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Abstract 

In this article, the authors investigated a new subclass of analytic univalent function 

which relate to ameliorated sigmoid function and the classical special polynomial 

function known as the Chebyshev polynomials by employing the concept of 

subordination. This investigation produced new interesting coefficient bounds. The 

famous Fekete-Szego inequalities were also pointed out. 
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1.  INTRODUCTION 

The concept special functions is fast taking the focal point in the field of geometric function theory and are rapidly 

attracting the attention of several researchers owing to advancement in Science and Technology. A very good example of 

Special function in this investigation is the activation function. One of the most popular activation function in hardware 

implementation of Artificial Neural Network (ANN) is the sigmoid function. According to [1,2], the study of activation 

function, in particular, the sigmoid function happens to be a function that increases the size of the hypothesis space that 

represent the network can represent. Neural network can be used for complex learning tasks. It is therefore necessary to 

investigate the use of sigmoid function in geometric function theory. 

The sigmoid function in [1,2] takes the form  

ℎ(𝑠) =
1

1 + 𝑒−𝑠
      𝑠 ≥ 0, 

is a bounded differentiable function and has the following properties: 

1. It outputs real numbers between 0 and 1. 

2. It maps a very large output domain to a small range of inputs. 

3. It never losses information because it is a one – to – one function. 

4. It increases monotonically. 

Let 𝐴 be the class of functions of the form 

𝑓(𝑧) = 𝑧 +  ∑ 𝑎𝑘

∞

𝑘=2

𝑧𝑘 

which are analytic in the unit disk 𝑈 = {𝑧: 𝑧 ∈ ℂ 𝑎𝑛𝑑 |𝑧| < 1}.  

In [3], the differential operator 𝐷𝑛𝑓, 𝑛 𝜖 ℕ0 = 0,1,2, … was applied on function 𝑓(𝑧) belonging to 𝐴 class of analytic 

functions in the unit disk 𝑈 and this takes the form : 

𝐷𝑛𝑓(𝑧) = 𝑧 + ∑ 𝑘𝑛𝑎𝑘𝑧𝑘 ,                 𝑛 ∈ ℕ0

∞

𝑘=2

 

If 𝑓(𝑧) and 𝑔(𝑧) be analytic in 𝑈 = {𝑧: 𝑧 ∈ ℂ 𝑎𝑛𝑑 |𝑧| < 1}, according to [4], we say that 𝑓(𝑧) is subordinate to g(𝑧) when 

there exist a function 𝜔(𝑧)  and |𝜔(𝑧)| < 1  such that  
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𝑓(𝑧) = 𝑔(𝜔(𝑧))         (|𝑧| < 1) .  

In [5], the modified sigmoid function 

𝐺(𝑧) =
2

1 − 𝑒−𝑧
 

was studied and investigated in order to obtained another series of the modified sigmoid function which takes the form as 

𝐺(𝑧) = 1 + (∑
(−1)𝑚

2𝑚

∞

𝑚=1

(
(−1)𝑚

𝑛!
𝑧𝑛)

𝑚

) 

= 1 +
1

2
𝑧 −

1

24
𝑧3 +

1

240
𝑧5 + ⋯ 

According to [1], the Chebyshev polynomials are a sequence of orthogonal polynomials which are related to De’Moivres 

formula and which are defined recursively. The use of Chebyshev polynomials in numerical analysis is on the increase in 

both theoretical and practical perspective. There are four kinds of Chebyshev polynomials. The dominant types are 

Chebyshev polynomials of first and second kinds which are 𝑇𝑛(𝑡) and 𝑈𝑛(𝑡) respectively and their numerous uses in 

different applications abound. Details are in  [6,7] 

Following [1], the Chebyshev polynomials of the first and second kind are defined respectively in the form: 

𝑇𝑛(𝑡) = 𝐶𝑜𝑠𝑛𝛼            𝑡 ∈ (−1,1), 

𝑈𝑛(𝑡) =
𝑆𝑖𝑛(𝑛 + 1)𝛼

𝑆𝑖𝑛𝛼
              𝑡 ∈ (−1,1), 

Where 𝑛 denotes the degree of the polynomial and 𝑡 = 𝐶𝑜𝑠𝛼. 
The Chebyshev polynomials of the first kind 𝑇𝑛(𝑡), 𝑡 ∈ [−1,1] have the generating function of the form 

∑ 𝑇𝑛(𝑡)𝑧𝑛 =
1 − 𝑡𝑧

1 − 2𝑡𝑧 + 𝑧2

∞

𝑛=0

               (𝑧 ∈ 𝐷) 

and that of the second kind is: 

𝐻(𝑧, 𝑡) =
1

1 − 2𝑡𝑧 + 𝑧2 = 1 + ∑
𝑆𝑖𝑛(𝑛 + 1)𝛼

𝑆𝑖𝑛𝛼
𝑧𝑛

∞

𝑛=1

            (𝑧 ∈ 𝐷) 

for |𝑡| < 1. 

Note that if 𝑡 = 𝐶𝑜𝑠𝛼,    𝛼 ∈ (
−𝜋

3
,

𝜋

3
), then 

𝐻(𝑧, 𝑡) =
1

1 − 2𝐶𝑜𝑠𝛼𝑧 + 𝑧2 

= 1 + ∑
𝑆𝑖𝑛(𝑛 + 1)𝛼

𝑆𝑖𝑛𝛼
𝑧𝑛

∞

𝑛=1

 

Thus, 

𝐻(𝑧, 𝑡) = 1 + 2𝐶𝑜𝑠𝛼𝑧 + (3𝐶𝑜𝑠2𝛼 − 𝑆𝑖𝑛2𝛼)𝑧2 + ⋯ 
The investigation carried out in [1] has some basic interplay in the study done in [8]. According to the investigation in [8], 

we have the function given below: 

𝐻(𝑧, 𝑡) = 1 + 𝑈1(𝑡)𝑧 + 𝑈2(𝑡)𝑧2 + ⋯        (𝑧 ∈ 𝐷, 𝑡 ∈ (−1, 1)), 
Where 

𝑈𝑛−1 =
𝑆𝑖𝑛(𝑛 𝑎𝑟𝑐𝐶𝑜𝑠𝑡)

√1−𝑡2
             (𝑛 ∈ 𝑁). 

This gives the Chybeshev polynomial of the second kind and It has the following general form as  

 𝑈𝑛(𝑡) = 2𝑡𝑈𝑛−1(𝑡) − 𝑈𝑛−2(𝑡), 
Where  𝑈1(𝑡) = 2𝑡,     𝑈2(𝑡) = 4𝑡2 − 1,       𝑈3(𝑡) = 8𝑡3 − 4𝑡, … 

Lemma 1-1 [1,9]: If 𝜔(𝑧) = 𝑏1𝑧 + 𝑏2𝑧2 + ⋯ , 𝑏1 ≠ 0 is analytic and satisfy |𝜔(𝑧)| < 1 in the unit disk 𝑈, then for each 

0 < 𝑟 < 1, |𝜔′(𝑧)| < 1 and |𝜔(𝑟𝑒𝑖𝜃)| < 1 unless 𝜔(𝑧) = 𝑒𝑖𝜎𝑧 for some real 𝜎. 

