of n increases making the waves
to be in phase as it travels. Figure 10, at an energy of E, = 3.022 eV and n = 6 shows a combination of many waves
having a distribution of frequencies which reinforced along the direction of propagation. The reinforcement is more
pronounced in figure 11, at energy of E, = 2.22 eV and n = 7, this is due to various components sinusoidal waves of
different phases and amplitudes which interfere constructively only over a small region of space. Hence, the constructive
interference became more in the core region of the silicon oxide nanoparticle as indicated by figure 12 at energy Eg =
1.70 eV andn = 8. The interference may be due to the repulsion created by the Born-Mayer potential when the wave
function of the inner-shell electrons or nuclei begins to overlap.

In [28] the literature revealed that the energy and the probability distribution near the core centre increase as the quantum
integer numbers n and [ are enhance. Hence, the wave distortions are sensible in the core where the wave number is larger
than the shell, because of the semiconductor behavior of the shell; the wave function is a damping wave. The result in this
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research work is in good agreement with the literature because a sinusoidal wave whose amplitude drops exponentially with
the radial distance is observed and this is due to the semiconductor nature of silicon oxide nanoparticle. Also, the formation
of the wave packet at the core region of silicon oxide nanoparticle is due to constructive interference of the sinusoidal
waves.

3.1 Optical Properties of Silicon Oxide Nanoparticle

In quantum mechanics, to relate a quantum mechanical calculation to a physical system (silicon oxide nanoparticle), the
“expectation value” of the measurable parameter is calculated [29]. The expectation value of the energy was evaluated
using equation (38) and the result was used in the calculation of optical properties of silicon oxide nanoparticle

f_"f’;g U(*?HU(T)dr (39)

f_w U(T)U(T)dr
The value of the expectation energy was substituted in equation (15) as the ground state electron distribution function
energy which was used in the calculation of the absorption coefficient.

<E>=

0%

o
—
B £
C o0 Lwu
QL X
0 =
% 015 g
Q o
O y—
c 'JG—) 0.06
g u 0
E o 004
; 5
8 o ‘8 002
< £
UD }5 o1E oM % W B A B E L 0 ‘5‘ WIU 1‘5 ZIU 2‘5 B‘U 3‘5 4‘U 4‘5 0
photon energy he Photon Energy ho(eV)
Figure:13 Absorption coeff.vs Photon energy Figure 14:Extinction coeff. vs Photon energy
218 o
w‘_ _‘(_A,) 0.3
— C
% 218 E 03
B g
c 1%
8 2178 g
6] =02
5 3
ﬁ 217 @ 018
2 a
9 2168 g
1] c 0E
D D
r
©
21 e
0 10 0 an 10 a0 g 0 5 1 1®m D B DV B LN L Q@
Photon Energy ho(eV) Photon Energy ha(eV)
Figure 15: Real Dielectric Constant Vs Photon energy Figure 16:Imaginary Dielectric Constant Vs Photon Energy

Journal of the Nigerian Association of Mathematical Physics Volume 63, (Jan. — March, 2022 Issue), 55 —66

62



Quantum Mechanical... lorngbough, Echi, Onoja and Tikyaa J. of NAMP

=
o
i

8 — Calculated
B — —+—Experimental
@7 C w
2 2
s £
3J D e
g: 9
0 6]
o S 01
3 2
= _
82 § 0
* g
IR ) S
Photon Energy he(eV) photon energy he
Figure 17:Optical Conductivity Vs Photon energy Figure 18: Calculated and Experimental Absorption Coeff.Vs Photon energy.
=
b
E — Calculated -
O 0 —+— Experimental
¥ >
= 3
o' 3
5] J
= T
e
uq—) 006 §
0 -
(g 0.04 g /
0 B
= 0
0 /
£ /
=
x L L 1 L L L L L
w D 5 15 W B W B 40 £ 0 —Z

Photon Energy ho(eV) Phaton Energy halgV)
Figure 19: Calculated and Experimental Extinction Coeff. Vs Photon energy Figure 20: Calculated and Experimental Optical Conductivity Vs Photon energy