Lemma1.2[1,10]:Let𝜔 𝜖 Ω = {𝜔 𝜖 𝐴: |𝜔(𝑧)| ≤ |𝑧|, 𝑧 𝜖 𝑈}.If𝜔 𝜖 Ω, 𝜔(𝑧) =  ∑ 𝑐𝑛𝑧𝑛 (𝑧 𝜖 𝑈),∞
𝑛=1  𝑡ℎ𝑒𝑛 |𝑐𝑛| ≤ 1, 𝑛 =

1,2, … , |𝑐2| ≤ 1 − |𝑐1|2           (1.1)  

and |𝑐2 − 𝜇𝑐1
2| ≤ max{1, |𝜇|}    (𝜇 𝜖 ℂ)                    (1.2) 

The result is sharp. 

The functions 

𝜔(𝑧) = 𝑧, 𝜔𝑎(𝑧) = 𝑧
𝑧 + 𝑎

1 + �̅�𝑧
 (𝑧 𝜖 𝑈, |𝑎| < 1) 

are extremal functions. 
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Also in [1], Salagean differential operator was combined with modified sigmoid function and this gives the form: 

𝑓𝛾(𝑧) = 𝑍 + ∑ 𝛾(𝑠)𝑎𝑘𝑧𝑘,∞
𝑘=2                                  (1.3) 

where 

𝛾(𝑠) =
2

1+𝑒−𝑠 , 𝑠 ≥ 0, notice 𝑠  has been used to replace 𝑧. 

function of the form (1.3) belong to the class 𝐴𝛾, where 𝐴1 ≡ 𝐴. 

Here,  𝐷𝑛𝑓𝛾(𝑧);    𝑛 ∈ 𝑁0 denote the Salagean differential operator involving modified sigmoid function with the usual form 

as:     

𝐷0𝑓𝛾(𝑧) = 𝑓𝛾(𝑧) 

𝐷1𝑓𝛾(𝑧) = 𝛾(𝑠)𝑧𝑓1
𝛾

(𝑧) 

                                                           ⋮ 

𝐷𝑛𝑓𝛾(𝑧) = 𝐷 (𝐷𝑛−1𝑓𝛾(𝑧)) = 𝛾(𝑠)𝑧 (𝐷𝑛−1𝑓𝛾(𝑧))
1

                              (1.4) 

When 𝛾(𝑠) = 1, we have the Salagean differential operator that was introduced in [3]. Further details in [1]. 

In [12], coefficient estimates for a Spirallike functions in the space of Sigmoid function was investigated. Further more, in 

[13] the Fekete – Szego functional for a subclass of analytic functions related to Sigmoid function was studied. 

In [7], the definition given below inspired by investigation carried out in  [6] was considered: 

Definition 1.3[1]:A function 𝑓𝛾(𝑧) ∈ 𝐴𝛾 is said to be in the class  

𝐻𝛾(𝑛, 𝜇, 𝜆),    0 ≤ 𝜆 ≤ 1, 𝜇 ≥ 0, 𝛾(𝑠) =
2

1 + 𝑒−2
          𝑠 ≥ 0,      𝑛 ∈ 𝑁0 

If the following subordination principle holds 

(1 − 𝜆) (
𝐷𝑛𝑓𝛾(𝑧)

𝑧
)

𝜇

+ 𝜆𝑓1
𝛾

(𝑧) (
𝐷𝑛𝑓𝛾(𝑧)

𝑧
)

𝜇−1

≺ 𝐻(𝑧, 𝑡),                          (1.5) 

Where, 𝐷𝑛𝑓𝛾(𝑧) is the Salagean differential operator involving Modified Sigmoid Function defined as follows: 

𝐷0𝑓𝛾(𝑧) = 𝑓𝛾(𝑧) = 𝑧 + ∑ 𝛾(𝑠)𝑎𝑘𝑧𝑘

∞

𝑘=2

 

𝐷1𝑓𝛾(𝑧) = 𝐷𝑓𝛾(𝑧) =  𝛾(𝑠)𝑧 + ∑ 𝑘𝛾2(𝑠)𝑎𝑘𝑧𝑘 ,∞
𝑘=2   

                                                             ⋮ 

𝐷𝑛𝑓𝛾(𝑧) =  𝐷 (𝐷𝑛−1𝑓𝛾(𝑧)) = 𝛾𝑛(𝑠) ∑ 𝑘𝑛𝛾𝑛−1(𝑠)𝑎𝑘𝑧𝑘∞
𝑘=2                       (1.6) 

We can re-express (1.3) in the form 

 fγ(z)δ = zδ + ∑ γ(s)a(δ)kzδ+k−1∞
k=2                                  (1.7) 

where γ(s) =
2

1+e−s  s ≥ 0  and δ   is real (δ ≥ 1).  

Observe that function in (1.7) belongs to the subclass Aγ
δϵAγ,  where  A1

1 ≡ A. 

Applying the Salegean differential operator in (1.7) gives the form 

Dnfγ(z)δ = D(Dn−1fγ(z)δ) = γ(s)z(Dn−1fγ(z)δ)
′

= 𝛾𝑛(𝑠)𝑧𝛿 + ∑ 𝑘𝑛𝛾𝑛+1(𝑠)𝑎𝑘(𝛿)𝑧𝛿+𝑘−1∞
𝑘=2          (1.8) 

where, Dnfγ(z)δ is the Salagean differential operator involving δ −valent function for Modified Sigmoid Function. 

Remark: When γ(s) = 1 and δ = 1, we have the usual Salagean differential operator [10].  

Lemma 1.4. [14]. Let 𝑃(𝑧) = 1 + 𝑐1𝑧𝑧2 + 𝑐1𝑧2 + ⋯ is analytic function with positive real part in 𝑈, then 

|𝑐2 − 𝑣𝑐1
2| ≤ {

−4𝑣 + 2, 𝑖𝑓 𝑣 ≤ 0;
2, 𝑖𝑓 0 ≤ 𝑣 ≤ 1;

4𝑣 − 2, 𝑖𝑓 𝑣 ≥ 1.
 

Lemma 1.5 [15].  If a function p ϵ P is given by p(z)  =  1 + p1z + p2z2 + p3z3 + ⋯ then |𝑝𝑘| ≤ 2, k ϵ ℕ, where p is the 

family of all functions analytic in U for which p(0) = 1 and ℝe(p(z)) > 0, (z ϵ U). 

Definition 1.6: A function fγ(z)δϵAγ
δ  is said to be in the class Sγ(δ, n, ρ; ψ), 0 ≤ ψ ≤ 1, ρ ≥ 0, δ ≥ 1, γ(s) =

2

1+e−s , s ≥ 0, 

nϵN0, if the following subordination holds 

(1 − ψ) (
Dnfγ(z)δ

𝑧𝛿 )
ρ

+ ψ
fγ
" (z)δ

δ
(

Dnfγ(z)δ

𝑧𝛿 )
ρ−1

≺ H(z, t)     (1.9) 

where   Dn is the Salagean differential operator[10].  
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2.  MAIN RESULTS 

Theorem 2.1.  If 𝑓𝛾(𝑧)𝛿  belongs to the class 𝑆𝛾(𝛿, 𝑛, 𝜌, 𝜓), and, 𝛿 ≥ 1, 𝜌 ≥ 0, 0 ≤ 𝜓 ≤ 1, 𝑛𝜖𝑁𝑜 then 

|𝑐2(𝛿)| ≤
2𝑡

𝐴𝑁+𝐵𝑁
,                                                                (1.10) 

|𝑐3(𝛿)| ≤
2𝑡+(4𝑡2−1)

(𝐴′
𝑁+𝐵′

𝑁)
+

4𝑡2(𝐷𝑁+𝐸𝑁)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)
,       (1.11) 

|𝑐4(𝛿)| ≤
8𝑡3+8𝑡2−2𝑡−2

(𝐷′
𝑁+𝐸′

𝑁)
+

(𝐹𝑁+𝐺𝑁)(4𝑡2+2𝑡(4𝑡2−1)

(𝐴𝑁+𝐵𝑁)(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)
+

8𝑡3(𝐷𝑁+𝐸𝑁)(𝐹𝑁+𝐺𝑁)

(𝐴𝑁+𝐵𝑁)3(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)
+

8𝑡3(𝐹′
𝑁+𝐺′

𝑁)

(𝐴𝑁+𝐵𝑁)3(𝐷′
𝑁+𝐸′

𝑁)
  (1.12) 

|𝑐5(𝛿)| ≤
16𝑡4+24𝑡3−10𝑡−4

(𝐻𝑁+𝐼𝑁)
+

(𝐻′
𝑁+𝐼′

𝑁)(16𝑡4+16𝑡3−4𝑡2−4𝑡)

(𝐴𝑁+𝐵𝑁)(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

(𝐹𝑁+𝐺𝑁)(𝐻′
𝑁+𝐼′

𝑁)(16𝑡4+8𝑡3−4𝑡2)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

16𝑡4(𝐷𝑁+𝐸𝑁)(𝐹𝑁+𝐺𝑁)(𝐻′
𝑁+𝐼′

𝑁)

(𝐴𝑁+𝐵𝑁)4(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

16𝑡4(𝐹′
𝑁+𝐺′

𝑁)(𝐻′
𝑁+𝐼′

𝑁)

(𝐴𝑁+𝐵𝑁)4(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

(16𝑡4+16𝑡3−4𝑡2−4𝑡+1)(𝐽𝑁+𝐾𝑁)

(𝐴′+𝐵′)2(𝐻𝑁+𝐼𝑁)
+

(𝐷𝑁+𝐸𝑁)(𝐽𝑁+𝐾𝑁)(32𝑡4+16𝑡3−8𝑡2)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)2(𝐻𝑁+𝐼𝑁)
+

(𝐷𝑁+𝐸𝑁)2(𝐽𝑁+𝐾𝑁)16𝑡4

(𝐴𝑁+𝐵𝑁)4(𝐴′+𝐵′)2(𝐻𝑁+𝐼𝑁)
+

(𝐽′
𝑁+𝐾′

𝑁)(16𝑡4+8𝑡3−4𝑡2)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)(𝐻𝑁+𝐼𝑁)
+

16𝑡4(𝐷𝑁+𝐸𝑁)(𝐽′
𝑁+𝐾′

𝑁)

(𝐴𝑁+𝐵𝑁)4(𝐴′
𝑁+𝐵′

𝑁)(𝐻𝑁+𝐼𝑁)
+

(𝐿𝑁+𝑀𝑁)16𝑡4

(𝐴𝑁+𝐵𝑁)4(𝐻𝑁+𝐼𝑁)
         (1.13) 

Where 
AN = 2nρ(1 − ψ)γnρ+1(s),  

BN = (2n(ρ − 1) + (
δ+1

δ
)) ψγn(ρ−1)+1(s),  

AN
′ = 3nρ(1 − ψ)γnρ+1(s),  

BN
′ = (3n(ρ − 1) + (

δ+2

δ
)) ψγn(ρ−1)+1(s),  

DN = −(1 − ψ)22n ρ(ρ−1)

2!
γnρ+2(s),  

EN = − (22n (ρ−1)(ρ−2)

2!
+ 2n(ρ − 1) (

δ+1

δ
)) ψγn(ρ−1)+2(s),  

DN
′ = 4nρ(1 − ψ)γnρ+1(s),  

EN
′ = (4n(ρ − 1) + (

δ+3

δ
)) ψγn(ρ−1)+1(s),  

FN = −(1 − ψ)2. 6n ρ(ρ−1)

2!
γnρ+2(s),  

GN = − (2. 6n (ρ−1)(ρ−2)

2!
+ (ρ − 1) (3n (

δ+1

δ
) + 2n (

δ+2

δ
))) ψγn(ρ−1)+2(s),  

FN
′ = −(1 − ψ)23n ρ(ρ−1)(ρ−2)

3!
γnρ+3(s),  

GN
′ = − (

(ρ−1)(ρ−2)(ρ−3)

3!
23n +

(ρ−1)(ρ−2)

2!
22n (

δ+1

δ
)) ψγn(ρ−1)+3(s),  

HN = 5nρ(1 − ψ)γnρ+1(s),  

IN = (5n(ρ − 1) + (
δ+4

δ
)) ψγn(ρ−1)+1(s),  

HN
′ = −(1 − ψ)2. 8n ρ(ρ−1)

2!
γnρ+2(s),  

IN
′ = − (2. 8n (ρ−1)(ρ−2)

2!
+ (ρ − 1) (4n (

δ+1

δ
) + 2n (

δ+3

δ
))) ψγn(ρ−1)+2(s),  

JN = −(1 − ψ)32n ρ(ρ−1)

2!
γnρ+2(s),  

KN = − (32n (ρ−1)(ρ−2)

2!
+ 3n(ρ − 1) (

δ+2

δ
)) ψγn(ρ−1)+2(s),  

JN
′ = −(1 − ψ)3. 12n ρ(ρ−1)(ρ−2)

3!
γnρ+3(s),  

KN
′ = − (

(ρ−1)(ρ−2)(ρ−3)

3!
3. 12n +

(ρ−1)(ρ−2)

2!
(2. 6n (

δ+1

δ
) + 22n (

δ+2

δ
))) ψγn(ρ−1)+3(s),  

LN = −(1 − ψ)24n ρ(ρ−1)(ρ−2)(ρ−3)

4!
γnρ+4(s),  

MN = − (24n (ρ−1)(ρ−2)(ρ−3)(ρ−4)

4!
+

(ρ−1)(ρ−2)(ρ−3)

3!
23n (

δ+1

δ
)) ψγn(ρ−1)+4(s).  