Figure 13 shows that there is no absorption in the energy range between 0 to 8.99 eV. It is important to emphasis that the
energy at which the absorption starts corresponding to its direct band gap is at 9.0eV. Silicon oxide nanoparticle shows no
absorption below its band gap. The absorption coefficient increases with increase in photon energy; this shows that
absorption coefficient is photon energy dependent. The degree of absorption depends among other things on the number of
free electron capable of receiving the photon energy [30]. The extinction coefficient is zero in the photon energy range 0-
8.99 eV as shown in figure 14 which means that, silicon oxide nanoparticle is transparent in this energy region. The
increase in extinction coefficient with increase in photon energy shows that the fraction of light due to scattering and
absorbance increases in this energy. The peak is mainly due to the transitions from the last valence band to the first
conduction band. Also the peak depict region of deep penetration of the electromagnetic wave [31].

Figure 15 indicates that, the real part of the dielectric constant decreases with increase in photon energy; this shows that the
loss factor, decreases with increase in photon energy. At higher photon energy, the propagation of the electromagnetic wave
drops drastically thus silicon oxide nanoparticle tends to become an insulator at this energy. The increase in the imaginary
part of the dielectric constant with photon energy as depicted in figure 16 shows the loss factor increases with increase in
photon energy. Optical conductivity of silicon oxide nanoparticle is constant in the energy range 0-8.99 eV as shown in
figure 17, which means that, silicon oxide nanoparticle do not conduct in this energy range. The increase in optical
conductivity with increase in photon energy can be attributed to the increase in absorption coefficient.

3.2 Comparison of theoretical values of the optical properties with experimental values.

The theoretical model used for the calculation of the optical properties of silicon oxide nanoparticle was verified
experimentally using a relationship known as Tauc plot that determines band gap (E,) for silicon oxide nanoparticle which
is used to calculate the optical properties empirically [32].
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Figure 18 shows a good correlation between theoretical and experimental values in the energy range of 17eV-26.8eV.
However, noticeable discrepancies exist between the energies of 26.8eV-48.5eV; also the experimental curve indicates the
band gap value of 8.4eV while the theoretical curve absorption start at 9.0eV which is the band gap theoretical value of
silicon oxide nanoparticle. The variation of E, originated due to the difference in temperature since E, reduce as
temperature increase. The peak on the curves which indicate the highest point of penetration of electromagnetic wave has a
theoretical value of 0.235 and 0.22 as experimental value. Extinction coefficient curves indicate more correlation than the
absorption as shown in figure 19. The energy range 14.9eV-29.5eV shows a good agreement exist between the theoretical
and experimental values. Figure 20 shows that the theoretical and experimental curves of optical conductivity have a lot of
discrepancies. This suggests that the theoretical model need refinement to yield better agreement and this is left for future
consideration.

4. Conclusions

In conclusion, the Schrédinger equation for the reduced mass of oxygen and silicon nuclei with coulomb and Born-Mayer
repulsive interaction in the attractive field of the electron —nuclei was obtained. The solution of the equation was obtained
numerically using Runge-Kutta fourth order method. The ODE45 module in matlab which is built based on Runge-Kutta
fourth order method is used to implement Runge-Kutta algorithm in matlab. The energy used for the numerical solution is
guess energy based on the hydrogen atom model. A sinusoidal wave of one wavelength is observed at the initial value of
the principal quantum number. The periodic nature of the wave is that, the amplitude decay all through along the direction
of propagation and this is due to the core-shell nature of silicon oxide nanoparticles. As the principal quantum number
increases there is formation of wave packet due to constructive interference of the waves over a small region of space. The
wave function obtained was used to evaluate the “expectation energy” of the system which is considered to be the average
energy. Hence, the expectation energy is used to evaluate the optical properties of the system such as absorption coefficient,
extinction coefficient, real and imaginary dielectric constant and optical conductivity. The curves of the optical properties
mostly show a band gap value of 9.0 eV which is the theoretical band gap value of silicon oxide nanoparticle. As the
photon energy increases all the optical properties shows different characteristics. The theoretical model use for the
calculation of the optical properties of silicon oxide nanoparticle was verified experimentally using a relationship known as
Tauc plot that determined band gap (E,) of silicon oxide nanoparticle which is use to calculate the optical properties
empirically. The comparison between theoretical and experimental calculated optical properties shows a good correlation,
however, noticeable discrepancies exist in the curve of optical conductivity.
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