Proof: 

If  fγ(z)δϵ Sγ(δ, n, ρ; ψ), then from (1.9) we have 

 (1 − ψ) (
Dnfγ(z)δ

𝑧𝛿 )
ρ

+ ψ
fγ
" (z)δ

δ
(

Dnfγ(z)δ

𝑧𝛿 )
ρ−1

≺ H(z, t)  

Where γ(s) and δ as given in 1.7). 

 From (1.8) we have 
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(
Dnfγ(z)δ

𝑧𝛿
)

ρ

= γnρ(s) + 2nργnρ+1(s)𝑐2(δ)z + (3nργnρ+1(s)𝑐3(δ) +
ρ(ρ−1)

2!
22nγnρ+2(s)c2

2(δ)) z2 + (4nργnρ+1(s)c4(δ) +

ρ(ρ−1)

2!
2.6nγnρ+2(s)c2(δ)c3(δ) +

ρ(ρ−1)(ρ−2)

3!
23nγnρ+3(s)c2

3(δ)) z3 + (5nργnρ+1(s)c5(δ) +
ρ(ρ−1)

2!
9nγnρ+2(s)c3

2 +
ρ(ρ−1)

2!
2.8nγnρ+2(s)𝑐2(δ)c4(δ) +

ρ(ρ−1)(ρ−2)

3!
3.12nγnρ+3(s)a2

2(δ)a3(δ) +
ρ(ρ−1)(ρ−2)(ρ−3)

4!
24nγnρ+4(s)𝑐2

4(δ)) z4 + ⋯      (1.14) 

Also, 

 (
Dnfγ(z)δ

𝑧𝛿 )
ρ−1

= γn(ρ−1) + 2n(ρ − 1)γn(ρ−1)+1(s)c2(δ)𝑧 + (3n(ρ − 1)γn(ρ−1)+1(s)𝑐3(δ) +

(ρ−1)(ρ−2)

2!
22nγn(ρ−1)+2(s)c2

2(δ)) z2 + (4n(ρ − 1)γn(ρ−1)+1(s)𝑐4(δ) +
(ρ−1)(ρ−2)

2!
2.6nγn(ρ−1)+2(s)c2(δ)c3(δ) +

(ρ−1)(ρ−2)(ρ−3)

3!
23nγn(ρ−1)+3(s)c2

3(δ)) z3 + (5n(ρ − 1)γn(ρ−1)+1(s)c5(δ) +
(ρ−1)(ρ−2)

2!
9nγn(ρ−1)+2(s)c3

2 +
(ρ−1)(ρ−2)

2!
2.8nγn(ρ−1)+2(s)c2(δ)c4(δ) +

(ρ−1)(ρ−2)(ρ−3)

3!
3.12nγn(ρ−1)+3(s)c2

2(δ)𝑐3(δ) +
(ρ−1)(ρ−2)(ρ−3)(ρ−4)

4!
24nγn(ρ−1)+4(s)𝑐2

4(δ)) z4 + ⋯     (1.15) 

Multiplying (1.14) via by (1 − ψ), we have 

 (1 − ψ) (
Dnfγ(z)δ

𝑧𝛿 )
ρ

= (1 − ψ)γnρ(s) + (1 − ψ)2nργnρ+1(s)c2(δ)𝑧 + ((1 − ψ)3nργnρ+1(s)𝑐3(δ) +

(1−ψ)ρ(ρ−1)

2!
22nγnρ+2(s)c2

2(δ)) z2 + ((1 − ψ)4nργnρ+1(s)𝑐4(δ) +
(1−ψ)ρ(ρ−1)

2!
2.6nγnρ+2(s)c2(δ)c3(δ) +

(1−ψ)ρ(ρ−1)(ρ−2)

3!
23nγnρ+3(s)𝑐2

3(δ)) z3 + ((1 − ψ)5nργnρ+1(s)c5(δ) +
(1−ψ)ρ(ρ−1)

2!
9nγnρ+2(s)c3

2 +

(1−ψ)ρ(ρ−1)

2!
2.8nγnρ+2(s)c2(δ)c4(δ) +

(1−ψ)ρ(ρ−1)(ρ−2)

3!
3.12nγnρ+3(s)c2

2(δ)c3(δ) +

(1−ψ)ρ(ρ−1)(ρ−2)(ρ−3)

4!
24nγnρ+4(s)c2

4(δ)) z4 + ⋯     (1.16) 

Differentiating (1.7) with respect to z, multiply both sides by ψ and further divide via by δ𝑧𝛿−1 we have  

ψ
𝑧1−𝛿fγ

′ (z)δ

δ
= ψ + ψ (

δ+1

δ
) γ(s)𝑐2(δ)z + ψ (

δ+2

δ
) γ(s)c3(δ)z2 + ψ (

δ+3

δ
) γ(s)𝑐4(δ)z3 + ψ (

δ+4

δ
) γ(s)c5(δ)z4 + ⋯    (1.17) 

Multiplying (1.16) and (1.17), we have 

 ψ
𝑧1−𝛿fγ

′ (z)δ

δ
(

Dnfγ(z)δ

𝑧𝛿
)

ρ−1

= ψγn(ρ−1)(s) + (2n(ρ − 1) +
δ+1

δ
) ψγn(ρ−1)+1(s)c2(δ)𝑧 + ((3n(ρ − 1) + (

δ+2

δ
)) γn(ρ−1)+1(s)c3(δ) +

(
(ρ−1)(ρ−2)

2!
22n + 2n(ρ − 1) (

δ+1

δ
)) γn(ρ−1)+2(s)c2

2(δ)) ψz2 + ((4n(ρ − 1) + (
δ+3

δ
)) ψγn(ρ−1)+1(s)c4(δ) + (

(ρ−1)(ρ−2)

2!
2.6n +

3n(ρ − 1) (
δ+1

δ
) + 2n(ρ − 1) (

δ+2

δ
)) ψγn(ρ−1)+2(s)c2(δ)c3(δ) + (

(ρ−1)(ρ−2)(ρ−3)

3!
23n +

(ρ−1)(ρ−2)

2!
22n δ+1

δ
) ψγn(ρ−1)+3(s)c2

3(δ)) z3 +

((5n(ρ − 1) + (
δ+4

δ
)) ψγn(ρ−1)+1(s)c5(δ) + (

(ρ−1)(ρ−2)

2!
9n + 3n(ρ − 1) (

δ+2

δ
)) ψγn(ρ−1)+2(s)c3

2 + (
(ρ−1)(ρ−2)

2!
2.8n + 4n(ρ −

1) (
δ+1

δ
) + 2n(ρ − 1) (

δ+3

δ
)) ψγn(ρ−1)+2(s)c2(δ)𝑐4(δ) + (

(ρ−1)(ρ−2)(ρ−3)

3!
3.12n +

(ρ−1)(ρ−2)

2!
2. 6n (

δ+1

δ
) +

(ρ−1)(ρ−2)

2!
22n (

δ+2

δ
)) ψγn(ρ−1)+3(s)c2

2(δ)𝑐3(δ) + (
(ρ−1)(ρ−2)(ρ−3)(ρ−4)

4!
24n +

(ρ−1)(ρ−2)(ρ−3)

3!
23n (

δ+1

δ
)) ψγn(ρ−1)+4(s)c2

4(δ)) z4 + ⋯

   (1.18) 

Furthermore, we now have the following: 

 (1 − ψ) (
Dnfγ(z)δ

𝑧𝛿 )
ρ

+ ψ
𝑧1−𝛿fγ

′ (z)δ

δ
(

Dnfγ(z)δ

𝑧𝛿 )
ρ−1

= (1 − ψ)γnρ(s) + ψγn(ρ−1)(s) + (2nρ(1 − ψ)γnρ+1(s) + 2n(ρ − 1)ψγn(ρ−1)+1(s) +

ψ (
δ+1

δ
) γn(ρ−1)+1(s)) c2(δ)z + (3nρ(1 − ψ)γnρ+1(s)c3(δ) +

(1−ψ)ρ(ρ−1)

2!
22nγnρ+2(s)𝑐2

2(δ) + (3n(ρ − 1)ψγn(ρ−1)+1(s) +

ψ (
δ+2

δ
) γn(ρ−1)+1(s)) c3(δ) + (

(ρ−1)(ρ−2)

2!
22nψγn(ρ−1)+2(s) + 2n(ρ − 1)ψ (

δ+1

δ
) γn(ρ−1)+2(s)) c2

2(δ)) z2 + (4n(1 −

ψ)ργnρ+1(s)a4(δ) +
(1−ψ)ρ(ρ−1)

2!
2. 6nγnρ+2(s)𝑐2(δ)c3(δ) +

(1−ψ)ρ(ρ−1)(ρ−2)

3!
23nγnρ+3(s)c2

3(δ) + (4n(ρ − 1)ψ +

ψ (
δ+3

δ
)) γn(ρ−1)+1(s)c4(δ) + (

(ρ−1)(ρ−2)

2!
2. 6n + 3n(ρ − 1) (

δ+1

δ
) + 2n(ρ − 1) (

δ+2

δ
)) ψγn(ρ−1)+2(s)c2(δ)c3(δ) +

(
(ρ−1)(ρ−2)(ρ−3)

3!
23n +

(ρ−1)(ρ−2)

2!
22n (

δ+1

δ
)) γn(ρ−1)+3(s)ψ𝑐2

3(δ)) z3 +     
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(5nρ(1 − ψ)γnρ+1(s)𝑐5(δ) +
(1−ψ)ρ(ρ−1)

2!
9nγnρ+2(s)c3

2(δ) +
(1−ψ)ρ(ρ−1)

2!
2. 8nγnρ+2(s)c2(δ)𝑐4(δ) +

(1−ψ)ρ(ρ−1)(ρ−2)

3!
3. 12nγnρ+3(s)𝑐2

2(δ)𝑐3(δ) +
(1−ψ)ρ(ρ−1)(ρ−2)(ρ−3)

4!
24nγnρ+4(s)c2

4(δ) + (5n(ρ − 1) + (
δ+4

δ
)) ψγn(ρ−1)+1(s)c5(δ) +

(
(ρ−1)(ρ−2)

2!
9n + 3n(ρ − 1) (

δ+2

δ
)) ψγn(ρ−1)+2(s)c3

2(δ) + (
(ρ−1)(ρ−2)

2!
2. 8n + 4n(ρ − 1) (

δ+1

δ
) + 2n(ρ −

1) (
δ+3

δ
)) ψγn(ρ−1)+2(s)c2(δ)𝑐4(δ) + (

(ρ−1)(ρ−2)(ρ−3)

3!
3. 12n +

(ρ−1)(ρ−2)

2!
2. 6n (

δ+1

δ
) +

(ρ−1)(ρ−2)

2!
22n (

δ+2

δ
)) ψγn(ρ−1)+3(s)𝑐2

2(δ)a3(δ) + (
(ρ−1)(ρ−2)(ρ−3)(ρ−4)

4!
24n +

(ρ−1)(ρ−2)(ρ−3)

3!
23n (

δ+1

δ
)) ψγn(ρ−1)+4(s)𝑐2

4(δ)) z4                   

(1.19)                                                    

   

More so, notice that 

H(z, t) = 1 + U1(t)z + U2(t)z2 + U3(t)z3 + U4(t)z4 + ⋯      (1.20) 

H(ω(z, t)) = 1 + U!(t)ω(z) + U2(t)ω(z)2 + U3(t)ω(z)3 + U4(t)ω(z)4 + ⋯        (1.21) 

Also, observe that ω(z) =  d!z + d2z2 + d3z3 + d4z4 + 𝑑5z5 + ⋯                   (1.22) 

ω(z)2 = 𝑑1
2z2 + 2d1d2z3 + (d2

2 + 2d1d3)z4 + (2d1d4 + 2d2𝑑3)z5 + ⋯          (1.23) 

ω(z)2 = 𝑑!z
3 + 3d1

2d2z4 + (3d1
2d3 + 3d1d2

2)z5 + ⋯                                        (1.24) 

ω(z)4 = d1
4z4 + 4d1

3d2z5 + ⋯,   ω(z)5 =  d1
5z5                                              (1.25) 

Substituting (1.22), (1.23), (1.24), and (1.25) into (1.21), we have 

H(ω(z, t)) = 1 + U!(t)(d1z + 𝑑2z2 + 𝑑3z3 + 𝑑4z4 + 𝑑5z5 + ⋯ ) + U2(t)(𝑑1
2z2 + 2𝑑1𝑑2z3 + (𝑑2

2 + 2𝑑1𝑑2)z3 +

(2𝑑1𝑑4 + 2𝑑2d3)z5 + ⋯ ) + U3(t)(𝑑1
3z3 + 3𝑑1

2𝑑2z4 + (3𝑑1
2𝑑3 + 3d1d2

2)z5) + U4(t)(𝑑1
4z4 + 4𝑑1

3𝑑2z5 + ⋯ ) + ⋯  

H(ω(z, t)) = 1 + U!(t)𝑑1z + U!(t)𝑑2z2 + U!(t)𝑑3z3 + U!(t)𝑑4z4 + U!(t)𝑑5z5 + ⋯ 

U2(t)𝑑1
2z2 + 2U2(t)𝑑1𝑑2z3 + (𝑑2

2 + 2𝑑1𝑑3)U2(t)z4 + (2𝑑1𝑑4 + 2𝑑2𝑑3)U2(t)z5 + ⋯ 

U3(t)𝑑1
3z3 + 3𝑑1

2𝑑2U3(t)z4 + (3𝑑1
2𝑑3 + 3𝑑1𝑑2

2)U3(t)z5 + ⋯  

U4(t)(𝑑1
4z4 + 4𝑑1

3𝑑2z5) + ⋯  

Further simplification, gives 

H(ω(z, t)) = 1 + U1(t)d1z + (U1(t)d2 + U2(t)d1
2)z2 + (U1(t)d3 + 2d1d2U2(t)+U3(t)d1

3)z3 + (U1(t)d4 + (d2
2 +

2d1d3)U2(t) + 3d1
2d2U3(t) + U4(t)d1

4)z4 + ⋯                                                            (1.26) 

 Equating (1.19) and (1.26) and comparing the coefficients, we have 

U1(t)d1 = (2nρ(1 − ψ)γnρ+1(s) + (2n(ρ − 1) + (
δ+1

δ
)) ψγn(ρ−1)+1(s)) c2(δ)   

U1(t)d2 + U2(t)d1
2 = (3nρ(1 − ψ)γnρ+1(s) + (3n(ρ − 1) + (

δ+2

δ
)) ψγn(ρ−1)+1(s)) c3(δ) + (22n ρ(ρ−1)

2!
(1 − ψ)γnρ+2(s) +

(22n (ρ−1)(ρ−2)

2!
+ 2n(ρ − 1) (

δ+1

δ
)) ψγn(ρ−1)+2(s)) c2

2(δ)  

U1(t)d3 + 2U2(t)d1d2 + U3(t)d1
3 = (4nρ(1 − ψ)γnρ+1(s) + (4n(ρ − 1) + (

δ+2

δ
)) ψγn(ρ−1)+1(s)) c4(δ) + (2. 6n ρ(ρ−1)

2!
(1 −

ψ)γnρ+2(s) + (2. 6n (ρ−1)(ρ−2)

2!
+ (3n (

δ+1

δ
) + 2n (

δ+2

δ
)) (ρ − 1)) ψγn(ρ−1)+2(s)) c2(δ)c3(δ) + (23n ρ(ρ−1)(ρ−2)

3!
(1 − ψ)γnρ+3(s) +

(23n (ρ−1)(ρ−2)(ρ−3)

3!
+ 22n (ρ−1)(ρ−2)

2!
(

δ+1

δ
)) ψγn(ρ−1)+3(s)) c2

3(δ)  

    U1(t)d4 + U2(t)(d2
2 + 2d1d3) + U3(t)3d1

2d2 + U4(t)d1
4 = (5nρ(1 − ψ)γnρ+1(s) + (5n(ρ − 1) + (

δ+4

δ
)) ψγn(ρ−1)+1(s)) c5(δ) +

(2. 8n ρ(ρ−1)

2!
(1 − ψ)γnρ+2(s) + (2. 8n (ρ−1)(ρ−2)

2!
+ (4n (

δ+1

δ
) + 2n (

δ+3

δ
)) (ρ − 1)) ψγn(ρ−1)+2(s)) c2(δ)c4(δ) + (9n ρ(ρ−1)

2!
(1 −

ψ)γnρ+2(s) + (9n (ρ−1)(ρ−2)

2!
+ 3n(ρ − 1) (

δ+2

δ
)) ψγn(ρ−1)+2(s)) c3

2(δ) + (3. 12n ρ(ρ−1)(ρ−2)

3!
(1 − ψ)γnρ+3(s) +

(3. 12n (ρ−1)(ρ−2)(ρ−3)

3!
+

(ρ−1)(ρ−2)

2!
(2.6n (

δ+1

δ
) + 2n (

δ+2

δ
))) ψγn(ρ−1)+3(s)) c2

2(δ)c3(δ) + (24n ρ(ρ−1)(ρ−2)(ρ−3)

4!
(1 − ψ)γnρ+4(s) +

(24n (ρ−1)(ρ−2)(ρ−3)(ρ−4)

4!
+ 24n (ρ−1)(ρ−2)(ρ−3)(ρ−4)

4!
(

δ+1

δ
)) ψγn(ρ−1)+4(s)) c2

4(δ)     (1.27) 
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Simplifying (1.27), we have 

c2(δ) =
2tc1

AN+BN
,  

c3(δ) =
2tc2+c1

2(4t2−1)

AN
′ +BN

′ +
4t2c1

2(DN+EN)

(AN+BN)2(AN
′ +BN

′ )
,   

c4(δ) =
2tc3+2(4t2−1)c1c2+(8t3−4t)c1

3

DN
′ +EN

′ +
(FN+GN)(4t2c1c2+2tc1

3(4t2−1))

(AN+BN)(AN
′ +BN

′ )(DN
′ +EN

′ )
+

8t3c1
3(DN+EN)(FN+GN)

(AN+BN)3(AN
′ +BN

′ )(DN
′ +EN

′ )
+

8c1
3t3(FN

′ +GN
′ )

(AN+BN)3(DN
′ +EN

′ )
,   

c5(δ) =
2tc4+(c2

2+2c1c3)(4t2−1)+3c1
2c2(8t3−4t)+c1

4(16t4−12t2−1)

HN+IN
+

(4t2c1c3+(16t3−4t)c1
2c2+(16t4−8t2)c1

4)(HN
′ +IN

′ )

(AN+BN)(DN
′ +EN

′ )(HN+IN)
+

(8t3c1
2c2+4t2c1

4(4t2−1)(FN+GN))(HN
′ +IN

′ )

(AN+BN)2(AN
′ +BN

′ )(DN
′ +EN

′ )(HN+IN)
+

16t4c1
4(DN+EN)(FN+GN)(HN

′ +IN
′ )

(AN+BN)4(AN
′ +BN

′ )(DN
′ +EN

′ )(HN+IN)
+

16t4c1
4(FN

′ +GN
′ )(HN

′ +IN
′ )

(AN+BN)4(DN
′ +EN

′ )(HN+IN)
+

(4t2c2
2+4tc1

2c2(4t2−1)+c1
4(4t2−1)2)(JN+KN)

(AN
′ +BN

′ )
2

(HN+IN)
+

(16t3c1
2c2+8t2c1

4(4t2−1))(DN+EN)(JN+KN)

(AN
′ +BN

′ )
2

(AN+BN)2(HN+IN)
+

16t4c1
4(DN+EN)2(JN+KN)

(AN+BN)4(AN
′ +BN

′ )
2

(HN+IN)
+

(8t2c1
2c2+(16t4−4t2)c1

4)(JN
′ +KN

′ )

(AN+BN)2(AN
′ +BN

′ )(HN+IN)
+

16t4c1
4(DN+EN)(JN

′ +KN
′ )

(AN+BN)4(AN
′ +BN

′ )(HN+IN)
+

16t4c1
4(LN+MN)

(AN+BN)4(HN+IN)
  

where U1(t) = 2t, U2(t) = 4t2 − 1, U3(t) = 4t3 − 4t, U4(t) = 16t4 − 12t2 + 1. 

Then, applying Lemma 1.5, we have 

|c2(δ)| ≤
2t

AN+BN
,  

|c3(δ)| ≤
2t+4t2−1

AN
′ +BN

′ +
4t2(DN+EN)

(AN+BN)2(AN
′ +BN

′ )
,   

|c4(δ)| ≤
8t3+8t2−2t−2

DN
′ +EN

′ +
(FN+GN)(4t2+2t(4t2−1))

(AN+BN)(AN
′ +BN

′ )(DN
′ +EN

′ )
+

8t3(DN+EN)(FN+GN)

(AN+BN)3(AN
′ +BN

′ )(DN
′ +EN

′ )
+

8t3(FN
′ +GN

′ )

(AN+BN)3(DN
′ +EN

′ )
,   

|c5(δ)| ≤
16t4 + 24t3 − 10t − 4

HN + IN

+
(16t4 + 16t3 − 4t2 − 4t)(HN

′ + IN
′ )

(AN + BN)(DN
′ + EN

′ )(HN + IN)
+

(8t3 + 4t2(4t2 − 1))(FN + GN)(HN
′ + IN

′ )

(AN + BN)2(AN
′ + BN

′ )(DN
′ + EN

′ )(HN + IN)

+
16t4(DN + EN)(FN + GN)(HN

′ + IN
′ )

(AN + BN)4(AN
′ + BN

′ )(DN
′ + EN

′ )(HN + IN)
+

16t4(FN
′ + GN

′ )(HN
′ + IN

′ )

(AN + BN)4(DN
′ + EN

′ )(HN + IN)

+
(4t2 + 4t(4t2 − 1) + (4t2 − 1)2)(JN + KN)

(AN
′ + BN

′ )2(HN + IN)
+

(16t3 + 8t(4t2 − 1))(DN + EN)(JN + KN)

(AN
′ + BN

′ )2(AN + BN)2(HN + IN)

+
16t4(DN + EN)2(JN + KN)

(AN + BN)4(AN
′ + BN

′ )2(HN + IN)
+

(16t4 + 8t3 − 4t2)(JN
′ + KN

′ )

(AN + BN)2(AN
′ + BN

′ )(HN + IN)

+
16t4(DN + EN)(JN

′ + KN
′ )

(AN + BN)4(AN
′ + BN

′ )(HN + IN)
+

16t4(LN + MN)

(AN + BN)4(HN + IN)
 

This complete the proof. 

By specializing some parameters, the following deduced corollaries. 

Corollary 2.2[1]:If 𝑓𝛾(𝑧)𝛿  belongs to the class 𝑆𝛾(𝛿, 𝑛, 𝜌, 𝜓), and, 𝛿 = 1, 𝜌 ≥ 0, 0 ≤ 𝜓 ≤ 1, 𝑛𝜖𝑁𝑜 then 

                  |𝑐2(1)| ≤
2𝑡

𝐴+𝐵
,           

|𝑐3(1)| ≤
2𝑡+(4𝑡2−1)

(𝐴′
𝑁+𝐵′

𝑁)
+

4𝑡2(𝐷𝑁+𝐸𝑁)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)
,          

|𝑐4(1)| ≤
8𝑡3+8𝑡2−2𝑡−2

(𝐷′
𝑁+𝐸′

𝑁)
+

(𝐹𝑁+𝐺𝑁)(4𝑡2+2𝑡(4𝑡2−1)

(𝐴𝑁+𝐵𝑁)(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)
+

8𝑡3(𝐷𝑁+𝐸𝑁)(𝐹𝑁+𝐺𝑁)

(𝐴𝑁+𝐵𝑁)3(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)
+

8𝑡3(𝐹′
𝑁+𝐺′

𝑁)

(𝐴𝑁+𝐵𝑁)3(𝐷′
𝑁+𝐸′

𝑁)
   

         

|𝑐5(1)| ≤
16𝑡4+24𝑡3−10𝑡−4

(𝐻𝑁+𝐼𝑁)
+

(𝐻′
𝑁+𝐼′

𝑁)(16𝑡4+16𝑡3−4𝑡2−4𝑡)

(𝐴𝑁+𝐵𝑁)(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

(𝐹𝑁+𝐺𝑁)(𝐻′
𝑁+𝐼′

𝑁)(16𝑡4+8𝑡3−4𝑡2)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

16𝑡4(𝐷𝑁+𝐸𝑁)(𝐹𝑁+𝐺𝑁)(𝐻′
𝑁+𝐼′

𝑁)

(𝐴𝑁+𝐵𝑁)4(𝐴′
𝑁+𝐵′

𝑁)(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

16𝑡4(𝐹′
𝑁+𝐺′

𝑁)(𝐻′
𝑁+𝐼′

𝑁)

(𝐴𝑁+𝐵𝑁)4(𝐷′
𝑁+𝐸′

𝑁)(𝐻𝑁+𝐼𝑁)
+

(16𝑡4+16𝑡3−4𝑡2−4𝑡+1)(𝐽𝑁+𝐾𝑁)

(𝐴′+𝐵′)2(𝐻𝑁+𝐼𝑁)
+

(𝐷𝑁+𝐸𝑁)(𝐽𝑁+𝐾𝑁)(32𝑡4+16𝑡3−8𝑡2)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)2(𝐻𝑁+𝐼𝑁)
+

(𝐷𝑁+𝐸𝑁)2(𝐽𝑁+𝐾𝑁)16𝑡4

(𝐴𝑁+𝐵𝑁)4(𝐴′+𝐵′)2(𝐻𝑁+𝐼𝑁)
+

(𝐽′
𝑁+𝐾′

𝑁)(16𝑡4+8𝑡3−4𝑡2)

(𝐴𝑁+𝐵𝑁)2(𝐴′
𝑁+𝐵′

𝑁)(𝐻𝑁+𝐼𝑁)
+

16𝑡4(𝐷𝑁+𝐸𝑁)(𝐽′
𝑁+𝐾′

𝑁)

(𝐴𝑁+𝐵𝑁)4(𝐴′
𝑁+𝐵′

𝑁)(𝐻𝑁+𝐼𝑁)
+

(𝐿𝑁+𝑀𝑁)16𝑡4

(𝐴𝑁+𝐵𝑁)4(𝐻𝑁+𝐼𝑁)
         

Corollary 2.3: if 𝑓(𝑧)𝛿
𝛾
 belongs to the class 𝑆𝛾(1,0,1,0), then  

                            |𝑐2(1)| ≤
2𝑡

𝛾(𝑠)
, 

                             |𝑐3(1)| ≤
2𝑡+4𝑡2−1

𝛾(𝑠)
,  
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                            |𝑐4(1)| ≤
8𝑡3+8𝑡2−2𝑡−2

𝛾(𝑠)
, 

                           |𝑐5(1)| ≤
16𝑡4+24𝑡3−10𝑡−4

𝛾(𝑠)
 

Proof: Setting 𝛿 = 1, 𝑛 = 0, 𝜌 = 1 𝑎𝑛𝑑 𝜓 = 0 in (1.13), the results follows. 

Corollary 2.4: if 𝑓(𝑧)𝛿
𝛾
 belongs to the class 𝑆1(1,0,1,0), then  

                            |𝑐2(1)| ≤ 2𝑡, 

                             |𝑐3(1)| ≤ 2𝑡 + 4𝑡2 − 1,  

                            |𝑐4(1)| ≤ 8𝑡3 + 8𝑡2 − 2𝑡 − 2, 

                           |𝑐5(1)| ≤ 16𝑡4 + 24𝑡3 − 10𝑡 − 4 

Proof: Setting 𝛾 = 1, 𝛿 = 1, 𝑛 = 0, 𝜌 = 1 𝑎𝑛𝑑 𝜓 = 0 in (1.13), the results follows. 

Corollary 2.5: if 𝑓(𝑧)𝛿
𝛾
 belongs to the class 𝑆𝛾(1,0,1,1), then  

                            |𝑐2(1)| ≤
2𝑡

2𝛾(𝑠)
, 

                             |𝑐3(1)| ≤
2𝑡+4𝑡2−1

3𝛾(𝑠)
,  

                            |𝑐4(1)| ≤
8𝑡3+8𝑡2−2𝑡−2

4𝛾(𝑠)
, 

                           |𝑐5(1)| ≤
16𝑡4+24𝑡3−10𝑡−4

5𝛾(𝑠)
 

Proof: Setting 𝛿 = 1, 𝑛 = 0, 𝜌 = 1 𝑎𝑛𝑑 𝜓 = 1 in (1.13), the results follows. 

Corollary 2.6: if 𝑓(𝑧)𝛿
𝛾
 belongs to the class 𝑆𝛾(1,1,1,0), then  

                            |𝑐2(1)| ≤
2𝑡

2𝛾2(𝑠)
, 

                             |𝑐3(1)| ≤
2𝑡+4𝑡2−1

3𝛾2(𝑠)
,  

                            |𝑐4(1)| ≤
8𝑡3+8𝑡2−2𝑡−2

4𝛾2(𝑠)
, 

                           |𝑐5(1)| ≤
16𝑡4+24𝑡3−10𝑡−4

5𝛾2(𝑠)
 

Proof: Setting 𝛿 = 1, 𝑛 = 1, 𝜌 = 1 𝑎𝑛𝑑 𝜓 = 0 in (1.13), the results follows. 

Corollary 2.7: if 𝑓(𝑧)𝛿
𝛾
 belongs to the class 𝑆𝛾(1,1,1,1), then  

|𝑐2(1)| ≤
2𝑡

2𝛾(𝑠)
, 

|𝑐3(1)| ≤
2𝑡+4𝑡2−1

3𝛾(𝑠)
,  

|𝑐4(1)| ≤
8𝑡3+8𝑡2−2𝑡−2

4𝛾(𝑠)
, 

|𝑐5(1)| ≤
16𝑡4 + 24𝑡3 − 10𝑡 − 4

5𝛾(𝑠)
 

Proof: Setting 𝛿 = 1, 𝑛 = 1, 𝜌 = 1 𝑎𝑛𝑑 𝜓 = 1 in (1.13), the results follows. 

Corollary 2.8: if 𝑓(𝑧)𝛿
𝛾
 belongs to the class 𝑆𝛾(1,0, 𝜌, 𝜓), then  

|𝑐2(1)| ≤
2𝑡

𝐴+𝐵
, 

|𝑐3(1)| ≤
2𝑡+4𝑡2−1

𝐴′+𝐵′ +
2𝑡2(𝐴′+𝐵′)(1−𝜌)

(𝐴+𝐵)2(𝐴′+𝐵′)
,  

 |𝑐4(1)| ≤
8𝑡3+8𝑡2−2𝑡−2

𝜌+3𝜓
+

(1−𝜌)(4𝑡2+2𝑡(4𝑡2−1))

(𝜌+𝜓)(𝜌+2𝜓)
+

4𝑡3(𝜌−1)2

(𝜌+𝜓)3 −
4𝑡3(𝜌−1)(𝜌−2)

3(𝜌+𝜓)3 , 

 |𝑐5(1)| ≤
16𝑡4+24𝑡3−10𝑡−4

𝜌+4𝜓
+

(1−𝜌)(16𝑡4+16𝑡3−4𝑡2−4𝑡)

(𝜌+𝜓)(𝜌+3𝜓)
+

(1−𝜌)2(8𝑡3+4𝑡2(4𝑡2−1))

𝜌+𝜓2(𝜌+2𝜓)
+

(1−𝜌)28𝑡4

(𝜌+𝜓)4 +
8𝑡4(𝜌−1)2(𝜌−2)

3(𝜌+𝜓)4 +

32𝑡3+8𝑡2−8𝑡+(4𝑡2−1)
2

(1−𝜌)

2(𝜌+2𝜓)2 +
(1−𝜌)2(4𝑡3+2𝑡2(4𝑡2−1))

(𝜌+2𝜓)(𝜌+𝜓)2 +
2𝑡4(1−𝜌)3

(𝜌+𝜓)4 −
(𝜌−1)(𝜌−2)(8𝑡4+4𝑡3−2𝑡2)

(𝜌+𝜓)2(𝜌+2𝜓)
+

4𝑡2(1−𝜌)2

(𝜌+𝜓)4 −
(𝜌−1)(𝜌−2)(𝜌−3)2𝑡4

3(𝜌+𝜓)4        

Proof: Setting 𝛿 = 1, 𝑛 = 0, 𝜌 = 1 𝑎𝑛𝑑 𝛾 = 1 in (1.13), the results follows. 

 

Theorem 2.9 

If )(zf   belongs to the class 𝑆𝛾(𝑚, 𝜇, 𝜆, 𝜎) 𝑎𝑛𝑑 𝜇 ≥ 1, 𝜎 > 0, 0 ≤ 𝜆 ≤ 1, 𝑚 ∈ 𝑁0  then for any real number :  
 

Journal of the Nigerian Association of Mathematical Physics Volume 63, (Jan. – March, 2022 Issue), 45 –54 



53 

 

 - Polymomial Bounds for…                         Fagbemiro, Hamzat, Ukeje and Oladipo                 J. of NAMP 
 

 

                             

                                                                                                                      

  ,   1
)(

)(4)(4))(14(

 ,                                                                                               1

 ,   
)(

)(4)(4))(14(
1

2

2

222

21

1

222

2

23






























kif
BAt

BAtEDtBAt

kkif

kif
BAt

BAtEDtBAt

kcc

NN

NNNNNN

NN

NNNNNN











 (1.28) 
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Proof: 

Using the coefficient bounds from theorem 2.1, which gives 
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Case1: when 0v  

.

,
)(4

)(4))(14(

,0)(4)(4))(14(

1

2

22

222

k

BAt

EDtBAt

BAtEDtBAt

NN

NNNN

NNNNNN















 

Case 2; when 1v , we have 
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By applying lemma 1.4 with simple substitution of the various variables involves completes the desire result of the proof of 

the theorem 2.1. 
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